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Abstract
In this work, the application of machine learning for studying features of the Ising
model with zero magnetic field is investigated. Three types of machine learning were
considered: Firstly, principal component analysis, an unsupervised, dimensionality
reducing technique, is used to summarize the high dimensional Ising configurations
in a few informative, linear features. Secondly, supervised classification is examined:
neural networks are trained to classify Ising configurations in either the ferro- or
para-magnetic phase. Finally, neural networks are trained for regression problems,
to predict the energy and magnetization of Ising configurations.
It is illustrated that principal component analysis is capable of finding linear order
indicating parameters, that allow to locate the phase transition. For classification
neural networks, it is shown that the network calculates order and disorder indicating
features based upon which the classification is made. Similar to the classical order
and disorder indicating features of the Ising model (magnetization and energy) these
features vary strongly at the phase transition, resulting in a characteristic error peak.
Based on these considerations, it is suspected that there exists a lower limit to the
cost function which is independent of the used model. Regression neural networks
can be trained to accurately predict energy and magnetization. The prediction of
highly disordered states is challenging, but in contrast to classification, a theoretical
lower limit on the error was not found.
For each of the three considered techniques, it is demonstrated that the data set used
to train the model, should be sufficiently large for good, generalizing performance.
Furthermore, it is shown that models, that implement restrictions based on the
properties of the posed problem have better performance in general.
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Abstract— In this work, the application of machine
learning for studying features of the Ising model with zero
magnetic field is investigated. Three types of machine learning
were considered: Firstly, principal component analysis, an
unsupervised, dimensionality reducing technique, is used to
summarize the high dimensional Ising configurations in a few
informative, linear features. Secondly, supervised classification
is examined: neural networks are trained to classify Ising
configurations in either the ferro- or para-magnetic phase.
Finally, neural networks are trained for regression problems,
to predict the energy and magnetization of Ising configurations.
It is illustrated that principal component analysis is capable
of finding linear order indicating parameters, that allow to
locate the phase transition. For classification neural networks,
it is shown that the network calculates order and disorder
indicating features based upon which the classification is
made. Similar to the classical order and disorder indicating
features of the Ising model (magnetization and energy) these
features vary strongly at the phase transition, resulting in a
characteristic error peak. Based on these considerations, it is
suspected that there exists a lower limit to the cost function
which is independent of the used model. Regression neural
networks can be trained to accurately predict energy and
magnetization. The prediction of highly disordered states is
challenging, but in contrast to classification, a theoretical lower
limit on the error was not found.
For each of the three considered techniques, it is demonstrated
that the data set used to train the model, should be sufficiently
large for good, generalizing performance. Furthermore, it is
shown that models, that implement restrictions based on the
properties of the posed problem have better performance in
general.

I. INTRODUCTION
The motivation to study the Ising model through the
application of machine learning is explained by the observation that statistical physics and machine learning show a
significant similarity: both research domains deal with the
extraction of meaningful information and patterns from a
large collection of chaotic data [2], [4]. Therefore, machine
learning can provide an alternative to the classical mathematical approaches used in statistical physics. E.g. principal
component analysis can be used to locate phase transitions
through the dimensionality reduction of a data set of unknown configurations [19]. Another example is the training
of deep neural networks to learn the energies associated with
both short range and long range interactions [15], [16]. This
reasoning goes both ways; to gain understanding in machine

learning techniques, practising on well understood statistical
models such as the Ising model, is a good starting point.
II. ISING MODEL
The two-dimensional square Ising model is a theoretical
model of ferromagnetism in statistical physics. The model is
described by a set of interacting spins {si } arranged on an
L ⇥ L lattice, which are oriented either up or down (si = +1
or 1). The energy E of the system1 , results from local
coupling interactions in the lattice:
E= J

Â

si s j ,

(1)

i, j=nn(i)

where J is the interaction strength, nn(i) indicates the nearest
neighbors to spin i. For ferromagnetic systems, the interaction strength is positive, J > 0, therefore, it is energetically
favorable for the spins to be aligned with their neighboring
spins. [9]
The Ising model, is a prototypical example of a statistical
system that exhibits a second order phase transition. At
critical temperature kTc ⇡ 2.269J 2 , the system transitions
from the ordered, ferromagnetic phase (T < Tc ), where most
of the spins are aligned, to the disordered, paramagnetic
phase (T > Tc ), consisting of multiple aligned domains with
alternating orientations [5], [9], [12]. For infinite lattices, the
order parameter, namely the absolute magnetization per spin
(figure 1a)
1 N
|M|
= |m| =
(2)
Â si ,
N
N i=1
with N = L2 , provides a method to correctly determine the
phase of a configuration: m 6= 0 indicates ferromagnetism and
m = 0 indicates paramagnetism.
For finite lattices however, this method does not apply:
• The transition happens less abruptly, spread out over
a certain temperature range around Tc , DTm,L , which
grows broader for decreasing lattice size3 L (figure 1a).
• Furthermore, the rapid change of the magnetization
near the critical temperature ∂∂|m|
T T ⇡Tc , goes hand in
1 in

the absence of external magnetic field
is the Boltzmann constant.
3 The interpolation of these finite size effects on multiple lattice sizes L,
can be used to infer information (in the form of the critical exponents) on
the behaviour of the infinite size system [13].
2k

avoided by the program in the future by using small temperature steps and the
configuration of the lattice at the previous temperature. A very small number
of mcs are thus required for the system to stabilize its configuration to the new
temperature.
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Energy per spin (E/N) vs Temperature (T)

Absolute Magnetisation per spin (<|M|>/N) vs Temperature (T)
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and solely serves to test if the model has the capacity to
perform its task on newly encountered configurations.
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The data set, used in this work, is an assembly of 20 data
sets, which, through the application of the Metropolis Monte
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Carlo algorithm, are each sampled from the configuration
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Figure 9: This plot shows the differing results of the Magnetization
for varying
Figure
7: This plot shows the differing results of the Energy for varying lattice
spaces
accessible to the Ising model at 20 corresponding
lattice sizes, L ⇥ L.
sizes, L ⇥ L.
(a)
(b)
temperatures
surrounding the critical temperature: T /Tc 2
Magnetic Susceptability per spin (X/N) vs Temperature (T)In Figure 7Specific
Heat Capacity per spin (C/N) vs Temperature (T)
in a complete flip of the magnetization. It has already been highlighted
that the energy per spin as a function of temperature can be seen.
The curve for
of the graph becomes more pronounced as the lattice size increases
because we are dealing with a limited lattice size there is finite probability
[0.5,
...,
1.5],
with
lattice size L = 16 and periodic boundary
there isn’t a marked difference between the L = 8 and L = 16 lattices. The
this kind of behaviour to take place. This probability is directlybut
proportional
steep
to the number of mcs used and inversely proportional to the lattice
size,gradient
this is in the larger lattices points towards a possible phase transition
conditions
[9],
[16],
[17]. All training and testing sets that
but
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The
energy
per
spin
for
higher
temperatures
is
compounded by the preiodic boundary conditions used.
relatively
high which is in keeping with our expectation of having a random
Figure 11 schematically depicts this fact. The valley shown linking
the two
are used are subsets of this main data set which contains 104
configuration
peaks of the probability will thus be dropped for lower temperatures
and bigger while it stabilizes to a E/N = 2J = 2 at low temperatures.
This indicates
lattice configurations. It should be noted that even though the probability
may that the spins are all aligned in parallel.
be less it does always exist and this has to be accounted for in data collection or
configurations per temperature.
it may corrupt the results. We expect the configuration to be relatively stable
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Supervised and unsupervised learning

Broadly speaking, machine learning methods can be divided
into supervised and unsupervised techniques [11],
(d)
(c)
magnetization, from -1 to 1.
[14].
In
supervised learning, the example configurations
In
Figure
8
the
specific
heat
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shown
as
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temIf we now were to think of the implications of this spontaneous flipping
We concluded previously that a divergence would occur at a phase
we come to the realization that it would cause an averaging out perature.
of the mean
Fig. 1: Properties of the Isingtransition
model.
In (a) and (b) the magcomplemented with a label, representing the desired
and thus should be looking for such a divergence on the graph.are
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Figure 9 of the magnetization results shows very beautifully that the shape
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respectively
Nvar(|m|)/T and
In contrast, in unsupervised learning, it is the
gradient becomes more distinct as the lattice size is increased. (regression).
Furas opposed to Figure 7, there is a far more apparent difference that
Nvar(e)/T 2 , hence they servethermore,
as
indicators
of
the and
fluctuations
the larger lattices produce in the curves
this illustrates a more apparent
algorithm
itself
that has to find a meaningful way to provide
continuous phase transition. The behaviour of the magnetization at high and
on m and e. [13]
low temperature are as the theory prescribes (random to stable parallel aligned
output
for
each
configuration, given the data set of example
configuration).
At this juncture it is prudent to point out that the susceptibility cannot be
configurations.
calculated using the ordinary technique in equation (20) given in the discussion
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on the calculation of observables. The reason is focused around a subtle fact
that5 has drastic implications. To comprehend the problem at work we have to
consider one of the constraints of our model, namely the finite nature of our
lattice.
This manifests in the fact that spontaneous magnetization can occur
Figure 15: This plot shows the differing results of the susceptibility
for varying
for a finite sized lattice. In this instance the effect is of particular interest below
lattice sizes, L ⇥ L.
the critical temperature.
c
This can be illustrated by considering
the following example of collected
data in Figure 10. This data is taken at a temperature that is considerably
less than the Curie temperature and we would thus expect it to have a stable
nature and yet it clearly displays a fluctuation that is uncharacteristic, resulting
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Temperature (T)

hand with large variations of the magnetization at the
corresponding temperature var(|m|)T ⇡T [9].

Therefore, for finite lattices close to transition, |m| can no
longer provide certainty on the phase of a configuration. The
temperature range DTm,L , gives an indication of the area of
uncertainty.
In principle, the average energy per spin e = NE (figure 1b)
can also be used to predict the phase to which a certain Ising
configuration belongs, e might not be an order parameter in
the classic sense of the word [9], still, it can serve as an
order indicating parameter. Analogous to the reasoning for
|m|, for e too, finite lattice size L, goes hand in hand with
unreliable phase predictions in a certain temperature range
DTe,L around transition.
III. MACHINE LEARNING

In machine learning, a model or function f (x|q ) is trained
to perform a certain task on a configuration x. The training
consists of finding the optimal parameters q * for which
the model performs best. The performance of a model is
always defined in relation to a data set X of examples, which
approaches the configuration space under investigation as
well as possible.
A recurring problem in machine learning is the phenomenon of overfitting, which entails that the model performs better on configurations used during training, than on
configurations it has not yet encountered. To estimate the
severity of overfitting, the data set is divided in a training
and testing set. The testing set is not used during the training

IV. PRINCIPAL COMPONENT ANALYSIS

The unsupervised learning technique, principal component
analysis (PCA), is used to find an optimal, linear, lowdimensional representation of the Ising configurations. The
original Ising configurations x are represented in an N = L2
dimensional phase space for which the axes are oriented
along the individual spins si .
Due to their tendency to align (equation 1), the spins are
correlated. The correlations are estimated on the data set X4
(where each row contains a single configuration), and can be
summarized in the covariance matrix:
cov(X) = XT X

(3)

The correlations retain redundant information and should
be reduced. The orthogonal transformation A 2 RN⇥N that
diagonalizes the covariance matrix,
AT XT XA = L

(4)

with the eigenvalues li sorted in descending order, transforms the phase space such that new axes A⇤i 2 RN⇥1 will
lie along the directions capturing greatest variances in the
dataset. The components of each configuration yi = PCi =
xA⇤i , for i 2 {1, ..., N}, expressed in this new basis, are
called the principal components. [8], [11], [18]. Retaining
only the first, most varying principal components, enables
the dimensional reduction of the configurations.
4 The configurations are assumed to be preprocessed such that they are
zero-centered and normalized [1]. For Ising configurations, preprocessing is
not necessary because each spin is already zero-centered and normalized.

Fig. 2: Results of principal component analysis on Ising
configurations. The explained variance ratio l̃i for all L2
principal components is shown for two training sets of sizes
100 and 400 (blue and red curves). The resulting orthogonal
transformations A100 and A400 are subsequently used to
evaluate the testing set (green and orange curves).
The analysis is done on two training sets, Xtrain,100 and
Xtrain,400 , containing respectively 100 and 400 configurations per temperature. Delivering two distinct orthogonal
transformations A100 and A400 . The performance of both
transformations was tested on Xtest which contains 400
configurations per temperature.
In figure 2, the explained variance ratio
l̃i =

li
,
N
Â j=1 l j

(5)

of each of the principle components is displayed. Prominently, there is only one dominant principal component,
which already explains half of the variation (51%). All
other principal components have far lower variations (<
2%), indicating that a nonlinear function is probably more
adequate to describe the second half of the variance.
Figure 3a shows the weights5 , A⇤i , that determine the
corresponding principal components PCi , for i 2 {1, 2, 6, 10}.
The first principal component weighs all spins equally, and
is hence equivalent to magnetization m
PCi
1
=
L
N

N

Â sj = m

(6)

j=1

which is the classical order parameter of the Ising model.
In figure 2, the explained variance ratios of subsequent
principal components are ordered in groups. Taking into account the periodic boundary conditions on the configurations,
it was found that the weight vectors corresponding to one
group are mere translations of one another, proving their
physical equivalence.
In ref. [11], the weights Ai⇤ can be identified with the
Fourier modes of the spin configuration, which is reflected in
5 scaled

with a factor L

figure 3a. The transformation y = xA can therefore be understood as the Fourier decomposition of spin configuration x. In
the ordered phase (T < Tc ), the decomposition is dominated
by the first principal component (figure 3c): a constant
value over the entire configuration. Close to transition, (T =
Tc ), the other principal components, arranged according to
decreasing order (increasing frequency f ), gain importance
(figure 3d). For each principal component, h|PCi |i reaches a
maximum at a specific temperature Ti in the paramagnetic
phase, Ti could be interpreted as the temperature for which
the correlation length 1fi is dominant.
Figure 3b, shows the projection of the test set onto the
two dimensional subspace, spanned by the first two principal
components. The configurations are ordered in a centered,
high temperature cluster corresponding to the paramagnetic
phase and 2 low temperature clusters corresponding to
the ferromagnetic phase. From this clustering, it can be
concluded that principal component analysis is capable of
finding the location of the phase transition. For a temperature
range around the critical temperature, some configurations
display difficulty to be ascribed to one of the clusters,
this reflects the area of uncertainty DTm,L , characteristic to
finite lattices, for which order parameter |m| displays large
variation.
From figure 2, the influence of the training set size can
be inferred. In blue and green, the performance of A100 is
displayed. The inset shows that the explained variance ratios
of the first principal component, l̃1 , is higher for Xtrain,100
then for the Xtest . The discrepancy between the train and test
results indicate that the transformation A100 is overfitted. For
A400 (red and orange), the overfitting is strongly reduced.
Related, the equivalence of the translated weight vectors, is
most visible for Xtest followed by Xtrain,400 and least visible
for Xtrain,100 . The reason is that larger training sets lie closer
to the real configuration space, which makes the model less
receptive to random noise on the training set.
V. SUPERVISED LEARNING
In this section, neural networks will be introduced as
a model to perform machine learning. Subsequently, these
networks are trained to classify Ising configurations into
either the ferro- or the paramagnetic phase. Finally, the same
networks are trained to predict the energy and magnetization
of Ising configurations through regression.
Neural networks
Neural networks (NN) are a specific type of model,
f (x|W, b), often used in machine learning because of their
capability to approach almost any function, provided they
have sufficient degrees of freedom6 (i.e. parameters W and
b). These models are built up out of basic computation
units called neurons (figure 4a), which take a weighted sum
of a set of input values wx + b, and subsequently evaluate
this weighted sum with a nonlinear activation function. The
complete network consists of at least two subsequent layers
6 This

is the universal approximation theorem [10]

(a)

(b)
(b)

(a)

(c)

(d)

Fig. 3: Results of principal component analysis on Ising
configurations (a) Visualization of the weight vectors corresponding to the first four groups (figure 2) of principal
components. (b) Projection of the testing configurations onto
the two dimensional subspace spanned by the first two
principal components (c) The first principal components of
all testing configurations as a function of temperature. In
red, h|PC1 |i is shown. (d) The absolute average values of
higher order principal components h|PCi |i as a function of
temperature.

(a)
(b)

Fig. 4: (a) the neuron: the basic computation unit of a neural
network [14]. (b) Architecture of a neural network [3].
of neurons (figure 4b), each layer takes the outputs of the
previous layer as inputs. Two types of network architectures
are considered.
1) Fully connected neural networks (FCNN): Without
restrictions, all outputs of one layer are used as inputs for
each neuron in the next layer (figure 4b). Furthermore, each
of these connections is identified with a unique parameter.
2) Convolutional neural networks (CNN): Properties of
the input configurations, such as their two dimensional
structure and the equivalence of each lattice site are directly incorporated in the model’s architecture by imposing
restrictions on the degrees of freedom: the majority of
connections is discarded, additionally, groups of neurons
will share parameters. A single layer of this network type

Fig. 5: Performance of neural networks on the classification
of the Ising configurations (a) average cost on the testing set
µ(CT,test ) in function of temperature for four types of trained
models with differing architecture: fully connected (blue) or
convolutional (green) and training set size (shades of green).
Each type of training was repeated 25 times. In the insets, the
curves are zoomed in and the standard deviation is added.
(b) distribution of the total cost on both the training (left)
and testing (right) configurations: Ctrain and Ctest .
corresponds to a set of convolutions. Each convolution can
be described as follows: a small kernel of weights, strides
over the input, performing the same local analysis, associated
with the detection of a certain feature, at every site.
A. Classification
The network f (x|q ) takes an Ising configuration x as input
and delivers a single output value y pred , representing the
predicted probability7 that the configuration x belongs to the
ferromagnetic phase. The desired output is represented by a
binary label y, which is 1 for a ferromagnetic configuration
and 0 for the a paramagnetic configuration. For classification
problems, the performance of a model is measured by the
cross-entropy cost function [14]:
C(x, q ) = y log(y pred )

(1

y) log (1

y pred )

(7)

The total cost on the data set X equals hC(x, q )ix2X . During
training, the optimal parameters dfhaq ⇤ are found, using a
variant of the gradient descent algorithm on the cost of the
data set. Due to the large amount of network parameters the
efficient backpropagation algorithm is used to calculate the
gradients [14].
Results: Figure 5 shows the performance of four types of
training runs:
• 1 fully connected neural network (26721 parameters) is
trained with a training set containing 750 configurations
per temperature.
• 3 convolutional neural networks with the same architecture (771 parameters) are trained with training sets
of varying sizes: 75, 750 and 7500 configurations per
temperature.
7 to ensure that y
pred 2 [0, 1] the output neuron contains a sigmoid
activation function [14].

Each of these four types of training is repeated 25 times
to ensure reliable results. The test set Xtest is an assembly
of the sets per temperature, XT,test , each containing 250
configurations. In figure 5a, the average cost on the test set
µ(CT,test ) in function of temperature is displayed for each
model. The predominant observation is the characteristic
peak in the cost function around the critical temperature
Tc . For both model architectures (FCNN and CNN) and the
three different sizes of the training set, this peak maintains
approximately the same height and width. This observation
raises the impression that there is a lower boundary for the
cost function.
This suspicion is strengthened by the evaluation of the
convolution kernels of the trained CNNs, which are found
to calculate order and disorder indicating parameters, based
upon which the eventual classification is made. Analogous
to respectively magnetization and energy per spin, for finite
lattice sizes, these order and disorder indicating parameters
display large variations around Tc . Classification based upon
these parameters will be uncertain for temperatures in a
certain range DT around transition, analogous to DTm,L and
DTe,L , introduced in section II.
As a consequence of this reasoning, it is expected that DT
will also increase for decreasing lattice size L. This shown
in ref. [6], where the cost peaks were subsequently used to
perform finite size scaling, inferring information about the
infinite model.
Apart from this dominant peak, other results can be
obtained. Figure 5b, shows the distribution of the costs for
both the training set (left),Ctrain , and testing set (right), Ctest .
For the fully connected network, the distribution of Ctest
lies significantly higher than the distribution of Ctrain , indicating overfitting. For convolutional networks too, overfitting
sometimes occurs, which can be discovered in the low
minima of Ctrain , indicating the network’s specialization on
the training set. However for CNNs the overfitting is far less
severe than for the FCNN. Because of the restrictions on the
architecture of CNN, significantly less parameters are needed
for a model that has similar performance. High dimensional
parameterspaces have more freedom to specialize on noise
of the training set. In general FCNN performs worse than
CNN, comparing Ctest to Ctrain shows that this is mostly due
to overfitting. It can be concluded that models, which implement restrictions based properties of the dataset, have better
performance, mainly because less parameters are needed.
The influence of the size of the training set shows better
average performance and less variations for larger data
sets. This is understandable, because they approach the real
configuration space better.

(a)

(b)

Fig. 6: Performance of neural network for regression. A
convolutional model was trained twice to predict e and m,
each time a training set of 15 104 examples was used. (a) The
predicted energy per spin e pred for every Ising configuration
in the testing set, is set out against the true energy per spin
e. (b) Analogous for m.
squared error [14], [16]:
C(x, q ) = (y

y pred )2 .

(8)

The same network types are now trained to predict either
the energy e or the magnetization m per spin of a configuration8 . For regression, the simplest cost function is the mean

In reality, for finite lattices, e and m are quantized (equations 1 and 2). However, the scale of quantization is small
compared to the macroscopic values such that continuous
regression can be used. The training method is the same as
for classification.
Figures 6 and 7 show the performance of four separate
trainings:
• 3 energy predicting networks: 2 convolutional neural
networks, trained with training sets of varying sizes
(15 103 and 15 104 , corresponding to 750 and 7500
examples per temperature). 1 fully connected neural
network (trained with 15 104 examples).
• 1 magnetization predicting convolutional neural network
(trained with 15 104 examples).
The testing set contains 5 104 configurations. The histograms
of the data sets in function of energy and magnetization are
respectively displayed in figures 7a and 7b.9
In figure 6 the predictions of the testing configurations are
set out against their true values for both e and m. The results
lie close to the diagonal indicating good performance.
In figure 7a, the median of the absolute error |E pred E|
is displayed in function of e for all three trainings and, for
every training, both testing and training results are shown.
Analogous, figure 7b shows |M pred M| in function of m.
For all trainings it is found that the error increases for configurations that are increasingly disordered (e ! 0, m ! 0).
Because of the increasing amount of aligned spin domains
and domain borders, the calculation of e and m becomes
more challenging. The fluctuations of the curves can be
related to the finite number of configurations in each of
the bins. For energies exceeding 0.5J, the predictions are
bad and largely fluctuating. The network was insufficiently

8 the output is no longer a probability, therefore the sigmoid activation of
the final neuron is omitted

9 The histograms have bins that correspond with the real levels of
quantization

B. Regression

(a)

fails to generalize on new configurations with other energies.
Analogous as for the classification results, we can conclude
that the high dimensional parameterspace of the FCNN gives
the model more freedom to specialize on noise of the training
set. Additionaly, it is found that a larger training set, which is
a better approximation of the complete configuration space,
is more resistant to overfitting.
The large difference between the errors of the models
trained with the the small training set and the large training
set, seem to indicate that the cost for regression has no lower
limit, in contrast to the characteristic cost peak found for
classification.
For the best performing model, the median absolute error
for most energies is of the order 2J, which is smaller than
the difference between adjacent Ising energy levels DE = 4J.
Therefore, we can conclude that for at least more than half
of the Ising configurations, rounding off the predictions of
the network to the nearest Ising energy level, will give rise
to the exact energy of the configuration.
For the magnetization prediction, the median absolute
error is lower then 0.5 for all m, which is smaller than
the difference between adjacent Ising magnetization levels
DM = 2. Therefore, we can safely assume that with a few
exceptions, rounding off the predictions will give rise to the
exact magnetization.
VI. CONCLUSIONS

(b)

Fig. 7: Performance of neural network for regression. (a) The
median absolute error of the predicted energy, |E E pred |
(left axis), is displayed in function of energy per spin e
for three distinctly trained models (a FCNN trained on
a large training set and 2 CNNs trained on a small and
large training set). For each model, the results for both the
testing and training configurations are shown. Furthermore,
the histograms of the three used data sets are shown (right
axis): the large training set (blue), the testing set (red) and
the small training set (blue). (b) Analogous representation
for the magnetization m of one CNN trained on the large
training set.

trained at these energies because they are underrepresented
in the training set.
For energy regression, the influence of the size of the
training set and the model type can be estimated (figure
7a). The convolutional network, trained with 15 104 training
samples, has clearly superior performance. Comparing the
performance on the training set with the performance on the
testing set, shows that overfitting occurs for the convolutional
model trained with 15 103 examples and also, more severely,
for the fully connected model trained with 15 104 examples.
The convolutional model trained with 15 104 examples, is
not overfitted on the trained region of energies, but it still

In this work, it is illustrated that principal component
analysis is capable of finding linear order indicating
parameters, that allow to locate the phase transition. There
is only one dominant principal component, which explains
half of the variation (51%). All other principal components
have far lower variations, indicating that other non linear
unsupervised learning techniques are more adequate to
describe the second half of the variance (In reference [6]
stochastic neighbor embedding (t-SNE) was used to present
a non linear two-dimensional visualization of the Ising
configurations.)
For classification neural networks, it is shown that the
network calculates order and disorder indicating features
based upon which the classification is made. Similar to
the classical order and disorder indicating features of the
Ising model (magnetization and energy) these features vary
strongly at the phase transition, resulting in a characteristic
error peak. Based on these considerations, it is suspected
that there exists a lower limit to the cost function which is
dependent on the physics of the model. In reference [7],
it is shown that this error peak can be used for finite size
scaling to correctly predict critical exponents of the infinite
Ising model.
Convolutional regression neural networks can be trained to
accurately predict energy and magnetization. The prediction
of highly disordered states is challenging, but in contrast
to classification, a theoretical lower limit on the error was
not found. The ability of CNNs to learn operators has

been shown to be applicable to various hamiltonians [16],
both of short (such as variations of Ising model, e.g. the
Potts model) and long range interactions (e.g. the Coulomb
hamiltonian), providing accurate results while, in many
cases, speeding up calculations enormously [15], [16].
For both classification and regression, it is shown that
convolutional neural networks, which implement restrictions
in their architecture based on the structure of the Ising
configurations, perform better and are less sensitive to
overfitting than fully connected neural networks which
contain no such restrictions.
For all three types of machine learning, the data set
used to train the model, should be sufficiently large to
prevent overfitting and to improve performance.
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Introduction

1

The objective of this work is to investigate the features of the Ising model through
the application of machine learning. This approach is motivated by the observation
that statistical physics and machine learning show a significant similarity: both
research domains deal with the extraction of meaningful information and patterns
from a large collection of chaotic data. Therefore, machine learning can provide
an alternative to the classical mathematical approaches used in statistical physics.
Of course, one can also reverse this reasoning: to gain understanding in machine
learning techniques, practising on well-known statistical models is a good starting
point. [5, 35]

1.1 Introduction to Machine Learning
Machine learning studies how a model can be trained to perform a certain task,
without explicitly programming task-specific rules. The model learns how to perform
its task through experience, by considering a large set of examples. [22][25][13]
This approach, in which models are trained for a task without the need for a step by
step developed algorithm, makes machine learning very powerful in applications that
depend on large and chaotic datasets. Machine learning may not be the most elegant
way to analyze this or that dataset, however, because of its generality, numerous
different and complex problems can be investigated with the same tools. In the information era, more and more (chaotic) data is stored to be analyzed. This information
increase is accompanied with an increase in computer power. This combination
results in an increasing interest in machine learning in numerous multidisciplinary
fields such as biomedical imaging [2], speech recognition [29], computer vision
[18], robotics [34], computational finance [27], psychology [37], etc.
The most common type of machine learning algorithms train models to perform
the task of compressing chaotic data. The model is fed an enormous amount of
information with the purpose of throwing away the noise and finding out what really
matters1 . E.g. you might feed your model a picture, containing 100 000s of pixels,
1

This is what the user is interested in. After all, even though one certainly needs to gather data to
learn about a certain topic, this gathering is only the first step in the learning process. True learning
is not equal to memorizing as much information as possible. A second crucial step in the learning

1

of either a cat or a dog and it will return you one value, P, which represents the
probability that the animal in the picture is a cat. The complete picture is reduced to
only one value P. Of course, you can no longer recover the cat’s color or the length of
its tail, but at least you are almost certain that it is a cat and that’s what you’re most
interested in. A second example, closer connected with the subject of this thesis, is
to feed a program an Ising configuration and find out the macroscopic quantities:
energy, temperature, magnetization.
We now have an idea of the task a model might perform. The question is how
can the model optimally perform this task without being explicitly programmed to
do so? How does the model learn?
There are four key components. Starting with a model f (x|◊) and a dataset X2 . A
performant model is able to explain or predict certain features of the dataset. To
measure the models degree of performance, a cost function C(f (X|◊)) is introduced.
The learning consists of finding the optimal parameters ◊* for which the cost is
minimal:
◊ ú = argmin◊ {C(f (X|◊))}.
(1.1)
To perform the minimization, a minimization method is needed. This method is
typically an iterative process3 .
An important matter is overlooked. Indeed, we tried to minimize the cost function C, by using known configurations. However we don’t want the model to only
perform well on these known configurations. A good model has the capacity to generalize, it should make accurate predictions in every situation, even when it is offered a
configuration it has never encountered before. A model that performs worse on new
configurations than on the configurations used during training is said to be overfitted.
For this reason, it is interesting to subdivide the dataset X in a train- and testset: Xtrain and Xtest . Xtrain is used to actively learn what parameters minimize the
cost function. Xtest is used to find out if the resulting model has the capacity to
generalize and make accurate predictions for unknown configurations.
As noted earlier, the most common types of machine learning, train models to
perform the task of compressing chaotic data. Below, four main categories are
summarized:

process is to simplify information by finding structures and patterns in order to find out what’s
important and gain insight.
2
In this text, the convention is that X represents a set of configurations, whereas x represents a single
configuration.
3
There are exceptions, e.g. PCA uses a 1 step orthogonal transformation to minimize the cost.
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1. Classification: The model (e.g. a Neural Network) is trained to divide the data
into predefined classes.
2. Regression: The model f˜ (e.g. a Neural Network or a polynomial) is trained
to approximate a real-life process f (x) that assigns a continuous label y to an
observation or datapoint x. A simple example of regression is the fitting of a
polynomial.
3. Clustering: Clustering techniques such as K-means aim to find a meaningful
division and classification for the input-data. They divide the data into different
’clusters’.
4. Dimensionality Reduction: Dimensionality Reduction techniques such as Principal Component Analysis (PCA) aim to transform high dimensional data to a
lower dimensional space while retaining the most important information.
These categories can be ordered in different ways. A first way to classify MLtechniques is by making the division between supervised and unsupervised learning.
In supervised learning, the labels or classes, which are to be allocated to the dataconfigurations, were predefined by the user. In unsupervised learning however, it is
the algorithm itself that has to find a meaningful way to label the data. Another way
to classify ML-techniques is based upon the character of the output. The data can
be represented in a discrete set of labels, classes or clusters on the one hand or a
continuous label-range on the other hand. Table 1.1 illustrates these divisions.
Tab. 1.1: machine learning: main categories

ML Tasks
Discrete
Continuous

Supervised
Classification:
e.g. Neural Networks
Regression:
e.g. Function Approximation

Unsupervised
Clustering:
e.g. K-means
Dimensionality Reduction:
e.g.
Principal Component
Analysis (PCA)

Compressing chaotic information is not the only task that can be performed using
machine learning. E.g. a self-driving car is expected to drive to a certain destination
in compliance with the traffic rules, a general adversarial network (GAN) is trained
to generate new, unseen configurations from the probability distribution of the
dataset [39].
However, even though these tasks seem to be very different, structuring and compressing chaotic datasets is always an indispensable aspect of the algorithm. A
self-driving car relies strongly on the compression of the signals intercepted by its
sensors and an important part of a GAN is the discriminator, which is a classifier
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that predicts whether a configuration belongs to the original dataset or was newly
generated by the network. Therefore, the main categories listed in table 1.1 can be
considered as building blocks in more advanced models.

1.2 Introduction to the Ising model
The previous section indicates that statistical models are good candidates to be
investigated through machine learning techniques. A model can be trained to find
the most important features from a chaotic input-configuration. A possible chaotic
input-configuration could entail a set of coordinates and velocities corresponding to
atoms in the gaseous phase. For these configurations, a model could be trained to
extract thermodynamic state functions such as the energy per degree of freedom e
or the temperature T.
Of course, one can also reverse this reasoning: to gain understanding in machine
learning techniques, practising on well-known statistical models is a good starting
point. The Ising model is a mathematical model that describes magnetism in statistical physics. The two-dimensional square-lattice Ising model is an important and
well-studied model because it is the prototype of a statistical system that undergoes a
phase transition. A phase transition is characterized by a sudden change in physical
properties as a result of a change in external parameters. For the Ising model,
the transition between the paramagnetic and the ferromagnetic phase is characterized by a sudden change in the magnetization as a result of changing temperature.
Models that undergo a phase transition are well suited for testing machine learning
classification algorithms, where configurations are classified according to their phase.

1.2.1 Definition of the Ising model
The square Ising model is described by a set of binary spins arranged on a square
lattice. For a system consisting of N = L ◊ L spins {si }, that can be either up (+1)
or down (-1), where index i indicates the position in the lattice, the energy4 E of
the system can be expressed in the form
E = ≠H
4

4

N
ÿ
i=1

si ≠ J

N
ÿ

si sj .

(1.2)

i,j=nn(i)

Since Ising models can be defined for various lattice sizes N, the energy per degree of freedom gives
E
more insight: e = N
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The first term describes the interaction of every spin with an external magnetic field
of strength H. This term causes the spins to align with the magnetic field (to greater
or lesser extent depending on the temperature). The second term describes local
coupling interactions in the lattice, where J is known as the exchange constant. Only
spin pair, nearest neighbour interactions are considered. At low enough temperature,
this term causes the spins to align with their neighbouring spins, even in the absence
of an external field (H = 0). These local interactions are what make the phase
transition, from the paramagnetic to the ferromagnetic phase, possible.
In this thesis, the Ising model will be studied in the absence of an external field
(H = 0). The energy now solely consists of the coupling term and the model becomes
invariant to a sign-reversal of the spins in all lattice sites. The exchange constant J
will be considered positive (J > 0), causing the spins to align in parallel with their
neighbouring spins.5 [12][6]

1.2.2 Behaviour of the Ising model
Infinite lattice

In figure 1.1a, the magnetization per spin
N
M
1 ÿ
m=
=
si
N
N i=1

(1.3)

of an infinite square lattice in function of temperature is shown (in red). The
magnetization, m, is the order parameter of the Ising model, at a specific temperature,
m changes abruptly, marking the transition between two distinct phases. This
temperature is called the critical temperature Tc , for a two-dimensional square
lattice, kTc is found to be 2.269 J.6
At low temperatures (T < Tc ), the spins in the system are all aligned to minimize
exchange energy (figure 1.2). This is the ordered, ferromagnetic phase and it has a
net magnetization per spin m ¥ +1 or ≠ 1. When the temperature approaches the
critical temperature (T æ Tc ), it becomes advantageous for the system to display
some disorder, because the entropy related term in the free energy
F = E ≠ T S,

(1.4)

5

This is called the ferromagnetic model. Negative values of J cause the spins to align in anti-parallel
with their neighbouring spins. This is called the anti-ferromagnetic model.[6]
6
where k represents the Boltzmann constant.
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continuous phase transition. The behaviour of the magnetization at high and
low temperature are as the theory prescribes (random to stable parallel aligned
configuration).
At this juncture it is prudent to point out that the susceptibility cannot be
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This can be illustrated by considering the following example of collected
data in Figure 10. This data is taken at a temperature that is considerably
less than the Curie temperature and we would thus expect it to have a stable
nature and yet it clearly displays a fluctuation that is uncharacteristic, resulting

For T > Tc , the aligned domains get smaller and the spins become more independent,
increasing the entropy of the configuration. This is the disordered, paramagnetic
phase.[12][17]

In the theoretical situation of classifying infinite lattice configurations, both m and e
can perfectly predict the phase of a configuration (since they show no variations due
to the infinite lattice size).

6

Chapter 1

Introduction

Fig. 1.2: Ising-configurations on a 40◊40 lattice, for 61 different temperatures kT
J œ [1, 5] …
T
œ
[0.44,
2.20].
At
low
temperatures
(T
<
T
),
the
spins
in
the
system
are all
c
Tc
aligned to minimize exchange energy. As T approaches the Tc , little domains of
opposite spins start to occur and the net magnetization m decreases. At the critical
temperature (T = Tc ), the spin-spin correlation length diverges and the spins are
organized in aligned domains of strongly varying sizes. For T > Tc , there is no net
magnetization and the spins show little long range order, the aligned domains get
smaller.(source figure: [17])

Finite lattice

The behaviour of the Ising model on a finite lattice differs slightly from the behaviour
of the Ising model on an infinite lattice. Figures 1.1a and 1.1c show the magnetization and the energy in function of temperature for an varying lattice sizes.7 The
transition is less abrupt, it is spread out over a small temperature range, situated
around Tc which increases for decreasing lattice size L.
At the critical temperature (T = Tc ), the total number of up-spins no longer equals
the total number of down-spins as was the case for the infinite system. On the finite
scale, one direction of alignment will be dominant over the other. Therefore, the
net magnetization |m| of finite systems will differ from zero. Furthermore, a finite
lattice size implies fluctuations of |m| and e at fixed temperatures. This variation
can be related to the magnetic susceptibility ‰
ˆÈ|M |Í
var(|M |)T
N 2 var(|m|)T
=‰=
=
,
ˆB T
kT
kT
7

(1.5)

The solution of the Ising model on a finite lattice depends on the boundary conditions. All results
shown here, make use of a periodic boundary condition.

1.2 Introduction to the Ising model
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and the heat capacity C
ˆÈEÍ
var(E)B
N 2 var(e)B
=C=
=
,
2
ˆT B
kT
kT 2

(1.6)

where B represents the netto magnetic field and k represents the Boltzmann constant. [36] The peaks in the susceptibility and heat capacity around transition
temperature (figures 4.4c and 1.1d), indicate strong fluctuations on |m| and e for
finite lattices. These fluctuations imply that, in contrast to the infinite lattice, for a
certain temperature range, TL , around the critical temperature Tc , |m| and e are
no longer capable of providing a correct prediction of the phase of a configuration.
This range of uncertainty increases for decreasing lattice size L.

1.2.3 Generating a dataset of Ising configurations

Fig. 1.3: The total dataset is constituted from samples for 20 different temperatures T
(expressed in units Tc ). For each temperature one configuration is shown. The
configurations have size 16 ◊ 16 with periodic boundary conditions.

The Ising model is a theoretical construct and it has no prescription for its dynamical
evolution. Therefore, the Ising model can only be simulated using artificial dynamics
based on random numbers (Monte Carlo). In Metropolis Monte Carlo, a chain
of configurations is generated for a system in equilibrium with a thermal bath at
temperature T (called a Markov chain). One element of the chain is generated by
one Monte Carlo step:
• loop over all spins in the lattice:
– suggest a spin-flip

8
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– determine the corresponding energy change

E

* if

E > 0: accept the spin-flip

* if

E < 0: accept the spin-flip with probability exp ≠— E

• add the configuration to the Markov Chain
To start the algorithm, an initial configuration, which will generally not be in equilibrium, has to be chosen. It takes a while for the system to reach equilibrium, therefore
the first configurations should be omitted. This chain of configurations approximates
the canonical ensemble and can be used to study the properties of many-particle
systems in equilibrium8 .[36][12]
The data set, used in this work, is an assembly of 20 datasets, which, through
the application of the Metropolis Monte Carlo algorithm, are sampled from the
configuration spaces accessible to the Ising model at 20 corresponding temperatures
surrounding the critical temperature: T /Tc œ [0.5, ..., 1.5], with lattice size L = 16
and periodic boundary conditions [36, 12, 24]. All training and testing sets that
are used are subsets of this main data set which contains 104 configurations per
temperature.

8

In 1943, Lars Onsager succeeded in analytically solving the two-dimensional square-lattice Ising
model for H = 0, using the transfer matrix method [6]. For H ”= 0 or higher dimensions, there is
no analytical solution and the Ising model can only be studied numerically.

1.2 Introduction to the Ising model
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2

Principal Component Analysis

Principal Component Analysis is an unsupervised machine learning technique, that is
used to find an optimal, linear, low-dimensional representation of a data sample.
For the square lattice Ising model, one data sample or configuration x can be
represented as a point in N -dimensional space, since it consists of N = L ◊ L
individual spins.
Ë
È
x = ‡1 ‡2 . . . ‡L◊L
(2.1)

We now wish to find M < N new components, the principal components (P Ci ).
These are the M linear combinations weighting the original components ‡i œ x,
which summarize the configurations’ most important information:
Ë

È

xAú = yú = P C 1 P C 2 . . . P C M ,

(2.2)

with Aú œ RN ◊M . The columns Aúúi , with i œ {1, ..., M }, represent the weights of the
principal components P C i expressed in the original N -dimensional configuration
basis. y* is a low-dimensional representation of data sample x, summarizing the
total configuration of N spins with M < N highly informative features.

2.1 Variance as a measure for importance
The question is, what determines an important feature? Without prior knowledge
this is impossible to say. A data set of samples is required to form a reference.
The data set represents the configuration space that one wishes investigate. To
investigate the Ising model with zero magnetic-field for temperatures around the
phase transition, the data set should be sampled from this configuration space (this
data set was introduced in section 1.2.1).
S

T

S

U

V

U

x1
‡1,1
W X W
W x2 X W ‡1,1
W X W
X=W . X=W .
W .. X W ..
xS

‡1,2
‡1,2
..
.

‡S,1 ‡S,2

T

. . . ‡1,N
X
. . . ‡1,N X
X
,
.. X
..
.
. X
V
. . . ‡S,N

(2.3)

represents a data set X œ RS◊N that contains S samples.
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In this data set, some features will vary from sample to sample. Other features will
be constant over the complete set (figure 2.1). The information that defines the
individual samples lies in the variations between the different samples1 .

Fig. 2.1: Illustration of PCA. Firstly, the original two dimensional data set zero centered.
Subsequently, components of the data are decoupled by performing an orthogonal
transformation. The new axes lie along the direction for which the data varies the
most (P C1 ) and least (P C2 ). Dimension reduction is done by omitting the least
varying component. [28]

Therefore, for the M principal components, defined by the weights Aúi with i œ
{1, ..., M }, which summarize the configurations most important information, it is
required that:
1. varxœX (P Ci = xAúi ) is as high as possible.
2. Furthermore, features should not be correlated, since this implies that part of
the information is stored multiple times, which is inefficient:
covarxœX (xAúi , xAúj ) = 0 for i ”= j.
However, some restrictions need to be added:
• The original components should not be rescaled, since this would correspondingly scale the variance and hence destroy the relation between importance
and variance2 .
1

An analogy to illustrate both the relation of variance with importance and the need for a well
adapted data set: Suppose one wishes to investigate a certain bird. To determine the important
features, a reference data set has to be defined. If one wants to find out what makes this bird
unique in comparison with other birds, the data set will include all kinds of bird species. The
constants; wings, a beak, feathers, are not important, every bird has them. The variances in size,
color,... contain the real information. However, another objective, e.g. comparing the same bird to
other animals, requires another, appropriate data set (containing all kinds of animals). Because
the objective, and therefore also the data set, is different, very different conclusions about what is
important will be drawn. Wings, beaks and feathers are no longer constants, they are unique to
birds and therefore contain a lot of information.
2
This restriction implies the assumption that the components of the original configuration basis
are scaled in accordance to their importance. For the Ising model with zero magnetic field, this
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• More strongly, to be able to use the concepts of variance and covariance in the
new M -dimensional basis, the new components should always be introduced
as a set of orthonormal linear combinations3 . The orthogonal matrix A œ
RN ◊N (with AT A = 1 or AT = A≠1 ), is introduced as the expansion of Aú œ
RN ◊M to a complete orthonormal set. It can be proven that the orthogonal
q
transformation of the data set preserves the total variance N
i=1 varxœX (xAúi ).
Note that the restriction AT A = 1, reduces the two requirements, listed above,
to a single requirement. Since the decoupling of correlated features will always
result in the increase of the variance of the feature that already varies most, at
the cost of the other feature, which will decrease in variance (figure 2.1) [22,
15]. Therefore, finding the orthogonal transformation that decouples all features,
automatically delivers the features with the highest and, for that reason, also the
lowest variances.

In a preprocessing step of the data set X œ RS◊N , the averages of every component
ÈxÍxœX œ R1◊N are shifted to zero4 . The covariance matrix of this zero-centered data
set can easily be constructed as:
S

var(‡1 )
W
W covar(‡2 , ‡1 )
W
XT X = W
..
W
.
U

covar(‡1 , ‡2 )
var(‡2 )
..
.

...
...
..
.

covar(‡N , ‡1 ) covar(‡N , ‡2 ) . . .

T

covar(‡1 , ‡N )
X
covar(‡2 , ‡N )X
X
X
..
X
.
var(‡N )

(2.4)

V

For the Ising model it was explained in section 1.1, that the hamiltonian introduces
nearest neighbor interactions, which causes the spins to covary with their neighboring spins (covar(‡i , ‡j ) ”= 0) over a correlation length that depends on temperature.
This spin correlation demonstrates that the representation of the configurations in
the original spin basis, contains a lot of redundant information.

assumption is justified. All spins are equally important and they all have variance 1. However
other data sets might require a preprocessing step to normalize their components, e.g. if they were
measured at different scales.
3
This restriction implies the assumption that the original configuration basis is orthonormal. For the
Ising configurations, the basis set consists of the individual spins. It is meaningful to assume this an
orthonormal basis because the physical correspondence between the two configurations can be
measured their mutual distance as defined by this basis.
4
Since the averages ÈxÍxœX are constants of the data set and the information lies in the variations
on the data set, this zero-centering operation retains all information. For the Ising model, this
preprocessing step is not necessary, because the average spins are already zero.

2.1

Variance as a measure for importance
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The key to finding the decoupled principal components, is to calculate the orthogonal
matrix A which diagonalizes the covariance matrix XT X 5 :

YT Y = AT XT XA =

S

⁄1 0 . . .
W
W 0 ⁄2 . . .
W
=W .
.. . .
W ..
.
.
U
0 0 ...

0
0
..
.
⁄N

T

X
X
X
X = A≠1 (XT X)A,
X
V

(2.5)

where the variances ⁄i = var(P C i ) are sorted in descending order. As a result, the
columns of A œ RN ◊N will contain the coefficients of the principal components in
descending order of importance. The dimensionality reduction matrix Aú œ RN ◊M ,
simply contains the first M columns of A.

2.2 Results
The analysis is done on two training sets, Xtrain,100 and Xtrain,400 , which contain respectively 100 and 400 Ising configurations per temperature, delivering two distinct
orthogonal transformations A100 and A400 . The performance of both transformations
was tested on Xtest which contains 400 configurations per temperature. For a well
performing transformation A, the covariance matrix of the transformed test set
should approach the diagonalized matrix (equation 2.5), train , as well as possible:
test

= AT XTtest Xtest A ¥ AT XTtrain Xtrain A =

train .

(2.6)

Figure 2.2a shows the explained variance ratios
⁄i
⁄̃i = qN

j=1 ⁄j

(2.7)

of the first 35 principal components, calculated on Xtrain,100 . In figure 2.2b, all L2
explained variance ratios are shown for the orthogonal transformations A100 and
A400 on both the training and the testing configurations. Prominently, there is only
one dominant principal component, which already explains half of the variation
(51%). All other principal components have far lower variations (< 2%), indicating
that a nonlinear function is probably more adequate to describe the second half of
the variance.
5
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An easy way to perform a diagonalization for a matrix of the form XT X, is via a singular value
decomposition of X.
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(a)

(b)

Fig. 2.2: (a) The explained variance ratios ⁄̃i for the first 35 principal components for a
training set containing 100 configurations per temperature. In the inset, the weight
vectors, Aú1 , Aú2 and Aú6 are displayed, indicating how the spins in the lattice are
weighted to find the corresponding principal components P C1 , P C2 and P C6 . (b)
The explained variance ratios ⁄̃i for all L2 principal components are shown for two
training sets containing 100 and 400 configurations per temperature (blue and
red). The resulting orthogonal transformations A100 and A400 are subsequently
used to evaluate the testing set (green and orange). The linear lattice size L = 16.

In the inset of figure 2.2a, the weight vector, Aú1 , of the first principal component is
plotted, showing how the individual spins are weighted to calculate the first principal
component, P C1 . All spins have an equal contribution, hence P C1 is proportional
to the magnetization of the lattice:
N
N
1 ÿ
1 ÿ
P C 1 = xAú1 = Ô
‡i ≥ m =
‡i
N i=1
N i=1

(2.8)

It is no coincidence that the magnetization establishes the most varying linear
combination of spins, since it is the order parameter of the Ising model, changing
rapidly around the critical temperature Tc from approximately 1 in the ferromagnetic
phase to approximately6 0 in the paramagnetic phase (figure 2.3a).
Even though it is established that there is only one dominant principal component,
corresponding to the magnetization m, it is still worthwhile to take a look at the
other components. In figure 2.2, the explained variances seem to be ordered in
groups, hinting that (P C 2 ≠ P C 5 ) and (P C 6 ≠ P C 9 ) share their level of importance.
Taking into account the periodic boundary conditions on the configurations, it was
found that the weight vectors corresponding to one group are mere translations of
one another, proving their physical equivalence (figure 2.4).
In reference [15], it was established that the weight vectors Aúi , which define the
principal components, correspond to the Fourier modes of the spin configuration.
This result is reflected in the weights displayed in figure 2.4. The transformation
6

This is for finite lattices, for infinite lattices, m is exactly 0 in the paramagnetic phase.

2.2 Results
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(a)

(b)

(c)

(d)

Fig. 2.3: In (a) and (b), P C1 and P C2 are respectively displayed as a function of temperature for all configurations in the testing set. In red, their average absolute
value È|P Ci |Í is shown. In (c) the average absolute values of the higher order
principal components is displayed as a function of temperature. (d) The projection
of N -dimensional spin configurations onto the two-dimensional subspace, spanned
by the first two principal components.

(a)

(b)

Fig. 2.4: The weight vectors are ordered in groups that display translational invariance and
are therefore physically equivalent. (a) Aú2 ≠ Aú5 (b) Aú6 ≠ Aú10 .
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xA = y, can therefore be understood as the fourier decomposition of spin configuration x In the ordered phase (T < Tc ), the decomposition is dominated by the
first principal component: a constant value over the entire configuration. Close
to transition, (T = Tc ), the other principal components, arranged according to
decreasing order (increasing frequency f ), gain importance (figure 2.3c). These
principal components can be seen as disorder indicating parameters, however their
variation is less strong then the variation of P C1 . The average absolute values of
the principal components, È|P C i |Í, reach a maximum at a specific temperature Ti in
the paramagnetic phase, Ti could be interpreted as the temperature for which the
correlation length f1i is dominant.
Figure 2.3d displays the projection of N -dimensional spin configurations onto the
two-dimensional subspace, spanned by the first two principal components. Most
variation is oriented along the first principal axis reflecting once again the dominance
of P C 1 . The configurations are ordered in three groups: a high temperature cluster
in the center, corresponding to the paramagnetic phase and two low temperature
clusters at |P C1 | = 1, corresponding to the ferromagnetic phase. We can conclude
that, through the deduction of the order parameter m and, with limited influence,
the deduction of the other, disorder indicating principal components, PCA is able
to locate the phase transition and order the Ising configurations in their respective
phase.
For a small range of temperatures around TC , many configurations are difficult to
classify in either one of the clusters. This can be ascribed to the large variations of
the magnetization per spin m around Tc for finite lattice sizes. For increasing lattice
size L, the region of confusion grows smaller and this leads to more distinguishable
clusters [15, 40]7 .
Even though the interpretation of the higher order principal components increases
insight, it should be remembered that only P C1 explains a significant share of the
total variance. This implies that, apart from the magnetization, the highly varying
features cannot be written as a linear combination of the spins. A first improvement
could entail the merging of the equivalent principal components. The combination
of principal components P C2 ≠ P C5 as
Ò

(P C 2 )2 + (P C 3 )2 + (P C 4 )2 + (P C 5 )2 ,

(2.9)

represents 6% of the total variance in one non linear component instead of four
linear components. For further improvements, more subtle non linear functions of
the spin configuration will be needed, this requirement is incompatible with the
7

This phenomenon can be used to perform a finite size scaling analysis in order to find the critical
components of the infinite system [15, 40].

2.2 Results
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linear technique PCA. As an illustration, the total energy function from which a lot
of information on the phase transition can be inferred, could never be found by
linear techniques such as PCA, since it contains of a non linear spin-spin interaction
term. Other, non linear unsupervised learning techniques are more adequate to
perform this task. In reference [7], stochastic neighbor embedding (t-SNE) was used
to present a non linear two-dimensional visualization of the Ising configurations.
From figure 2.2b, the influence of the training set size can be inferred. In blue and
green, the performance of A100 is displayed. The inset shows that the explained
variance ratios of the first principle component, ⁄̃1 , is higher for Xtrain,100 then
for the Xtest . The discrepancy between the train and test results indicate that the
transformation A100 is overfitted. For A400 (red and orange), the overfitting is
strongly reduced. Related, the differences on the explained variance ratios of the
groups of equivalent components, is most visible for Xtest followed by Xtrain,400 and
least visible for Xtrain,100 . The reason is that larger training sets lie closer to the real
configuration space, which makes the model less receptive to random noise on the
training set.

2.3 Generalization of terminology
In this section, it will be demonstrated that Principal Component Analysis is perfectly
compatible with the description of Machine Learning, given in chapter 1.1 [38]:
A model f (x|◊) is required to perform a certain task on configuration x with respect
to the data set X. To measure the models degree of performance, a cost function
C(f (X|◊)) is introduced. The learning consists of finding the optimal parameters ◊*
for which the cost is minimal:
◊ ú = argmin◊ {C(f (X|◊))}.

(2.10)

To perform the minimization, a minimization method is needed.

The task

The task of PCA is to find a low-dimensional representation yú œ RM of a data
sample x œ RN .
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The model
The model f (x|◊), corresponds to an orthogonal transformation A œ RN ◊N , followed
by the selection of the first M components to reduce the dimension:
f : RN æ RM , x ‘æ yú = f (x|◊) = (f2 ¶ f1 )(x|◊)

(2.11)

f1 : RN æ RN , x ‘æ y = f1 (x|◊) = x A

(2.12)

f2 : RN æ RM , y ‘æ yú = [y1 , y2 , . . . , yM ].

(2.13)

The parameters ◊ of the model can be brought into correspondence with the
degrees of freedom for an orthogonal matrix.

N (N ≠1)
2

The data set

The performance of the model can only be defined with respect to the configuration
space of interest. Therefore a data set X, that approaches this configuration space as
well as possible, is required.

The cost function
As explained in section 2.1, the variance of a feature yi = xAúi is a measure for the
features importance.
Remark that in reality, diagonalization of the covariance matrix intrinsically ensures
optimal performance on the training set, whitout the need for a cost function.
However, it is still interesting to construct a cost function to see the analogy with
other machine learning techniques [38].
The cost-function could be defined as:
qM

C(f (X|◊)) = 1 ≠ qiN
i

varX (yi )
=1≠
varX (yi )

qM

(YT Y)ii
=1≠
tr(YT Y)
i

qM

(AT XT XA)ii
(2.14)
tr(AT XT XA)
i

However, this costfunction will solely divide the configuration-space in an M dimensional maximally varying subspace and an uncorrelated (N ≠ M )-dimensional

2.3 Generalization of terminology
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minimally varying subspace. The covariance matrices of the subspaces will not be diagonalized, nor will the components be ordered according to decreasing variance.
A possibility for a cost-function that does diagnonalize the complete covariance
matrix, is:
C(f (X|◊)) =

N
ÿ

‡X (yi ),

(2.15)

i

q

For every orthogonal transformation A, the total variance: tr(AT XT XA) = N
i varX (yi )
qN
will be the same constant. Therefore, the sum of the square roots i ‡X (yi ) will
be minimal when the differences between the individual components var(yi ) are
maximalized. This cost-function might however also not be the good choice, because
the minimum is rather shallow. Furthermore, the components of the resulting matrix
A should still be sorted in decreasing order of variance.
Another approach could be to resolve the M most varying features subsequently.
One starts by extracting the most varying component from the original configuration
space with a cost function of type (2.14). Once this component is found, it is
substracted of the original configuration space which is then reduced to dimension
N ≠ 1. From this subspace, the second most varying component is extracted and so
on.

The minimization method
The used minimization method is a analytical single step diagonalization through
singular value decomposition. However, this analytical approach becomes very slow
for increasing data set sizes, therefore, for large data sets, iterative methods are
preferred. [30]
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Neural Networks

3

3.1 Introduction
In the first sections of this chapter neural networks (NN) are introduced as candidates
to represent a model that can be trained through machine learning[22][3]. Apart
from the model type, other key components to determine the learning process (as
defined in the introduction on machine learning) are the cost function, as a measure
of the model’s performance and the minimization method to minimize this cost.
These components are treated in the final sections of this chapter. Especially the
selection of the cost function is very much related to the type of task you want the
model to perform: classification, regression, dimensionality reduction, etc.

3.2 Building block: the neuron
A neural network (NN) is a computing system that processes complex data inputs
and returns an output. As the name suggests, neural networks are loosely inspired by
the biological neural networks that constitute our brains [25]. They lend themselves
to be graphically represented as a network, built up out of nodes and links (figure
3.1). To read this graphical representation, let’s start with the basic building block of

Fig. 3.1: The architecture of a fully connected neural network, with one input layer, one
output layer and two hidden layers. (source figure: [1])
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Fig. 3.2: Representation of a neuron, the building block of neural networks. The neuron is
composed out of two parts. First, a linear transformation calculates a weighted
sum (w x + b) of the input-vector x. Secondly, a nonlinear activation function is
applied. (source figure [22])

a NN: a neuron (figure 3.2).

A neuron „(x|◊) is the most basic neural network. The neuron is graphically represented (figure 3.2) by a node with N incoming links and one outgoing link,
processing an input-vector x of length N and generating a corresponding scalar
output y. Every neuron „1 is a composition of two functions: a linear transformation
T and a nonlinear activation function ‡
„ : RN æ R, x ‘æ y = „(x|◊) = (‡ ¶ T )(x|◊).

(3.1)

Firstly, the linear transformation T is applied to the vector x:
T : RN æ R, x ‘æ z = T (x|◊) = T (x|w, b) = w x + b,

(3.2)

where parameters ◊ correspond with a weight-vector w and a scalar bias b. Through
multiplication with the weight-vector, w, every input component xi is evaluated with
relative importance wi . Furthermore, a bias b is included in the linear transformation.
The scalar output z is called the weighted sum. Graphically, every incoming link can
be ascribed a corresponding weight wi , for i œ {1, .., N }.
Secondly, a nonlinear activation function ‡ is applied to the weighted sum w x + b,
returning a scalar output y = ‡(w x + b). This output is called the activation of the
neuron. The activation function is crucial to introduce non-linearity in the neuron
1

22

a neuron „(x|◊) , and every model in general, is trained to be optimized w.r.t. its parameters ◊. It
is important to note however, that these parameters ◊ are part of the model and determine the
models performance. So, when a model processes a certain input x, the parameters ◊ are treated
as constants.
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Fig. 3.3: This figure shows three important activation functions: sigmoid, hyperbolic tangent
(Tanh) and rectified linear unit (ReLU). (source figure: [1])

and hence in the total neural network. (elaborated in section 3.3.2)
Figure 3.3 depicts the most common activation functions: Sigmoid, Tanh and
ReLU. Different choices of activation functions lead to different neuron-properties.
The earliest neural networks used the Heaviside-function as activation. But, these
neural networks were incompatible with the powerful gradient descent minimization method, because the Heaviside is undifferentiable [25]. Smoothed versions
of the Heaviside, Tanh and Sigmoid, became the norm. However, when the input
parameters become large, the gradients of Tanh and Sigmoid approach zero, therefore training through gradient descent can still be difficult. Today, ReLU is a more
common activation function in the hidden layers. In contrast to Sigmoid an Tanh,
the ReLU activation-function, has a finite gradient even for large input parameters
[22]. For binary classification purposes, Sigmoid is often used in the output-layer, to
ensure that the output represents a probability (section 3.7.1).

3.3 Universal Approximation Theorem
Let’s turn our attention back to the full neural network (figure 3.1). This network
consists of multiple nodes, ordered in layers. The first and last layer are identified
as the input- and output- layer, all layers in between are referred to as the hidden
layers.
With the exception of the input nodes, each node, together with its incoming links,
forms a neuron. Note that there are no cycles in the network 2 , information travels
in one direction only, the output of one layer serves as input for the next.

2

In fact, the neural network discussed here, is a feed-forward neural network. There are other types
of NNs in which such cycles do appear, namely recurrent neural networks (RNN). However, these
cycles do not represent a real closed loop, since they are directed in time[4].
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The neural network f (x|◊) corresponds with the function
f : RN æ RM , x ‘æ y = f (x|◊),

(3.3)

where x is an N -dimensional input-configuration and y is the M-dimensional corresponding output.
It is an interesting question to ask ourselves what classes of functions can be represented by these feed-forward neural networks.
Before jumping to conclusions in the form of the universal approximation theorem
(UAT), let’s do two thought-experiments. In the first experiment, the representational power of a NN without hidden layers is investigated. Secondly, a NN without
activation functions is considered.

3.3.1 Network without hidden layers

Consider a network without hidden layers, consisting solely of an N-dimensional
input and an M-dimensional output layer. The network will have the following form:
f : RN æ RM , x ‘æ y = f (x|W, b) = ‡(W x + b),

(3.4)

where the parameters wi œ RN and bi œ R, with i œ {1, .., M }, that make up the
M neurons determining the output layer, are aggregated in W œ RN ◊M and b œ RM .
Note that equation (3.4) is in fact a general representation for the working of
a single NN-layer3 . Consistent with the terminology used for neurons, z = W x + b
and y = ‡(z) are respectively the weighted sum and the activation of this layer.
This function can describe any linear transformation W accompanied by a certain
translation b and nonlinear evaluation of the output. To illustrate the two-layered
networks limited representational power, consider a simple property of the form
(w1 x )2 + (w2 x)2 ; it can not be reduced to a linear transformation evaluated by
a non-linear function and therefore it can never be described by this two-layer
network.

3
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This excludes the input layer, which solely serves to pass on the input. This layer is not associated
with any parameters, therefore it can not be expressed in the form of (3.4).
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3.3.2 Network without activation layers
Consider a network, without activation functions and three layers: an N -dimensional
input layer, a P -dimensional hidden layer and an M -dimensional output layer. The
networks corresponding function will then have the following form:
f : RN æ RM , x ‘æ y = f (x|◊) = (f2 ¶ f1 )(x|◊).

(3.5)

f1 represents the working of the hidden layer which processes the input and f2
represents the working of the output layer, processing the activation of the hidden
layer:
f1 : RN æ RP , x ‘æ y = f1 (x|W1 , b1 ) = W1 x + b1
(3.6)
f2 : RP æ RM , x ‘æ y = f2 (x|W2 , b2 ) = W2 x + b2

(3.7)

where W1 , b1 and W2 , b2 determine the weights, biases of the hidden and output
layer respectively. Evaluating the total function
f : RN æ RM , x ‘æ y = W2 (W1 x + b1 ) + b2 = (W2 W1 )x + (W2 b1 + b2 )

(3.8)

indicates that without activation functions, every neural network can be reduced to a
simple two-layer neural network describing a linear transformation W accompanied
by a certain translation b. This means that activation functions are absolutely
necessary if we wish to introduce nonlinearity in the model.

3.3.3 Universal Approximation Theorem
General feed-forward neural networks with both hidden layers and activation
functions are more complicated. They have been investigated thoroughly in the
past[14][38]. These studies led to very interesting results that were concisely summarized in the Universal Approximation Theorem (UAT):
Feed-forward networks, with one or more* hidden layers containing sufficiently many*
neurons, can approximate any continuous function on compact4 subsets of RN Furthermore, this is possible under very general conditions* on the activation function.
Some additional clarifications are in order:
• one or more, sufficiently many: The theorem does not say anything on the
optimal number of hidden layers and neurons per layer.
4

closed and bounded
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• very general conditions on the activation function: It should be emphasized
that this does not mean that all activation functions will perform equally well
in specific learning problems (section 3.2).
To conclude: neural networks have an enormous representational power. They can
approximate every conceivable physical function, making neural networks universal
and characteristic machine learning models. The generality of neural networks
allows to investigate numerous different and complex problems with the same
tools.
It should be noted however, that this extensive representational capacity does not
always make neural networks the best-adapted model-choice. Especially for tasks
that can be fulfilled with a simpler model (e.g. approximating a linear phenomenon),
it is advantageous to use this simpler model, which is more adapted to the specific
task and will be trained more easily. This will be elaborated further in section 3.5.

3.4 Fully Connected Neural Networks
The neural networks that were discussed until now, are in fact fully connected neural
networks.5 A neural network is termed fully connected when
• every neuron in the network is connected through a weighted link to all the
neurons from the previous layer
• the weights and biases of every neuron are independent parameters.
To develop neural networks, a machine learning library for python, PyTorch, was
used. One of the models that has been constructed is the fully connected neural
network represented in figure 3.4. The model is intended to be trained for classification of Ising configurations (drawn from the data set that was presented in
the introductory chapter). The returned value y represents the models estimated
probability for the configuration to be in the ferromagnetic phase, 1 ≠ y represents
the probability of being in the paramagnetic phase.

When examining the topology of a fully connected neural network, it becomes clear
that the multi-dimensional structure of the input configurations is not used. This is
why, in programming, all input-configurations are represented by a one-dimensional
5
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These fully connected networks are equally referred to as multilayer perceptrons MLP or ‘vanilla’
neural networks. [13][26]
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Fig. 3.4: Architecture of a fully connected model with an input layer, 2 hidden layers and an
output layer, containing respectively 256, 100, 10 and 1 nodes. The hidden layers
have ReLU activation functions and the output-neuron has a sigmoid activation
function (to ensure that the the scalar output y can represent a probability œ [0, 1].)

vector. To illustrate; the 16 ◊ 16≠shaped Ising configurations are flattened out
to a one-dimensional input-vector of length 256. The model should learn that
this structure is present through training, but this knowledge is not intrinsically
incorporated in its architecture.

3.5 Steering the model
When selecting a model that will be trained to perform a certain task, it might
be worthwhile to consider any additional information (e.g. periodicity, symmetry,
translation invariance of the input-configuration or the hamiltonian, etc.) that can be
implemented as general constraints6 on the model, to steer it in the right direction.
This approach can have several advantages:
• The model’s architecture is altered based on knowledge and insight in the
problem. Therefore, it will recognize physical trends more easily and is less
sensitive to noise on the training data. This makes the model more performant
and a better generalizer.
6

Here we run into a tension field. What should be understood by general constraints? How much
should the model be steered? What is to gain? A better and potentially faster performing model,
increasing insight in the problem. What is to lose? Time spent programming and a general,
non-biased model that was not influenced by possibly false assumptions of the programmer on
poorly understood, chaotic data.
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• Strongly related, the model requires less parameters for the same task, because
part of the information is already incorporated in the models structure. In
general, it takes less data to train a model with less parameters.

• Thoughtful adaptation of the model, increases insight in its workings. (A nice
example is the visualization of kernels, or ’feature-detectors’ in convolutional
neural networks, section 4.1.4)

Let’s illustrate this point with a simple example. Suppose a model has to be trained
to approximate a certain phenomenon, for which you know from physical considerations that it is linear. Despite the universal approximation theorem, which assures
that a general neural network can approximate this function, it is obvious that a
linear transformation will be the better choice for the model because it incorporates
the physics (in this case the linearity) directly into the models architecture.
Another example is treated in the next section: Convolutional neural networks
(CNN). Compared to fully connected neural networks, CNN intrinsically incorporate
additional information into their architecture.

3.6 Convolutional Neural Networks
A convolutional neural network (CNN) is a class of feed forward neural networks.
Convolutional neural networks differ from fully connected neural networks because
they intrinsically encode specific spatial information of their input-configuration7
into their architecture. Most links are omitted and groups of neurons can share
weights and biases. This significantly reduces the number of learnable parameters.
To illustrate what is meant by spatial structure , think of the finite, square lattice Ising configurations. These configurations are 2-dimensional. Furthermore,
by closely examining the expression for the energy for the Ising model with zero
external magnetic field (chapter 1.2.1)
E = ≠J

N
ÿ

si sj ,

(3.9)

i,j=nn(i)

we find:

7
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The input-configuration is usually a 2-dimensional image or configuration, but 1- and 3-dimensional
inputs also occur.

Chapter 3

Neural Networks

Fig. 3.5: Representation of a one dimensional convolution layer. The output is calculated as
the convolution of the input with a kernel of size 3. Orange: kernel with kernelsize
K = 3. Blue: stride S = 1. Green: zero padding with P = 2 to maintain the spatial
structure of the input-configuration.

1. Locality: The phase transition is made possible by local interactions. The spins
are locally correlated and these correlations contain important information on
the thermodynamic properties of the system.
2. Homogeneity: Every spin is evaluated equally, independent of its location on
the grid.
Neither of these properties is accounted for in the fully connected model. The
convolutional neural network introduces both properties into the architecture of the
network.
Apart from the use in statistical models such as the Ising model, CNN is a very
important tool in computer vision. Computer vision studies ML-models with the
task of analyzing images. A machine can recognize a certain object by identifying
it with a collection of features that are linked to this object (e.g. the features eyes,
nose and mouth help to recognize a face). These features occur locally, encoded in
the correlations between neighboring pixels. Furthermore, it doesn’t matter where
the features occur (homogeneity). E.g. an eye might occur in the middle or in the
corner of a picture, but in both cases, it should be recognized as an eye8 .[22][9]
Figures 3.5 and 3.6 show a few of simple convolution layers in 1 and 2 dimensions respectively. A convolution layer fconv (x|w, b) calculates the convolution of the
8

This assumption does not always make sense. E.g. when the input solely contains images in which
the faces have been centered, the edge and center of the image should be treated in different ways.

3.6 Convolutional Neural Networks

29

Fig. 3.6: Representation of a two dimensional convolution layer. Orange: kernel with
kernelsize K = 2 ◊ 2 , 2, Blue: stride S = 1 ◊ 1 , 1

input x with a certain function, termed a kernel. The kernel acts as a local filter: it
takes as inputs a small spatial patch of the total input and multiplies these inputs
with its own fixed set of weights w. The kernel strides over the complete input-plane.
With every stride, it performs the same analysis at a different location. The complete
layer is complemented with an activation function ‡. In the 1-dimensional case, this
results in a function of the following form:
fconv : RN æ RM , x ‘æ y = ‡(w úS x + b 1),

(3.10)

where ’úS ’ represents a convolution with stride S, which can be written out in full:
yi = fconv,i = ‡(w x[iS : iS + K] + b),

(3.11)

with kernel size K: w œ RK , i œ {0, .., M ≠ 1} and N = S(M ≠ 1) + K. This
expression can easily be generalized for higher dimensions.
Roughly stated, one kernel learns to detect one feature of the input. For images, the
kernels could be edge or color detectors. For Ising-configurations, the kernels are
more difficult to interpret but they can roughly be divided into order and disorder
detectors (section 4.1.4). A convolution layer usually evaluates its input with more
than one kernel. The use of multiple kernels gives rise to an extra dimension per
layer, the depth D, to store multiple channels (figure 3.7). The total shape of a layer
with spatial size N ◊ N will be written down as D@N ◊ N. These channels are ‘fully
connected’, meaning that the transition from a layer with depth D1 to a layer with
depth D2 requires D1 ◊ D2 unique kernels. A two-dimensional, convolutional layer
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Fig. 3.7: A convolutional network, consisting of respectively two convolution layers, a
pooling layer, another convolution layer and a fully connected output-layer. The
layers are ordered in three dimensions D@N ◊N , where D indicates the number of
channels and N ◊ N represent the spatial dimensions per channel. As a reference:
figure 3.6 represents one channel to channel transition between successive layers.

with multiple channels can be written as follows (generalization of equation (3.10)):
flconv : RDl≠1 ◊Nl≠1 ◊Nl≠1 æ RDl ◊Nl ◊Nl , Yl≠1 ‘æ Yl ,

(3.12)

where the activation per channel is determined by:
Dl≠1

Yl,j = ‡(

ÿ

k=1

Wl,j,k úS Yl≠1,k + bj 1),

(3.13)

with j œ {1, .., Dl }. Yl,j œ RNl ◊Nl represents the activation of layer l channel j and
Wl,j,k œ RK◊K represents the kernel, with kernel size K, from channel k in layer
l ≠ 1 to channel j in layer l.
A CNN is build out of consecutive convolution layers accompanied by a method to
reduce the spatial size. Analysis of CNNs suggests that the first layers of the neural
networks learn elementary features on a small, local scale. The subsequent layers
then combine these elementary features into more abstract, complicated features on
a larger scale. E.g. in computer vision, the recognition of a face might proceed as
follows: The first layer detects edges, dots, stripes, etc. The second layer combines
these elementary features into eyes, a nose and a mouth. The final layer recognizes
this collection as a face. [22]
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3.6.1 Reducing spatial size

To reduce the spatial size of the layers in the CNN, it is common to either insert a
pooling layer in between successive convolution layers or to use a convolution layer
with a stride S Ø 2.
A pooling layer operates independently on every channel. The spatial size is reduced
by applying a filter with a certain stride. This filter selects a local patch of the total
input and applies a pooling function, e.g. taking the maximum, averaging, etc. Max
pooling is most commonly used based on experimental results.[11]Note that the
pooling layer contains no learnable parameters.
The use of a convolution layer, with stride S Ø 2, has the advantage that the
size-reduction is learnable, the kernels can be viewed as trained pooling filters.

3.6.2 Padding

Equation (3.11) illustrates that the input and outputs spatial size N and M are
connected through the following expression:
N = S(M ≠ 1) + K.

(3.14)

This implies restrictions on the possible choices for S, K and the spatial size of the
output M. To increase control over the spatial output size, one can add an extra
border or padding with size P to the input-configuration:
N = S(M ≠ 1) + K ≠ P.

(3.15)

A common choice for a convolution layer takes and P = K ≠ S, with the purpose of
adjusting the spatial size by dividing with a controlled factor S:
N = S(M ≠ 1) + K ≠ (K ≠ S) ∆ N = SM.

(3.16)

In zero padding, the padding contains extra zeros (figure 3.5). However padding
can also introduce the periodic extension of a configuration. For Ising configurations, or any other configuration subject to periodic boundary conditions, periodic
padding offers a convenient tool to intrinsically incorporate this periodicity in the
model’s architecture.
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3.7 Cost functions
In the previous sections, a very extensive class of models was discussed, namely the
neural networks. Apart from the model type, other key components for machine
learning are the cost function and the minimization method to minimize this cost.
This section will focus on cost functions and the next section will explain the
minimization methods.
To make a performant model, it is very important to select the right cost function. The
selection will depend upon the eventual task of the model. In the next subsections
two types of supervised machine learning will be considered: classification and
regression.
In supervised learning the cost C(X, f (◊)) on dataset X containing N configurations
x, can be determined as the mean of the cost of these individual configurations:
C(f (X|◊)) = ÈC(f (x|◊))ÍxœX .

(3.17)

3.7.1 Classification: Cross-entropy cost
In supervised learning problems, we want to train a model to predict for a configuration x a certain feature Y (x) = y. Essential in classification is that the feature
can only have a discrete set of outcomes, representing the possible categories to
which the configuration can belong. If there are M possible categories Ci , where
i œ {1, .., M },
S T S
T
y1
P (x œ C1 )
W X W
X
W y2 X W P (x œ C2 ) X
W X W
X
y=W . X=W
(3.18)
X,
..
W .. X W
X
.
U

yM

V

U

V

P (x œ CM )

where yi represents the probability that x belongs to category Ci . y will always
consist of M ≠ 1 zeros and 1 one because every configuration belongs to exactly one
category.
As said, the model f will provide a prediction f (x|◊) = ŷ approximating the real
feature Y (x) = y as close as possible:
S

T

S

T

U

V

U

V

ŷ1
Pf (x œ C1 )
W X W
X
W ŷ2 X W Pf (x œ C2 ) X
W X W
X
ŷ = W . X = W
X,
..
X
W .. X W
.
ŷM

(3.19)

Pf (x œ CM )
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where ŷi = Pf (x œ Ci ) represents the model’s prediction for the probability that x
belongs to category Ci .
q

To ensure that ŷ represents a valid probability distribution ( M
i=1 ŷi = 1 and
ŷi œ [0, 1]), the final step of the model consists of normalizing the intermediate
unrestricted result z œ RM into a probability distribution ŷ œ RM by means of the
Softmax function:
exp(z)
ŷ = qM
.
(3.20)
i=1 exp(zi )

Softmax transforms z to a probability distribution in a continuous way: in contrast to
the real probabilities P (x œ Ci ) which are either 0 or 1, the probabilities Pf (x œ Ci )
can take any value in the interval [0,1]. This is necessary because the minimization
method is dependent on gradients, requiring the model to be continuous.

If one would select a category out of this probability distribution f (x|◊) = ŷ ,
the probability that this category would correspond with the real category, Cj , to
which x belongs is:
Q

P (correct prediction|f (x|◊)) = a

M
Ÿ

i=1,i”=j

Q

=a

M
Ÿ

i=1,i”=j

=

M
Ÿ

i=1

R

Pf (¬Ci )b Pf (Cj )
R

(1 ≠ ŷi )b ŷj

(3.21)

ŷiyi (1 ≠ ŷi )(1≠yi )

The model f (x|◊ ú ) with the optimal parameters maximizes this probability P œ
[0, 1]. As a consequence this model also maximizes log(P ) œ [≠Œ, 0] and minimizes
≠ log(P ) œ [0, +Œ], which is an ideal candidate for the cost function:
C(f (x|◊)) = ≠ log(P (correct prediction|f (x|◊))
=

M
ÿ
i=1

≠yi log(ŷi ) ≠ (1 ≠ yi ) log (1 ≠ ŷi ),

(3.22)

known as the cross-entropy. The cost of the total dataset X containing N configurations x, is then:
C(f (X|◊)) =

N
N
1 ÿ
1 ÿ
C(f (xi |◊)) =
C(yi , ŷi ).
N i=1
N i=1

(3.23)

For binary classification (M = 2),the output is simplified to a scalar, ŷ, which
represents Pf (C1 ), ŷ2 is omitted since it is equal to (1 ≠ ŷ). A Sigmoid activation
ensures that ŷ represents a valid probability œ [0,1].
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3.7.2 Regression: Mean Squared Error
In contrast with classification, regression models aim to predict continuous features
Y (x) = y. An example of such a continuous feature could be the energy of an Ising
configuration9 . The model provides a prediction f (x|◊) = ŷ, approximating the
real feature y as close as possible. Note that the output ŷ is a scalar and no longer
represents a probability, therefore, the output-layer no longer requires a softmax or
sigmoid activation function.
The simplest and most popular cost function for a regression network is the meansquared error between network predictions and the true value:
C(f (X|◊)) =

N
N
N
1 ÿ
1 ÿ
1 ÿ
C(f (xi |◊)) =
C(yi , ŷi ) =
(yi ≠ ŷi )2 .
N i=1
N i=1
N i=1

(3.24)

3.7.3 Regularization
In the introduction on machine learning (chapter 1.1), it was noted that a good
model has the capacity to generalize: during training the cost Ctrain on the train-set
Xtrain is minimized. However to evaluate the real performance of the model, the
cost Ctest on the test-set Xtest , is what counts. When Ctrain is significantly lower
then Ctest , the model has captured noise patterns that are specific for Xtrain and
have nothing to do with global trends of the data. The model is overfitted to Xtrain
and performs badly on new data.
One approach to address the problem of overfitting is to add an extra term to
the cost function C(f (X|◊)) in which large parameter-values are penalized. Excessive weights, often the result of noise on the training-data, can cause large,
misguided variance of the output, which decreases the generalizing capacity of the
model. L2-regularization or weight decay counters the tendency of the parameters
to diverge to large numbers by adding the L2-norm of the parameters ◊ as a penalty
term to the cost function:
Ctot (f (X|◊)) = Coriginal (f (X|◊)) + ⁄||◊||22 ,

(3.25)

where ⁄ > 0 is the regularization hyperparameter. ⁄ has to be chosen with care.
If ⁄ is too small, overfitting will still occur. If ⁄ is too big, the model will be underfitted because the regularization-term then dominates the original cost-function
Coriginal (f (X|◊)), minimizing the parameters without performing the actual task.
9

In reality, the energy of a finite Ising system is quantized, however the scale of quantization is so
small it does not matter to the macroscopic problem.
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[10][22]

3.8 Minimization Method
Machine learning consists of finding the optimal parameters ◊ ú for which the cost is
minimal:
◊ ú = argmin◊ {C(f (X|◊))}.
(3.26)
For a small data set with a simple polynomial model, optimization can be confined
to a single step fit. However, chaotic and large datasets require extensive models
such as neural networks. Once a certain limit in size and complexity of the model
is exceeded, the single-step analytic approach is no longer possible10 and iterative
methods become the new standard. Remember that the same conclusions were
made for the diagonalization to optimize PCA (chapter 2).
An initial guess determines ◊ 0 . In every step i the minimization algorithm calculates the new values ◊ i , eventually approximating the optimal parameters ◊*.
In this section, a very powerful and common class of iterative minimization methods
is discussed: gradient descent and its variations.
In the remainder of this section, to ease notation, the cost-function C(f (X|◊) can
additionaly be written as C(◊) or C(X, ◊).

3.8.1 Gradient Descent
The basic idea behind gradient descent is to adjust the parameters in the direction of
steepest descent in cost:
◊ t+1 = ◊ t ≠ ÷Ò◊ C(◊ t ),
(3.27)
where ÷ is the learning rate, a hyperparameter controlling the size of the steps taken
along the gradient-direction. Assuming an appropriate choice for this learning rate
÷, the parameters will eventually converge to a local minimum of the cost-function.

10
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The cost-function is a complicated, rugged, non-convex function in high-dimensional space with
many local minima. [22]
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For neural networks or, in general, every model containing a large number of
parameters, the calculation of the gradient11
S

T

U

V

ˆ◊1 C(◊ t )
W
X
W ˆ◊ C(◊ t ) X
W 2
X
Ò◊ C(◊ t ) = W
X œ RN
..
W
X
.

(3.28)

ˆ◊N C(◊ t )

is responsible for a substantial amount of the computation time12 . To calculate this
gradient, a brute force derivation to every parameter is out of the question and a
clever use of the chain rule is essential. The backpropagation algorithm efficiently
incorporates these considerations for neural networks by exploiting their layered
structure. Backpropagation is a standard component in most machine learning
libraries and it will be briefly discussed in the next section.
To anticipate what alterations of the gradient descent method might be interesting
to explore, a few remarks are listed:
1. The cost-function is a complicated hypersurface containing many local minima
in which the gradient descent method might get stuck, resulting in poor
performance. The barriers surrounding these local minima can be overcome
by introducing stochasticity in the gradient descent algorithm.
2. What is an appropriate choice for the learning rate ÷? Choosing ÷ too big can
lead to overshooting the minimum, while a too small value might result in very
slow convergence. Furthermore, it seems valid for ÷ to change per iteration
depending on how fast the gradient changes (i.e. the curvature of hypersurface
C(◊)).
3. To calculate the total gradient, the gradients of all the train-configurations are
averaged (section 3.7):
Ò◊ C(Xtrain , ◊) = ÈÒ◊ C(x, ◊)ÍxœXtrain .

(3.29)

However, a small subset of configurations might already give a good approximation of the gradient. This idea is worth exploring, since it could drastically
decrease the computation-time per iteration.
11

Note that both the cost and the gradient are only calculated for exactly one set of parameter-values
per iteration: the parameters ◊ t of that instant.
12
The calculation of the cost itself (forward propagation), complemented with the calculation of the
gradient of the cost (backpropagation), forms the core of the training, being responsible for most
of the computation time.
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3.8.2 Backpropagation
As mentioned in the previous section, the backpropagation algorithm efficiently
calculates the gradient by exploiting the layered structure of neural networks. The
total network-function f can be written as a composition of single-layer-functions f l
(equation 3.4). In this section, we will focus on the gradient of a single configuration
Ò◊ C(x, ◊), since the total gradient is simply the average.
1. Feedforward: A configuration x is passed through the model f (◊), all weighted
sums zl and activations yl are stored.
f (x) = f n ¶ ... ¶ f 2 ¶ f 1 (x) = y,

(3.30)

f l (yl≠1 ) = ‡ l (Wl yl≠1 + bl ) = ‡ l (zl ) = yl ,

(3.31)

with l œ {1, .., n}, y0 = x and yn = y. All parameters œ ◊ are written down as
l , the weight of the link between node k at layer l ≠ 1 to node j at
either wjk
layer l, or blj , the bias of neuron j at layer l.
2. From the output y the cost C = C(f (x|◊)) is calculated.
3. Backpropagation: We propagate back through the model, layer by layer. For
every layer l, the error function Òzl C is calculated by recursion:
Wl+1 ,zl

(3.32)

Òzl+1 C ≠≠≠≠≠æ Òzl C,
using the following formula:
(Òzl C)k =

ˆC
ˆzkl

= Òzl+1 C ·

ˆzl+1
ˆzkl

(3.33)
Õ

l
l
= (Òzl+1 C · Wl+1
úk ) ‡ (zk ).

4. Calculate the gradient:

and
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ˆC
= (Òzl C)j ykl≠1
l
ˆwjk

(3.34)

ˆC
= (Òzl C)j
ˆblj

(3.35)

3.8.3 Variations on Gradient Descent
Stochastic Gradient Descent

A variant on the Standard Gradient Descent method is Stochastic Gradient Descent. Where the gradient Ò◊ C(Xtrain , ◊), evaluated over the total train-set Xtrain ,
is approximated with a stochastic gradient evaluated over a small subset or batch
B µ Xtrain :
Ò◊ C(Xtrain , ◊) = ÈÒ◊ C(x, ◊)ÍxœXtrain æ Ò◊ C(B, ◊) = ÈÒ◊ C(x, ◊)Íx œB .

(3.36)

Every iteration is performed with a stochastic gradient. The total train-set is subdivided into NB batches. Therefore, one epoch, i.e. one evaluation of the total
train-set Xtrain , consists of NB iterations.
The calculations are sped up significantly since the cost and gradient are approximately determined, requiring less configurations. Another advantage is given by the
fact that the gradient is not determined perfectly, there is a component of stochasticity. This decreases the chance to get stuck in a local mini bsubsectionMomentum
Further alterations to the SGD method include the use of a memory term[22][31]:
◊ t+1 = ◊ t ≠ mt ,

(3.37)

mt = “mt≠1 + ÷Ò◊ C(◊ t ),

(3.38)

with
where 0 Æ “ Æ 1. The movement in the parameter-space mt is no longer completely
determined by the gradient at time t: Ò◊ C(◊ t ), but also by earlier gradients through
mt≠1 . The momentum mt is calculated as an exponentially weighted, running average of recent gradients, where the hyper-parameter “ determines the memory’s
1
characteristic time scale: 1≠“
.
This approach has several advantages: In directions with persistent but small gradients (the cost-function is shallow, low curvature), the gradient Ò◊ C(◊ t ), and earlier
gradients incorporated in mt≠1 are oriented in the same direction and reinforce each
other. The total momentum gains weight and therefore the algorithm can proceed
quicker. In areas with rapidly changing gradients (narrow, high curvature), the
gradient will be partially cancelled by the earlier gradients because it is oriented in a
different direction. The total momentum becomes smaller, therefore the algorithm
proceeds in a more careful way.
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Second moment

As explained in section 3.8.1 on the GD method, finding an appropriate value for
the learning rate ÷ is crucial. Furthermore, it can be interesting to tune ÷ in function
of time, depending on the curvature of the cost-function.
Up until this point, the step-size | ◊| that is taken each iteration, is proportional to
(a running average of) the steepness of the cost-function C(◊) :
◊ t+1 = ◊ t+1 ≠ ◊ t = mt = “mt≠1 + ÷Ò◊ C(◊ t ),

(3.39)

However, more important than steepness (1st derivative), is curvature (2nd derivative). The step-size | ◊| should be larger in shallow areas , i.e. areas where the
gradient varies slowly. Whereas in unpredictable, narrow areas, with quickly changing gradients, one should proceed more carefully, resulting in a smaller step-size
| ◊|.
To address these requirements, one might think to calculate the curvature similar
to how the gradient was calculated. However, based on the cost-benefit ratio, this
could never be an improvement, since the computational cost is very high.
In reality, estimations of the curvature are made by keeping track on the variation of
the gradient over time.
Let’s discuss Adam[22][31], an alteration of SGD which incorporates this strategy13 .
To alleviate notation, the gradient will be written as follows:
gt = Ò◊ C(◊ t ).

(3.40)

The running average of the gradient, is defined in a way that slightly deviates from
the previous section:
mt = —1 mt≠1 + (1 ≠ —1 )gt
(3.41)
m̂t =

mt
.
1 ≠ —1

(3.42)

m is the first moment of the gradient. In addition, we can also keep track of the
second moment s:
st = —2 st≠1 + (1 ≠ —2 )g2t
(3.43)
13
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Apart from Momentum or Adam, multiple other variations on gradient descent have been developed.
E.g. Nesterov accelerated gradient (NAG), which is an extension to Momentum, RMS prop, which
is similar to Adam, Adagrad and Adadelta, which are also similar to Adam without the use of
momentum, etc. [22][39][31]
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ŝt =

st
,
1 ≠ —2

(3.44)

—1 and —2 determine the characteristic timescales of the first and second moment
and are typically given the values 0.9 and 0.99 respectively. The variation on the
gradient, which is an indication for the curvature of the cost-function, can be related
to the first and second moment by the following expression:
var2t = ŝt ≠ m̂2t .

(3.45)

The update rule for Adam is given by:
◊ t+1 = ◊ t ≠ ÷ Ô

m̂t
,
ŝt + ‘

(3.46)

where ÷ is the learning rate and ‘ is a very small regularization constant (order
10≠8 ) to prevent division by zero. The division in this equation, has to be seen as an
element-wise operation. Let’s take a closer look for a single parameter ◊ œ ◊:
◊t+1 = ◊t ≠ ÷t m̂t ,
with
÷t = Ô

(3.47)

÷
÷
=Ò
.
ŝt + ‘
var2t + m̂2t + ‘

(3.48)

Equation (3.47) reminds of the simple SGD method, where the fixed learning rate
÷ has been replaced by ÷t , which is parameter-dependent and varies per iteration.
What determines the eventual value of ÷t ? Two limiting cases are examined:

1. If the derivative ˆ◊ C(◊) is only slowly changing (i.e. the cost-function is
shallow in the ◊-direction in parameterspace), then:
Ò

var2t + m̂2t ¥ m̂t .

(3.49)

By consequence we find that ÷t = ÷. The update rule becomes:
◊t+1 = ◊t ≠ ÷,

(3.50)

taking the largest possible step-size determined by the maximal learning rate
÷.

2. If the derivative changes rapidly (narrow in the ◊-direction in parameterspace),
the following applies:
Ò
var2t + m̂2t ¥ vart .
(3.51)
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The update rule becomes:
◊t+1 = ◊t ≠ ÷

m̂
,
vart

(3.52)

meaning that the step-size is proportional to the signal to noise ratio. In this
way, the algorithm proceeds more careful in highly curved directions.
In general, Adam makes sure that the step-size is automatically adapted by the local
curvature of the cost-function.
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Neural Networks on classical spin
systems

4

In this chapter, the performance of neural networks for extracting the features of
classical spin systems are evaluated. Firstly, these networks are trained to classify
Ising configurations into either the ferro- or the paramagnetic phase. Subsequently,
the same networks are trained to predict the energy and magnetization of Ising
configurations through regression.

4.1 Classification
The classification network takes an Ising configuration x as input and delivers a
single output value ŷ, representing the predicted probability1 that the configuration
x belongs to the ferromagnetic phase. The desired output is represented by a binary
label y, which is 1 for a ferromagnetic configuration and 0 for the a para magnetic
configuration. For classification problems, the performance of a model is measured
by the binary cross-entropy cost function[22]:
C(x, ◊) = ≠y log(ŷ) ≠ (1 ≠ y) log (1 ≠ ŷ),

(4.1)

The total cost is always calculated for a set of samples X
C(X, ◊) = ÈC(x, ◊)ÍxœX ,
where X can be either a batch B µ Xtrain to determine Ctrain during optimization,
or the testing sets XT,test , Xtest , to determine the final loss (per temperature) CT,test ,
Ctest for a set of configurations never encountered during training.

4.1.1 General performance of the model
In this chapter, it will become clear that the training of neural networks requires
making many choices. What is an adequate architecture for the network? How
many configurations should the training set contain? Which minimization method
should be used and how should their corresponding hyper parameters be optimized?
1

to ensure that ŷ œ [0, 1] the output neuron contains a sigmoid activation function [22].
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Prior to the answering of these questions, this section establishes the results that are
shared among all trained classifiers.

Characteristic peak in the loss function

Fig. 4.1: Performance of neural networks on the classification of the Ising configurations.
The average cost on the testing set µ(CT,test ) is displayed as a function of temperature for four types of trained models with differing architecture: fully connected
(blue) or convolutional (green) and training set size (shades of green). Each type
of training was repeated 25 times. In the insets, the curves are zoomed in and the
standard deviation is added.

Figure 4.1 shows the average cost on the test set µ(CT,test ) as a function of temperature for four differing types of training:
• 1 fully connected neural network (26721 parameters) is trained with a training
set containing 750 configurations per temperature.
• 3 convolutional neural networks with the same architecture (771 parameters)
are trained with training sets of varying sizes: 75, 750 and 7500 configurations
per temperature.
The test set Xtest is an assembly of the sets per temperature, XT,test , each containing
250 configurations.
The predominant observation is the characteristic peak in the cost function around
the critical temperature, Tc , which retains approximately the same shape and size
regardless of the type of training. The cost peak indicates the failure of the network
to correctly classify the configurations in a small temperature range surrounding
the critical temperature Tc . This resembles a phenomenon that was described in the
introductionary chapter:
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For finite lattice sizes, |m| and e display strong fluctuations around transition temperature. These fluctuations imply that, in contrast to the infinite lattice, for a certain
temperature range, TL , around the critical temperature Tc , |m| and e are no longer
capable of providing a correct prediction of the phase of a configuration. This range of
uncertainty increases for decreasing lattice size L.
This observation seems to indicate that neural networks base their classification
on features that, similar to |m| and e, display strong fluctuations around transition.
In reference [8], it is shown that the width of cost peak decreases with increasing
lattice size L.2 which further strengthens this theory. From these observations, we
conclude that it is plausible that there is a lower boundary for the cost function
which completely depends on the physics of the phase transition and is independent
of the specifics of the chosen model.

Evolution of the training

Fig. 4.2: Evolution of CT,test per epoch during training. The left and middle graph show
the evolution of one training, the right graph shows the average evolution of 25
trainings. (Specifications of training: modeltype: convolutional, optimizer: SGD,
batch size: 20, learning rate : 10≠2 , # train (test) conf: 750(250), patience: 5)

In figure 4.2, the cross-entropy loss is plotted as a function of the temperature
for consecutive epochs. The left and middle graph show the evolution for single
trainings, the right graph shows the average evolution of 25 separate trainings.
On average, the model took 22.2 epochs to converge. But the convergence time
varies strongly from training to training; the standard deviation was determined
to be 8.3 epochs. The difference between training 1 and training 14, reflects this
strong variation (left and middle panel of figure 4.2). It should be noted that the
2

A finite size scaling analysis was done, correctly inferring information on the infinite lattice model.
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specific amount of epochs for convergence depends on the specific architecture of
the network and the training specifications. However, qualitatively the same trends
were found regardless of the training specifications.
For training 14 (center of figure 4.2), the slow convergence of the low-temperature
costs is striking. This phenomenon was regularly encountered: for all five model
types and also for different optimizer types (namely Adam instead of SGD). The
contribution of these asymmetric training visibly influences the average evolution
(figure 4.2).

4.1.2 Model architectures

Fig. 4.3: Structure of ConvK3PP: a convolutional neural network with kernel size K = 3
and periodic padding. S indicates the stride of the convolutions.

To test the influence of the architecture of the neural networks on the performance,
five model types were introduced:
• One fully connected neural network (FCNN).
• Four convolutional neural networks (CNN):
– a CNN with kernel size K = 5.
– a CNN with K = 5 and periodic padding (PP).
– a CNN with K = 3.
– a CNN with K = 3 and PP.
They were repectively named: Full, ConvK5, ConvK5PP, ConvK3 and ConvK3PP.
In figure 4.4, the performances of these 5 model types are compared. For each
architecture type 25 separate trainings were performed. In the left panel, cost as a
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(a)

(b)

(c)

Fig. 4.4: In this figure, the performances of 5 model architectures are compared: one fully
connected neural network (FCNN) and 4 convolutional neural networks (CNN)
(kernel size K œ {5,3} and without/with periodic padding). For each architecture
type 25 separate trainings were performed. (a) The average cost as a function
of temperature µ(CT,test ). The insets enlarge the low-cost regions, where the
errorbars indicate the standard deviation of the cost per temperature ‡(CT,test ).
(b) distribution of the cost Ctrain . (c) distribution of the cost Ctest . (Specifications
of training: optimizer: SGD, batch size: 64, learning rate: 10≠2 , # train (test)
conf: 750(250), patience: 5)

function of temperature is shown, and we see again the characteristic peak that was
described in the previous section, which has approximately the same shape and size
for all architectures. If calculated in terms of correctly classified configurations, the
performance is approximately 90% for all model types (table 4.1).
However, the insets show that there are still notable differences for the different
architectures. These differences are more visible in the center and right panel which
show the distribution of the cost on the training and testing set, Ctrain and Ctest , for
each model type:
1. For the fully connected network, the distribution of Ctest lies significantly
higher than the distributions of Ctrain , indicating overfitting. For convolutional
networks too, overfitting occurs, however for CNNs the overfitting is far less
Tab. 4.1: Comparison of the performance for various neural network architectures.

modeltype
Full
Conv (K = 5)
Conv (K = 5, PP)
Conv (K = 3)
Conv (K = 3, PP)

correct predictions: µ (‡) [%]
89.4 (0.10)
90.2 (0.17)
90.6 (0.12)
90.5 (0.09)
92.9 (0.09)

Ctest : µ (‡[10≠3 ]) (‡r [%])
0.260 (3.80) (1.46)
0.226 (4.69) (2.08)
0.213 (4.74) (2.22)
0.212 (1.90) (0.90)
0.211 (2.94) (1.40)
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severe. Because of the restrictions on the architecture of CNN, significantly
less parameters are needed for a model that has similar performance (table
4.2). High dimensional parameter spaces have more freedom to specialize
on noise of the training set. In general, FCNN performs worse than CNN,
comparing Ctest to Ctrain shows that this is mostly due to overfitting. It can
be concluded that models which implement restrictions based on information
from the theoretical model or properties of the dataset the model has better
performance, mainly because less parameters are needed.
2. The influence of the kernel size was not yet anticipated in the previous chapter.
Roughly stated, the kernel size determines how many neighbor information
is taken into account when processing the layer. K = 5 evaluates two layers
of neighbors (blue border in figure 4.5), whereas K = 3 evaluates only one
layer of neighbors (green border). If one examines the structure of the Ising
hamiltonian (for H = 0)
E = ≠J

N
ÿ

si sj ,

(4.2)

i,j=nn(i)

only the nearest neighbors are considered. Therefore, the use of kernel size
K = 3, is a physically well-chosen, further restriction on the model, similar to
the transition from FCNN to CNN.
Remark that, even though the hamiltonian only considers nearest neighbors, the
scale of correlations is certainly not restricted to the nearest neighbors. Remember
that at Tc , the correlation length equals the lattice size L (chapter 1.2.1). The
choice of kernel size K = 3, examines only nearest neighbors in the convolution.
This does however not imply that the total model will fail to recover large scale
correlations; as explained in section 3.6, consecutive convolution layers focus on
correlations at increasing scales.
This larger restriction on the model was expected to further reduce the models
susceptibility to overfitting, however, looking at figure 4.4 this effect is not
Tab. 4.2: Dimension of the parameter space for various neural network architectures.

modeltype
Full
Conv (K = 5)
Conv (K = 5, PP)
Conv (K = 3)
Conv (K = 3, PP)
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clearly visible. Still, the models with K = 3 have better average performance
and less variance in the performance than models with K = 5.

Fig. 4.5: Influence range of a kernel. Blue border: kernel size K = 5, two layers of neighbors
are evaluated. Green border: K = 3, one layer of neighbors is evaluated. Green fill:
the nearest neighbors which are evaluated by the hamiltonian when calculating
the energy of the central spin (red).

3. The influence of periodic padding incorporates the periodic boundary conditions of the Ising configurations in the networks architecture. For K = 5, the
model with periodic padding performs significantly better. For K = 3 however,
there is not much improvement. Introducing periodic padding also seems to
be linked with higher variance on the performance.

4.1.3 Size of the training set

Fig. 4.6: Performance of classifier for four types of models: a fully connected neural network
(blue) and three convolutional networks with various training set sizes (shades of
green). Distribution of the total cost on both the training (left) and testing (right)
configurations: Ctrain and Ctest

In this section, the influence of the training set size on the performance of the model
is investigated.
In figures 4.6 and 4.7 the influence of varying training set size is shown for training
sets containing respectively 75, 750 and 7500 configurations per temperature. The
best performing architecture, as found in the previous section, was used (ConvK3PP).
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Fig. 4.7: Performance of classifier for varying sizes of the training set. Left: The average
cost as a function of temperature µ(CT,test ). The insets enlarge the low-cost
regions, where the error bars indicate the standard deviation of the cost per
temperature ‡(CT,test ). Right: separate plot of the standard deviation of the cost
per temperature ‡(CT,test ). (Specifications of training: modeltype: CNNK3PP,
optimizer: SGD, batch size: 20, learning rate : 10≠2 , # train (test) conf: [75(250),
750(250), 7500(250)], patience: 7)

In figure 4.6, the performance of the fully connected neural network is added as an
additional reference.

Figure 4.6 shows that both the average and the standard deviation of the cost decrease for an increasing number of training samples. The model is less biased by
noise on the training data, because a larger data set gives a more complete representation of the canonical ensemble. Figure 4.7 shows the cost and standard deviation
per temperature, indicating that this decrease happens at all temperatures.

The standard deviation per temperature, was not discussed before (left panel of
figure 4.7). In order to interpret this curve, it should be noted that the total
standard deviation on the performance ‡(Ctest ) cannot be simply deduced from the
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contributions per temperature ‡(CT,test ), since these are correlated. The covariances
between different temperatures should be taken into account (figure 4.8):
‡(Ctest )2 = var(Ctest )
1 ÿ
= var(
CTi ,test )
NT i
=
=
=

1 ÿÿ
covar(CTi ,test , CTj ,test )
NT2 i j
S

T

(4.3)

ÿ
1 ÿU
2
‡(C
)
+
covar(CTi ,test , CTj ,test )V
T
,test
i
NT2 i
j”=i

1 ÿ Õ
‡ (CTi ,test )2 ,
NT2 i

where NT is the number of considered temperatures and ‡ Õ is the notation for a
pseudo standard deviation that represents the variation at a certain temperature
including the coupled variation with other temperatures. In contrast to ‡, ‡ Õ contains
all information to calculate the variation on the total cost. The covariance matrix of
CT,test indicates that differences between separate trainings mainly occur in the form
of a small translation of the cost function CT,test to higher or lower temperatures
(figure 4.8). In principle3 , a mere translation of the cost function causes no variation
in the total cost Ctest , this illustrates the importance of the covariance terms in
equation (4.3) to counter the ‡(CT,test ) contributions. However, since the predicted
transition temperature is shifted with respect to the real transition temperature Tc , a
shift in the cost function will, in general, also cause an increase of the cost function
and therefore the total cost will vary after all.

The benefits of using a larger training set are opposed by the increased amount of
calculation time that is needed to complete a training. Table 4.3 contains average
training times of models with varying set-sizes, all trainings were done under similar
circumstances on the same GPU.

3

This is only true for a data set consisting of data sets at uniformly distributed temperatures (which is
not the case in this work).

Tab. 4.3: Average training time per model for various sizes of training sets.

size training set
75
750
7500

# epochs
29.4
22.2
14.0

time/epoch [s]
1.70
2.44
23.78

total time [s]
49.8
54.1
332.0
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(a) Covariance matrix of CT,test
(# training conf: 7500)

(b) ‡(CT,test ) and ‡ Õ (CT,test )
(# training conf: 7500)

(c) Covariance matrix of CT,test
(# training conf: 750)

(d) ‡(CT,test ) and ‡ Õ (CT,test )
(# training conf: 750)

Fig. 4.8: Left: Covariance matrix (the red line indicates var(CT,test ) = ‡(CT,test )2 ). Right:
standard deviation ‡(CT,test ) and pseudo-standard deviation ‡ Õ (CT,test ) (equation
(4.3)). Upper: 7500 training configurations. Lower: 750 training configurations.
The graphs show that, in the transition region, most cost variation is countered
by negative covariations with other temperatures (‡ > ‡ Õ ). This phenomenon
can be linked with small translation of the cost function CT,test to higher or
lower temperatures. The effect is more outspoken for larger training sets. At
temperatures further away from transition, the cost variation is strenghtened
with positive covariations with other temperatures (‡ < ‡ Õ ). This phenomenon
can be linked with an overall higher or lower cost function. This effect is more
outspoken for smaller training sets. (Specifications of training: modeltype:
ConvK3PP, optimizer: SGD, batch size: 20, learning rate : 10≠2 , # train (test)
conf: [7500(250), 750(250)] patience: 5)

4.1.4 Interpretation of the convolutional model
In section 3.5, it was discussed that the steering of a model enhances the possibility
to gain insight in the network. In this section, we will put this claim to the test.
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Fig. 4.9: Overview of the trained network. Central, the architecture of the network is
shown. The network has 2 convolution layers, both with kernel size K = 3 and
stride S = 2. Below each convolution layer, the corresponding trained kernels are
shown. Above the architecture of the network, several intermediate activations
for 20 input configurations, drawn from the testing set Xtest for each temperature,
are depicted. The displayed activations are indicated in red on the network’s
architecture (Specifications of training: modeltype: CNNK3PP, optimizer: SGD,
batch size: 20, learning rate: 10≠ 2, # train(test) conf: 750(250), patience: 5)

Section 3.6 introduced convolutional networks, which can be considered steered
models in comparison with fully connected models. Due to locality and homogeneity
considerations the number of weights were reduced and ordered in kernels. An
attempt is made to understand the inner workings of a trained convolutional network
by examining its kernels and intermediate activations.
Figure 4.9 gives an overview of the trained network. Central, the architecture of the
network is shown. The network has 2 convolution layers. Below each convolution
layer, the corresponding trained kernels are shown. Above the architecture of the
network, several intermediate activations for 20 input configurations, one for each
temperature included in the data set, are depicted.
All activations are given a label to summarize their most important characteristics:
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(a) Input configurations, type O(+)1

(b) Corresponding scalar outputs, type O256

Fig. 4.10: (a) 20 Ising configurations, one for each temperature, are drawn from the testing
set Xtest , with the temperature increasing from top left to bottom right. (b) the
20 outputs generated by feeding these Ising configurations to the network in
figure 4.9.

• O(+): Activations with high values in ordered areas with positive net magnetization and low values in either ordered areas with negative net magnetization
or disordered areas (that have net magnetization zero).
• O(≠): Activations with high values in ordered areas with negative net magnetization and low values in either ordered areas with positive net magnetization
or disordered areas (that have net magnetization zero).
• O: Activations with high values in ordered areas with non-zero net magnetization and low values in disordered areas.
• D: Activations with high values in disordered areas with zero net magnetization and low values in ordered areas.
The meaning of the word area in these explanations requires further elaboration;
it indicates the scale on which the spin configurations are evaluated. This scale
grows layer by layer. E.g. the input layer area includes only one spin, the first
convolution layer includes nine4 , the second convolution layer includes 25 and
finally, for the output, the area encompasses the complete lattice (256 = 162 spins).
The scale on which the activation is evaluated is added as a subscript: e.g. the input
configurations have label O(+)1 .
4
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From the perspective of dimensionality reduction of the input, every four input spins correspond to
one value in the activations of the first convolutional layer (based upon the stride S ◊ S, S = 2).
However, the total number of spins, that determine a single value in each activation, is in fact 9
(based upon the size of the kernel: K ◊ K, K = 3). This implies that the regions of influence are
overlapping.
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Since order over the complete lattice determines the ferromagnetic phase, the scalar
output of the trained network is required to have label O256 .
What mechanisms translate the input configuration to the eventual output? To find
the answer to this question, the kernels are investigated. In section 3.6, it was
explained that the activations of every layer are calculated by taking the convolution
of the activations of the previous layers with corresponding kernels:
Dl≠1

Yl,j = ‡(

ÿ

k=1

Wl,j,k úS Yl≠1,k + bj 1),

(4.4)

with j œ {1, .., Dl }, Dl is the number of channels, present in layer l, Yl,j œ RNl ◊Nl
represents the activation of layer l channel j, Wl,j,k œ RK◊K represents the kernel,
with kernel size K, from channel k in layer l ≠ 1 to channel j in layer l, úS represents
a convolution with stride S.
The kernel size of the model under consideration is 3, therefore, every kernel contains
9 independent values. To stay focussed on the main principles however, all kernels
are summarized in two values that capture their most important characteristics. The
average µ = ÈWÍ and the contrast = max(W) ≠ min(W). Using these two values,
the main results of the convolution of each kernel with an input can be described:
• µ > 0 and |µ| > µú (positive, P): on average, the signs of the input will be
retained.
• µ < 0 and |µ| > µú (negative, N): on average, the signs of the input will be
switched.
• µ ¥ 0 or |µ| < µú (zero, Z): the average value of the input will be shifted to
zero
and
•

>

ú

(high contrast, HC): the variations in the input will be highlighted.

•

<

ú

(low contrast, LC): the variations in the input will be smoothened.

µú and ú are the boundaries that decide how a kernel should be classified, they
are determined experimentally based on the average sizes |µ| and of the kernels.
It should be kept in mind that every kernel is complemented with an activation
function ‡. For the network under consideration, this activation function is the
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rectified linear unit ReLU, which retains all positive values and projects all negative
values to zero.

First convolutional layer
In table 4.4 the average µ and contrast for every kernel of the first convolutional
layer are summed. The first five kernels have a low average value (|µ| < 0.08)
and high contrast ( > 0.5), the sixth kernel has a negative average (µ < 0 and
|µ| > 0.08) and a low contrast ( < 0.5). The boundaries µú = 0.08 and ú = 0.5
were determined experimentally5 .

(a)

(b)

(c)

Fig. 4.11: In (a), the kernels of the first convolutional layer are displayed: the first 5 kernels
are disorder detecting kernels with a high contrast and low average weight (ZHC),
the sixth kernel is an order detecting kernel with a negative average weight and
low contrast (NLC). In (b), the activation Y1,4 , resulting from the convolution of
kernel 4 with the input, is shown (for each of the 20 input configurations shown
in figure 4.10). Resulting in the appearance of positive values in disordered areas
(type D9 ). In (c), the activation Y1,6 , resulting from the convolution of kernel 6
with the input, is shown. The negatively magnetized areas light up (type O(≠)9 ).

The evaluation of the activations of the 4th and 6th channel (figure 4.11), helps to
understand the working of both types of kernels on the input Ising configurations.
Apart from the dimensionality reduction, we can infer the following working of the
kernels on the input layer:
1. zero average, high contrast kernels (ZHC), will result in disorder highlighting
activations D. Because µ ¥ 0, the average value of the input is shifted to
zero, resulting in low values for both type of ordered areas (either positively or
negatively aligned). Due to the high value, the contrasts in the disordered
regions are highlighted. Subsequently, the ReLU activation function ensures
5
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that the negative contributions are removed, yielding an average positive value
in the disordered areas. These kernels can be referred to as disorder detecting
kernels.
2. negative average, low contrast kernels (NLC), will result in activations of type
O(≠) with high values in negatively magnetized areas. Because µ < 0, the
signs of the input are switched on average, resulting in positive values for
negatively magnetized areas and negative values for positively magnetized
areas, which are set to zero by the ReLU activation. Due to the low value, the
contrasts in the disordered regions are averaged out to zero as well. Resulting
in an activation of type O(≠). (Perfectly analogous, PLC kernels will result
in O(+) activations.) These kernels can be referred to as order detecting
kernels.
Similar results were obtained in [32], where a simpler convolutional network was
investigated, consisting of a single convolutional layer with kernel size 2. The kernels
were called either energy or magnetization detecting, respectively corresponding to
the disorder and the order detecting kernels defined here.
It is true that the disorder and the order detecting kernels deduce energy- and
magnetization- like order parameters. However, they are certainly not the real energy
and magnetization. Still, it is very plausible that these energy-and magnetizationlike order parameters will, just like the real energy and magnetization, also exhibit
large variations at transition. These variations in the parameters, based upon which
the network makes its classification, can explain the peak in the cost at transition
temperatures found in section 4.1.1.
Two remaining types of kernels have not yet been discussed:
3. negative average, high contrast kernels (NHC), will highlight both negatively
ordered areas (since µ < 0) and disordered areas because of high . (Perfectly
analogous reasoning for PHC)
Tab. 4.4: Overview of the kernels of the first convolutional layer.

input
Y0,1

label
O(+)1

kernel
W1,1,1
W1,2,1
W1,3,1
W1,4,1
W1,5,1
W1,6,1

µ
-0.0085
0.0008
-0.0102
-0.0106
0.0070
-0.1992

0.8074
0.9269
0.6565
0.9769
1.0089
0.4829

label
ZHC
ZHC
ZHC
ZHC
ZHC
NLC

activations
Y1,1
Y1,2
Y1,3
Y1,4
Y1,5
Y1,6

4.1

label
D9
D9
D9
D9
D9
O(-)9
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Fig. 4.12: On the left, the kernels of the second convolutional layer are displayed. On the
right, the activations of the 5th , 7th and 10th channel of the second convolutional
layer are shown: Y2,5 ,which has high values in positively magnetized areas and
disordered areas (type (O(+)25 + D25 )), Y2,7 ,which has high values in negatively
magnetized areas (type O(≠)25 ) and Y2,10 , which lights up in areas of disorder
(type D(≠)25 ). The kernels corresponding to these channels are indicated in grey.
In red, the most determining kernels are indicated (summarized in table 4.5).

4. zero average, low contrast kernels (ZLC) have overall low weights and will
therefore have limited contribution to the eventual output.
It should be noted that the sharp labeling of the kernels gives a slightly distorted
view, moreover, it can be argued that the choice of boundaries µú and ú is partly
arbitrary. For example, the sixth kernel, W1,6,1 , was labeled to have low contrast,
but in fact the contrast is still considerable (table 4.4), resulting in an activation of
mixed type O(≠) + f D, lighting up strongly in the negatively magnetized areas but
also partially, indicated by the fraction f , in the disordered areas (figure 4.11).

Second convolutional layer

The second convolutional layer makes the interpretation of the model more difficult.
The concept of order detecting (NLC, PLC) and disorder detecting (ZHC) kernels is
no longer applicable because the input activations are no longer Ising configurations
(O(+)1 ) and can belong to various types. However, the manner of interpreting is
similar.
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Figure 4.12 shows the activations of the fifth, the seventh and the tenth channel of
the second convolutional layer. These channels were chosen because they have the
largest contribution to the final output6 .
Using the same boundaries µú = 0.08 and ú = 0.5 as before7 , the majority of
kernels have |µ| < µú and
< ú (type zero average, low contrast ZLC), which
have only limited contribution to the eventual output. They can be omitted in the
interpretation of the general picture. The determining kernels of channel 5,7 and 10
are:
• For channel 5: the 6th kernel W2,5,6 works in on the 6th activation of the first
convolutional layer with a negative average and low contrast (NLC); flipping
the signs of the activation. O(≠)9 æ (O(+)25 + D25 )
• For channel 7, the 6th kernel W2,7,6 works in on the 6th activation with a positive
average and low contrast (PLC), retaining the signs. O(≠)9 æ O(≠)25 .
• For channel 10, the first 5 kernels W2,10,1≠5 work in on the first 5 activations with a positive average and low contrast (PLC), retaining the signs and
smoothening out the variations in the disordered areas D9 æ D25 .
The scale of evaluation increases from 9 to 25 spins. These results are summarized
in table 4.5.

Output layer

To obtain the desired output O256 , the scale of evaluation needs to encompass the
complete lattice. Furthermore, an output of type O, can be reached in 2 basic
ways:
6

This information was inferred through the evaluation of the weights of the fully connected output
layer
7
Again it should be noted that the sharp labeling of the kernels gives a slightly distorted view and the
choice of boundaries µú and ú can be questioned, however, these simplifications allows to draw
conclusions on the major trends of the dataprocessing

Tab. 4.5: Overview of the most determining kernels of the second convolutional layer.

activations 1
Y1,6
Y1,6
Y1,1≠5

label
O(≠)9
O(≠)9
D9

kernel
W2,5,6
W2,7,6
W2,10,1≠5

label
NLC
PLC
PLC

activations 2
Y2,5
Y2,7
Y2,10

label
O(+)25 + D25
O(≠)25
D25
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• O = O(+) + f O(≠), where the factor f makes sure that both contributions
are balanced.
• O = ≠D
or a combination of both. Examining the weights of the fully connected output layer,
it is found that the output y is approximately determined as
y ¥ 4ÈY2,5 Í + 2ÈY2,7 Í ≠ 3ÈY2,10 Í,

(4.5)

corresponding to the balancing of O(+) and O(≠) with an extra contribution of
≠D.

4.1.5 Convergence, overfitting and early stopping
Convergence and overfitting

In section 4.1.2, it was established that fully connected neural networks perform
worse than convolutional neural networks because of overfitting. This was due to
the fact that FCNN need more parameters than CNN for similar performance (table
4.2). In this section, the overfitting will be visualized by plotting the evolution of
Ctest and Ctrain during training.
In the introduction on machine learning (chapter 1.1), it was noted that a good
model has the capacity to generalize: During training the cost Ctrain on the training
set Xtrain is minimized. However to evaluate the true performance of the model, the
cost Ctest on the testing set Xtest is used. Overfitting occurs when Ctrain becomes
significantly lower then Ctest , indicating that the model has captured noise patterns
that are specific for Xtrain and have nothing to do with global trends of the data. An
overfitted model performs badly on new data.
In figure 4.13 the evolution of the training and testing cost during training is
shown for both a fully connected and a convolutional network. The phenomenon of
overfitting is clearly visible in the training of the fully connected model:
1. Ctrain ¥ Ctest , fast decrease (epoch 0-30)
2. Ctrain < Ctest , decrease slows down (epoch 30-45)
3. Ctest is minimal, the model has reached its optimal performance (epoch 45)
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Fig. 4.13: Illustration of overfitting. Full line: loss on the testing set Ctest . Dashed line: loss
on the training set Ctrain . The blue graph shows the training of a fully connected
network. The model reaches optimal performance at 45 epochs, afterwards
overfitting occurs and Ctest increases again. This is in contrast with the training
of a convolutional network (green), which is not affected by overfitting. The
performance stays approximately constant after convergence. (Specifications of
training: modeltype: [CNNK3PP, Full], optimizer: SGD, batch size: 75, learning
rate : 10≠2 , # train (test) conf: 75(25))

4. Ctrain < Ctest , Ctrain keeps decreasing at the expense of Ctest which starts
increasing again (epoch 45-150).
In contrast to the fully connected model, the convolutional model shows no signs of
overfitting, corresponding to the results of section 4.1.2.

Early stopping
It becomes clear that the training of the models should be stopped as soon as
they have reached their minimal testing cost Ctest . To this end, the early stopping
algorithm is introduced. This algorithm keeps track of the minimal cost Ctest
encountered during training. If the minimal cost was not updated for a certain
amount of epochs (the patience), the model is considered to be converged and the
training stops. The algorithm can be summarized as follows:
• set Cmin = Œ, counter = 0
• choose patience, epochmax
• for epoch < epochmax :
– update the model
– calculate Ctest
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– if Ctest < Cmin :
* Cmin = Ctest
* bestmodel = model
* counter = 0
– else:
* counter = counter + 1
* if counter = patience:
· model = bestmodel
· break off training

Fig. 4.14: Evolution of the losses during training with implemented early stopping algorithm.
The patience was set to 5. Full line: loss on the testing set Ctest . Dashed line:
loss on the training set Ctrain . The blue and green curves represent two separate
trainings respectively using 75 and 750 training samples. (Specifications of
training: modeltype: CNNK3PP, optimizer: SGD, batch size: 64, learning rate :
10≠2 , # train(test) conf: [75(25), 750(250)], patience: 5)

In figure 4.14 the evolution of the losses during training with implemented early
stopping algorithm is shown. The algorithm meets the expectations:
• The training is completed before the maximum number of epochs is exceeded.
• The patience is sufficiently large; the algorithm is not interrupted prematurely
because of a temporary fluctuations in Ctest .

4.1.6 Weight initialization
[11] [33]
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At the start of a training, the networks initial parameters (weights and biases) ◊ 0
are chosen, this process is referred to as weight initialization. In this section, the
conditions on the weight initialization are discussed.
The Ising configurations consist of spin-values of +1 or -1, the average of every
spin-value over the complete data set has approximately zero mean and standard
deviation 18 . Because of this positioning around zero, it is reasonable to assume that
the eventual parameters of the network will also be distributed around zero.
At first sight, it sounds sensible to initialize all parameters to zero since, on average,
this is the closest we can bring them to their eventual value. In practise, this
approach does not have the desired effect, it results in a very bad performing model.
The reason for this is that weights, initialized to the same value and sharing the
same connections, will become completely equivalent and will give rise to the same
gradients, undergo the same updates and evolve in the exact same way. To illustrate,
all weights in a fully connected layer will evolve together. Another example is the
coupled evolution of kernels in a convolution layer. The network gets no chance
to break the symmetry and therefore there is not enough freedom to increase
performance; the performance stays constant with respect to the untrained model.
The parameters should be distributed around zero, but they cannot be exactly zero
since this introduces unwanted symmetry in the model. The symmetry can be broken
by initializing the weights to small random numbers.
The initial weights should be calibrated in order to prevent a layer by layer increase
in the variance of the activations [11]. To illustrate this, consider the weighted
sum of a neuron, y = w x, representing the basics of the way in which one layer
influences the next (section 3.2). Let’s estimate how variations on the input values
var(x) will influence the variations of the output values var(y)9
var(y) = var(w x)
=
=

N
ÿ
i=1
N
ÿ

var(wi xi )
(4.6)
var(wi )var(xi )

i=1

= (N var(w)) var(x)
8

data sets that do not have zero mean and standard deviation 1 often undergo a pre processing in
which they are zero-centered and normalized. [11]
9
Note that the bias is omitted in the weighted sum y = w x. Furthermore, to calculate the actual
activation of a layer, the weighted sums should be evaluated by the non-linear activation function
(section 3.2). However, to estimate the order of magnitude of the increasing variance, this simple
weighted sum is a good enough approximation.
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where N equals the number of input values included in the weighted sum. The
first step is possible because wi , wj , for i ”= j, are linearly independent. The third
step uses Èwi Í = 0 and Èxi Í = 0, the final step assumes that wi , xi are identically
distributed for i œ {1, .., N }. Therefore, if we want to keep the variation constant
from layer to layer, var(y) = var(x), then
var(w) =

1
.
N

(4.7)

As said, N equals the number of input values included in the weighted sum. For a
fully connected layer, N is simply equal to number of nodes of the previous layer.
For a convolution layer with kernel size K, N equals the number of channels of the
previous layer, D, times the number of weights per kernel: D ◊ K ◊ K.

Fig. 4.15: Distribution of the loss evolution per epoch. Upper left: uniform initialization
(25 trainings). Upper right: gaussian initialization (25 trainings). Lower left:
fixed initialization (10 trainings). The lower right figure shows the average
loss evolution for uniform and gaussian initialization. The inset contains the
performance after convergence, where the marks indicate [µ ≠ ‡, µ, µ + ‡].
(Specifications of training: modeltype: CNNK3PP, optimizer: SGD, batch size:
64, learning rate : 10≠2 , # train(test) conf: 750(250), patience: 5)

In figure 4.15, the distribution of the loss evolution per epoch is shown for 3 types
of initialization:
1. The initial weights and biases are drawn from a uniform initialization distribution: wi , b œ [≠‡, ‡], where ‡ = Ô1N . This is the default initialization
procedure of PyTorch. A total of 25 trainings was used.
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2. The initial weights are drawn from a gaussian distribution with standard
deviation ‡ = Ô1N . The biases are set zero. A total of 25 trainings was used.
3. One set of initial parameters ◊ 0 is drawn from the default distribution. These
parameters are reused for all trainings. A total of 10 trainings was used.
For both the uniform and the gaussian initialization, the speed of convergence varies
strongly for different initial parameters (upper left and right panel of figure 4.15).
From the curves indicating the minimum, median and maximum performance per
epoch, it becomes clear that most trainings converge faster then average, but they
are countered by a few slow outliers. The cost-evolution is very similar for both
types of initialization. However, some small differences were perceived (lower right
graph of figure 4.15):
• The convergence speed seems to be slightly higher for gaussian initialization.
• On average, the eventual cost is slightly lower for gaussian initialization, but
this difference is negligible compared to the standard deviation.
• The standard deviation on the performance is slightly higher for gaussian
initialization.
The graph in the lower left corner, shows what happens if the same initial parameters
are re-used for all 10 trainings. In this case, the transient varies much less, this is
an extra confirmation that the speed of convergence depends strongly on the initial
parameters. Future investigation, regarding the speed and stability of convergence,
could entail the training of a large set of models using the default initialization
and afterwards investigate the correlations between the performance and the initial
parameters. In this way, one could probably find how the initialization distribution
could be changed for better convergence.
Finally it should be noted that improving the speed and stability of convergence are
often done by using a recently developed technique called Batch Normalization [16].
Batch Normalization boils down to the insertion of an extra function in every layer,
which recenters and normalizes the activations. Apart from improving the speed and
stability of convergence, Batch Normalization also reduces the importance of weight
initialization, because the rescaling of activations makes layer-by-layer increasing
variances impossible. The reason that Batch Normalization was not implemented
in the used models is that it is known to counter the effect of L2-regularization
[21]. Therefore, the choice was made to forego Batch Normalization and further
investigate regularization (introduced in section: 3.7.3, implemented in section
4.1.7).
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4.1.7 Regularization (weight decay)

Fig. 4.16: For multiple values of the regularization hyperparameter ⁄, the average performance is calculated. Orange: average of 20 separate trainings. Blue: average of
10 separate trainings. Note: ‡ is the estimated standard deviation on the average
performance µ, not on the performance itself. (Specifications of training: model:
periodic padding with kernel size 3, optimizer: SGD, batch size: 20, learningrate:
10≠ 2, # train (test) conf: 750(250), patience: 5)

In section 3.7.3 of the previous chapter, a regularization term was added to the
cost function in which large parameter-values are penalized. L2-regularization is
described by the following expression:
Ctot (f (X|◊)) = Coriginal (f (X|◊)) + ⁄||◊||22 .

(4.8)

Excessive weights, often the result of noise on the training data, can cause large,
misguided variance of the output, which decreases the generalizing capacity of the
model.
In figure 4.16 the average performance is shown for multiple values for the regularization hyperparameter ⁄. The main conclusion is that their is no significant
improvement of performance for any ⁄; for ⁄ œ [0, 0.005] the performance is approximately stable, for higher ⁄, the performance gets increasingly worse. Regularization
might be a good approach for other models or problems but in this case, it offers no
significant advantage.
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(a)

(b)

Fig. 4.17: Kernels of the first (a) and second (b) convolution layer, for models trained
with regularization hyperparameter ⁄ = 0 and ⁄ =0.003. The kernels that were
obtained with regularization clearly tend to have lower weights in general. And
the contrasts are located on one place in the kernel: e.g. one edge, one pixel
is strongly weighted per kernel. For the unregularized kernels the weights are
generally higher and there are multiple high weigths per kernel.

Figure 4.17 shows the kernels of the first (a) and second (b) convolution layer,
for models trained with regularization hyperparameter ⁄ = 0 and ⁄ =0.003. The
kernels that were obtained with regularization tend to have lower weights in general.
Furthermore, the contrasts are located at one place in the kernel: e.g. one edge, one
pixel, one connected group of pixels. For the unregularized kernels the weights are
generally higher and apart from contrasts in edges and connected groups of pixels,
checkered patterns are also frequent.

4.1.8 Comparison of optimization methods
In section 3.8.3, various optimization methods were discussed. In this section, the
basic stochastic gradient descent (SGD) and a second moment method (Adam) will
be compared. These methods depend on various hyperparameters: both Adam
and SGD require a batch size and a learning rate ÷, Adam furthermore requires
hyperparameters —1 and —2 , which are the timescales for the first and second moment,
and a regularization hyperparameter ‘. To objectively compare both methods, these
hyperparameters have to be optimized. A gridsearch algorithm is used to find for
each method which set of hyperparameters minimizes the cost. Only the batch size
and the learning rate are optimized, for —1 , —2 and ‘ the default values are known to
perform well [19].
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(a) hyperparameters: ÷ œ [10≠2 , 10≠3 , 10≠4 ] ◊ batch size œ [20, 50, 75].

(b) hyperparameters: learning rate ÷ œ [5 10≠2 , 10≠2 , 5 10≠3 ] ◊ batch size œ [10, 20, 30,
50, 75].
Fig. 4.18: Performance of the model for optimization method SGD per set of hyperparameters. In (a), gridsearch is performed over large scale. In (b), the grid is
narrowed around the best-performing hyperparameters found in (a). For every
set of hyperparameters, the distribution of the results for 10 separate trainings is
displayed. In red, the distribution of the results for 25 trainings with batch size
20 and learning rate 10≠2 is indicated. Furthermore, the dashed red line gives
an uncertainty interval for the estimation of µ10 (Ctest ) (equation 4.9). (Further
specifications of training: model type: ConvK3PP, # train(test) conf: 750(250),
patience: 5)

In figure 4.18a, the performance of the model for optimization method SGD is shown
for 9 sets of hyperparameters. The evaluated sets are : learning rate ÷ œ [10≠2 , 10≠3 ,
10≠4 ] ◊ batch size œ [20, 50, 75]. The best performance is found for a learning rate
10≠2 and a batch size 20. For the very small learning rate 10≠4 , the cost seems to
be extremely high, however, by examining the cost evolution of the training (figure
4.19), it becomes clear that the model was not yet converged within the imposed
maximum number of epochs. Hence we can conclude that small learning rates will
converge very slowly.
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Fig. 4.19: Evolution of Ctest for the hyper parameter sets, corresponding to figure 4.18a.

In figure 4.18b, the grid is narrowed around the best-performing hyperparameterset: learning rate 10≠2 and a batch size 20. In comparison with figure 4.18a the
performances of all hyperparameter-sets are approximately the same. The best
performance is again found at learning rate 10≠2 and a batch size 20.
It is important to note however, that the best hyperparameter-set and trends in
costs are difficult to establish, because the uncertainty is high at this scale. This is
indicated by the largely overlapping errorbars. 10 trainings is not enough to be sure
about the distribution.
To find out more about the order of uncertainty, the best performing hyperparameterset was evaluated once more over 25 trainings (indicated in red on the figure). The
results can be summarized:
• ‡25 > ‡10 : The standard deviation was underestimated, but has the same order
of magnitude.
• µ25 < µ10 : The average cost was slightly overestimated.
The law of large numbers dictates that:
‡(µ10 (Ctest )) ¥

‡Œ (Ctest )
‡25 (Ctest )
Ô
Ô
¥
,
10
10

(4.9)

if we assume that ‡25 (Ctest ) approximates the actual standard deviation of the distribution ‡Œ (Ctest ). The value ‡(µ10 ) gives an uncertainty interval for the estimation of
µ10 (Ctest ) (dashed lines in the figure 4.18). In figure 4.18b, one can see that multiple
hyperparameter-sets are close to the uncertainty interval of optimal performance.
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(a) hyperparameters: ÷ œ [10≠2 , 10≠3 , 10≠4 ] ◊ batch size œ [20, 50, 75].

(b) hyperparameters: learning rate ÷ œ [1 10≠3 , 5 10≠4 , 1 10≠4 ] ◊ batch size œ [10, 20,
30, 50, 75].
Fig. 4.20: Performance for Adam per set of hyperparameters. In (a), gridsearch is performed over large scale. In (b), the grid is narrowed around the best-performing
hyperparameters found in (a). For every set of hyperparameters, the distribution
of the results for 10 separate trainings is displayed. In red, the distribution of the
results for 25 trainings with batch size 64 and learning rate 10≠4 is indicated.
Furthermore, the dashed red line gives an uncertainty interval for the estimation
of µ10 (Ctest ) (equation 4.9). (Further specifications of training: modeltype:
CNNK3PP, # train(test) conf: 750(250), patience: 5)

The same analysis was performed for Adam (figure 4.20). It is immediately clear that,
in contrast to SGD, Adam is not very sensitive on the choice of hyperparameters.
Once more, the uncertainty on µ10 (Ctest ) was established based upon the distribution
of the performances for 25 trainings (this time with optimization method Adam,
batch size 64 and learning rate 10≠4 ). Almost all sets of hyperparameters fall inside
the indicated uncertainty range.
It is immediately clear that, in contrast to SGD, Adam is not very sensitive on the
choice of hyperparameters. The result that the performance of Adam is less depen-
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dent on the choice of hyperparameters than SGD, can be partially understood by
considering the algorithms update rules (section 3.8.3):
SGD:
◊ t+1 = ◊ t ≠ ÷ÈÒ◊ C(x, ◊ t )Íx œB

Adam:
◊ t+1 = ◊ t ≠ ÷ t m̂t ,
where the multiplication ÷ t m̂t has to be seen element-wise with
÷t = Ô

÷
÷
=Ò
.
ŝt + ‘
var2t + m̂2t + ‘

m̂ and ŝ are respectively the first and second moment of the gradient ÈÒ◊ C(x, ◊ t )Íx œB .
For SGD the learning rate ÷, determines the step size by which the parameters
are updated, therefore, small learning rates will result in very large convergence
times (figure 4.19). In comparison to SGD, Adam’s optimization method is more
self-regulating, adapting its effective learning rate ÷ t , which is a function of the
actual learning rate ÷, to the curvature of the cost function (section 3.8.3). This
self-regulation translates in a lower sensitivity to the hyperparameter-values.
On the other hand, the optimal performance of SGD is better than the optimal
performance of Adam.

4.2 Regression
In the previous section, neural networks were applied to perform a binary classification on Ising configurations, allocating them to either the ferromagnetic or the
paramagnetic phase. In this section, regression problems are considered; we will
investigate the ability of neural networks to predict the energy and magnetization of
Ising configurations.
In contrast with classification, the model’s output, ypred , represents the prediction
of a continuous feature, y, not the probability to belong to a certain phase (section
3.7.2). Therefore, a sigmoid activation function in the final layer is no longer
appropriate; they were removed from the classification models used in the previous
section.
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The simplest cost function for a regression problem is the mean squared error
between the model’s prediction and the true value of the feature (section 3.7.2):

CM SE (x, ◊) = (y ≠ ypred )2 .

(4.10)

4.2.1 Energy
data sets

Once again, the same data set of Ising configurations, introduced in chapter 1.2.1, is
used. This data set is an assembly of 20 data sets, which, through the application
of the Metropolis Monte Carlo algorithm, are each sampled from the canonical
ensemble of the Ising model at 20 corresponding temperatures surrounding the
critical temperature: T /Tc œ [0.5, ..., 1.5].
The total amount of example configurations used during training is varied to be
either 15 000 or 150 000, such that the influence of the training set size can be
estimated. The test set is the same for every training and consists of a total of 50 000
configurations.
For every configuration in the data set, the energy value is calculated by the analytic
hamiltonian of the Ising model (for zero magnetic field):
E = ≠J

N
ÿ

(4.11)

si sj ,

i,j=nn(i)

where N equals the number of spins in the lattice (N = L2 , L = 16). In fact, the
parameter predicted by the neural network, is not the total energy, but the energy
per degree of freedom: E/N .
It should be noted that, even though regression is used, in reality, the energy of a
finite Ising system is quantized:
E Ë
œ ≠2J, ≠2J +
N

2 E
N ,

3 E
N ,

Chapter 4

. . . , 2J ≠

3 E
N ,

Neural Networks on classical spin systems

2J ≠

2 E
N ,

È

2J
(4.12)
where the cost to jump to an adjacent energy level equals E = 4J, except for the
cost to break complete order (parallel or anti-parallel alignment), which requires
2 E = 8J. For increasing N , the scale of quantization 4J/N becomes very small,
indicating that regression can be used [24].
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The energy distributions of the data sets are plotted in histograms (where every
bin corresponds to one energy level, E = 4J) in figure 4.22. Except for the very
low energies, which are overly occupied because the majority of low temperature
configurations corresponds to the completely ordered state, the energies are fairly
evenly distributed. Furthermore, for E/N > ≠0.5J, the distribution falls to zero,
because these higher energies are exceptional for temperatures T /Tc < 1.5.

Performance

(a)

(b)

(c)

Fig. 4.21: The predicted energy per spin Epred /N for every Ising configuration (L = 16) in
the testing set, is plotted as a function of the true energy per spin E/N . This was
done for three separately trained models: a convolutional model trained with 150
000 training samples (a), a fully connected model trained with 150 000 training
samples (b) and a convolutional model trained with 15 000 training samples (c).
The dark red line indicates the average predicted energy ÈEpred ÍE /N as a function
of the true energy. [24] (Specifications of trainings: model: [ConvK3PP, Full,
ConvK3PP], optimizer: SGD, batch size: 64, learning rate: 10≠2 , early stopping
with maximum number of epochs: 500 and patience: 5)

Figures 4.21 and 4.22, display the results of three separately trained models:
• A convolutional neural network trained with 150 000 training samples.
• A fully connected neural network trained with 150 000 training samples.
• A convolutional neural network trained with 15 000 training samples.
Tab. 4.6: Training times of three distinct energy predicting models.

model type
Conv
Full
Conv

# training samples
150 000
150 000
15 000

# epochs
160
374
152

time/epoch [s]
6.66
6.36
0.91

4.2

total time [s]
1065
2378
139
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Fig. 4.22: The median absolute error of the predicted energy, |E ≠ Epred | (left axis), is
displayed as a function of energy per spin E/N for the three separately trained
models. For each model, the results for both the test (shades of red) and training
(shades of blue) configurations are shown. Furthermore the histograms of the
three used data sets are shown (right axis): the large training set (blue), the
testing set (red) and the small training set (blue). The configurations have linear
size L = 16. [24]

In figure 4.21, the predicted energy per spin Epred /N for every configuration in the
testing set Xtest , is plotted as a function of the true energy per spin E/N (equation
4.11). Perfect predictions lie on the diagonal (the distance to the diagonal indicates
Ô
the cost: y ≠ ypred = CM SE ).
From the distribution of predictions we can therefore conclude that the convolutional
network, trained with the large training set of 150 000 examples, performs best,
followed by the same convolutional network trained with the small training set of
15 000 examples. The results of the fully connected network are dispersed the most,
despite the use of the large training set of 150 000 examples.
Figure 4.22 displays the median absolute error of the predicted energy,
median(|E ≠ Epred |), as a function of energy per spin E/N , for all three trainings and, for every training, the results for both the test (red) and training (blue)
configurations are shown.
For all three trainings, the error increases with increasing energy. When the energy
increases (E æ 0), the configurations become more disordered; there are an increasing amount of domains and domain edges. Moreover, increasing degeneracy causes
considerable variation. These tendencies make the calculation of the energy more
challenging. Better performance could be reached by using a data set that contains a

74

Chapter 4

Neural Networks on classical spin systems

higher amount of the disordered configurations. At minimal energy (E/N = ≠2J),
the individual configurations are repeated many times since there are only two
possible states (all spins aligned, either up or down). Note that, despite the limited
amount of ordered states at minimal energy, for larger energies, the training set
will contain only a miniscule fraction of the entire configuration space (since it
2
consists of 216 different configurations). Therefore, we are certain that the network
has generalizing capacity; making good predictions for configurations it has never
encountered before.
The convolutional network, trained with 150 000 training samples, has clearly
superior performance. The median absolute error is for most energies of the order 2J,
which is smaller than the difference between adjacent Ising energy levels E = 4J.
Therefore, we can conclude that for at least more then half of the Ising configurations,
rounding off the predictions of the network to the nearest Ising energy level, will
give rise to the exact energy of the configuration.
The median absolute error for the other two trainings is of the order 10J > E = 4J;
rounding off to the nearest Ising energy level, would lead to a median misclassification of approximately 2 energy levels.
Comparing the performance of the models on the training set with the performance
the testing set, shows
• that there is no difference in performance for the convolutional model trained
with 150 000 examples.
• that overfitting10 occurs for both the convolutional model trained with 15 000
examples and the fully connected model trained with 150 000 examples. The
overfitting is more outspoken for the fully connected model.
The fluctuations of the curves can be related to the finite number of configurations
in each of the energy bins.
For energies exceeding 0.5J, the predictions are bad and moreover, they are subject
to large fluctuations. The network was insufficiently trained at these energies
because they are underrepresented in the training set.
10

When a model performs better on the configurations used during training than on new configuration
that it never encountered before, the model is said to be overfitted. (chapter 1.1).

4.2

Regression

75

Recovering the phase transition
Data sets, generated by the Metropolis Monte Carlo algorithm, approximate the
canonical ensemble and can therefore be used to estimate properties of many particle
systems in thermal equilibrium [12, 36, 24].
The calculation of the average energy, ÈEÍ, and the heat capacity
C=

ˆÈEÍ
ÈE 2 Í ≠ ÈEÍ2
=
,
ˆT
kT 2

(4.13)

where k represents the Boltzmann constant, depends on the calculation of the
energies corresponding to each configuration in the data set. For the Ising system,
one can calculate the exact energies using the analytic hamiltonian (equation 4.11).
The usage of regression networks, provides an alternative way to calculate the
energy.
The average energy per spin, ÈEÍ/N , and the specific heat capacity per spin C/N
were calculated for each of the 20 temperatures included in the data set (the testing
set: containing 50 000 = 20 · 2500 configurations). The calculations were done for
both the exact analytic hamiltonian and for each of the three energy predicting
models. The results are presented in figure 4.23.
Both convolutional models predict the energy and heat capacity very well. The
larger errors, specific to the model that was trained with a smaller training set,
are averaged out in the evaluation of the statistical values ÈEÍ and C. The fully
connected network shows visible deviations, but the results are still acceptable.
The phase transition and the critical temperature can be recovered from the fast
change in energy and the related peak in the heat capacity. All three energy predicting
neural networks, are capable to recover the phase transition through calculation of
ÈEÍ and C.

4.2.2 Magnetization
For the prediction of magnetization, exactly the same analysis is possible. This
subsection contains a short discussion of the most important results.
For every configuration in the data set, the exact magnetization is calculated:
M=

N
ÿ

si .

i=1
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(4.14)

Fig. 4.23: For L = 16, the average energy per spin, ÈEÍ/N , and the specific heat capacity per
spin C/N k were calculated using a testing set containing 2500 configurations per
temperature. The calculations were done for both the exact analytic hamiltonian
(grey line) and for each of the three energy predicting models (red marks). [24]

Analogous to the energy, the magnetization M of a finite Ising system is quantized.
M/N ranges from ≠1 to 1 with a quantization step M/N = 2/N . For increasing
N , the scale of quantization becomes very small, indicating that regression can be
used.
In figure 4.24b, the magnetization distributions of the data sets are plotted in histograms (where every bin corresponds to one magnetization level ( M = 2). The
distribution peaks at ≠1 and 1 because the majority of ferromagnetic configurations correspond to the completely ordered states (all aligned, either downwards
or upwards). At zero magnetization, a broader, lower peak represents the disordered, paramagnetic configurations. The intermediate magnetizations correspond to
temperatures close to transition.
Figure 4.24 displays the performance of a convolutional neural network trained to
predict the magnetization per spin M/N . The training set contains 150 000 training
samples.
In figure 4.24a, the predicted magnetization per spin Mpred /N for every configuration in the testing set Xtest , is plotted as a function of the true magnetization per
spin M/N . The resulting distribution lies very close to the diagonal, indicating good
performance.
Figure 4.24b displays the median absolute error of the predicted magnetization,
median(|M ≠ Mpred |), as a function of magnetization per spin M/N for both the
test (red) and training (blue) sets. The error increases with decreasing absolute
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(a)

(b)

Fig. 4.24: The performance of a magnetization predicting convolutional network, trained
with 150 000 examples of Ising configurations (L = 16), is displayed. Figure
(a) shows the predicted magnetization per spin Mpred /N for every configuration
in the testing set (containing 50 000 configurations), plotted as a function of
the true magnetization per spin M/N . The average predicted magnetization
ÈMpred ÍM /N as a function of true magnetization is displayed with a dark red
line (but this line is almost indistinguishable). In figure (b), the median absolute
error of the predicted magnetization, |M ≠ Mpred | (left axis), is displayed as a
function of magnetization per spin M/N . The results for both the test (red) and
training (blue) configurations are shown. Furthermore, the histograms of the
data sets are displayed (right axis): the training set (blue) and the testing set
(red). (Specifications of trainings: model: ConvK3PP, optimizer: SGD, batch
size: 64, learning rate: 10≠2 , early stopping with maximum number of epochs:
500 and patience: 5)

magnetization |M |. The explanation is the same as for the energy, when the magnetization approaches zero, the configurations become more disordered; there are
an increasing amount of domains and increasing degeneracy causes considerable
variation, making the calculation of the magnetization more challenging.
The median absolute error is lower then 0.5 for all magnetizations, which is smaller
than the difference between adjacent Ising magnetization levels M = 2. Therefore,
we can safely assume that with a few exceptions, for all Ising configurations, rounding
off the predictions of the network to the nearest Ising magnetization level, will give
rise to the exact magnetization of the configuration.
Analogous to the estimation of the average energy ÈEÍ and heat capacity C using
the energy predicting networks, magnetization predicting networks can be used to
estimate the average absolute magnetization È|M |Í and susceptibility
‰=

ÈM 2 Í ≠ È|M |Í2
,
kT

from which the phase transition can be recovered.
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Conclusions

5

In this work, it is illustrated that principal component analysis is capable of finding
linear order indicating parameters, that allow to locate the phase transition. There
is only one dominant principal component, which explains half of the variation. All
other principal components have far lower variations, indicating that other non linear unsupervised learning techniques are more adequate to describe the second half
of the variance (In reference [8] stochastic neighbor embedding (t-SNE) was used
to present a non linear two-dimensional visualization of the Ising configurations.)
For classification neural networks, it is shown that the network calculates order and
disorder indicating features based upon which the classification is made. Similar to
the classical order and disorder indicating features of the Ising model (magnetization and energy) these features vary strongly at the phase transition, resulting in a
characteristic error peak. Based on these considerations, it is suspected that there
exists a lower limit to the cost function which is dependent on the physics of the
model. In reference [7], it is shown that this error peak can be used for finite size
scaling to correctly predict critical exponents of the infinite Ising model.
Convolutional regression neural networks can be trained to accurately predict energy
and magnetization. The prediction of highly disordered states is challenging, but
in contrast to classification, a theoretical lower limit on the error was not found.
The ability of CNNs to learn operators has been shown to be applicable to various
hamiltonians [24], both of short (such as variations of Ising model, e.g. the Potts
model) and long range interactions (e.g. the Coulomb hamiltonian), providing
accurate results while, in many cases, speeding up calculations enormously [24, 23].
For both classification and regression, it is shown that convolutional neural networks, which implement restrictions in their architecture based on the structure of
the Ising configurations, perform better and are less sensitive to overfitting than fully
connected neural networks which contain no such restrictions.
For all three types of machine learning, the data set used to train the model, should
be sufficiently large to prevent overfitting and to improve performance.
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