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A B S T R A C T

Many problems in physics remain challenging to solve because of the
large number of dimensions and/or degrees of freedom. The state
space of physical systems typically scales exponentially with the sys-
tem size. For example, the Ising model with N spins has 2N possible
configurations.

Traditional Monte Carlo techniques have been the major reliable
choice to solve high-dimensional problems in statistical physics. How-
ever, these can suffer from long auto-correlation times between con-
secutive samples. In addition, local algorithms can get trapped in
metastable states and prevent full exploration of the state space. This
can be especially problematic for systems with many metastable states,
for example, spin glasses.

Recently, Machine Learning has been successful in solving some
of these complex physical problems. In fact, generative Neural Net-
works can be used to efficiently generate uncorrelated configurations
for physical systems. In Machine Learning the complexity in solving
the problem is shifted to the model’s training process. In this study,
an autoregressive ansatz is used to learn the Boltzmann distribution
of one of the most widely studied physical systems: the Ising model.
We use a Recurrent Neural Network architecture to model the spin
chains s = (s1, . . . , sN) as input sequences and parameterise each
conditional probability qθ(si | s<i) separately. The conditionals are
combined into a normalised probability q(s; θ) to approximate the
Boltzmann distribution p(s). If the network is successful at capturing
the distribution, it can efficiently generate configurations of the sys-
tem which in turn can be used to estimate physical quantities. As a
result, Machine Learning is a powerful alternate and/or complement-
ary method to traditional Monte Carlo simulations.

In chapter 1 and chapter 2 we introduce classical statistical physics
and Machine Learning, in which the reasons (the why) and the meth-
ods (the how) of applying Machine Learning to the physical system,
are discussed. We then train the network on data, generated with a
Markov Chain Monte Carlo algorithm, and show that it can sample
the correct configurations and describe the physics of the system by
comparing it to Monte Carlo estimations (chapter 3). Third, the Recur-
rent Neural Network is trained on data generated by the network and
for which the data gathering step is completely omitted (chapter 4).
We show that this alternative training approach is equally capable of
describing the distribution of the physical system and show the effect
of symmetrising the variational ansatz and sampling procedure. The
advantages and disadvantages of training with and without a data
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set are compared to each other and discussed. Finally, the variational
method is applied to one-dimensional spin systems with random and
long-range interactions (chapter 5). We investigate if and how the net-
work architecture has to be modified to describe the correlations in
the system. In this chapter, we show the advantages of adapting the
architecture to the physical system under study.
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S A M E N VAT T I N G

Veel uitdagende problemen in de fysica zijn moeilijk op te lossen door
het grote aantal dimensies en/of vrijheidsgraden. De toestandsruimte
van fysische systemen schaalt typisch exponentieel met de grootte
van het systeem. Bijvoorbeeld, het welgekende Ising model met N
spins heeft 2N mogelijke configuraties.

Traditionele Monte Carlo technieken zijn al tientallen jaren een be-
trouwbare keuze om moeilijke problemen in de statistische fysica op
te lossen. Tijdens simulaties kunnen lange auto-correlatietijden tussen
opeenvolgende configuraties problemen veroorzaken. Ook kunnen lo-
kale update algoritmes vast komen te zitten in metastabiele toestan-
den, waardoor niet de volledige toestandsruimte wordt verkend. Dit
kan vooral een probleem vormen bij systemen met meerdere metas-
tabiele toestanden zoals “spin glasses”.

Machinaal leren is in staat om complexe fysische problemen op
te lossen. We kunnen generatieve neurale netwerken gebruiken om
efficiënt ongecorreleerde configuraties van fysische systemen te si-
muleren. Hierbij wordt de complexiteit van het probleem verschoven
naar een moeilijk optimalisatieproces. In deze studie wordt een auto-
regressief model gebruikt om de Boltzmann distributie van het Ising
model te leren. Een terugkerend neural netwerk wordt gebruikt om
spinconfiguraties s = (s1, . . . , sN) te modelleren als input zodat elke
conditionele waarschijnlijkheid qθ(si | s<i) apart wordt geparame-
triseerd. De conditionele waarschijnlijkheden worden gecombineerd
tot een genormaliseerde waarschijnlijkheid q(s; θ) die de Boltzmann
distributie p(s) benadert. Als het netwerk een goede beschrijving van
de distributie geeft, kunnen er efficiënt nieuwe configuraties worden
gesimuleerd. Deze worden dan gebruikt om fysische grootheden te
schatten. Machinaal leren is dus een alternatieve en/of complemen-
taire methode op traditionele Monte Carlo simulaties.

In hoofdstuk 1 en hoofdstuk 2 worden klassieke statistische fysica
en machinaal leren geïntroduceerd, waarin we bespreken waarom
en hoe machinaal leren toegepast wordt op fysische systemen. Dan
wordt een neuraal netwerk getraind op een verzameling Boltzmann
configuraties, gegenereerd met Markov Chain Monte Carlo, en to-
nen we aan dat het netwerk in staat is om de fysica van het sys-
teem te beschrijven door te vergelijken met Monte Carlo simulaties
(hoofdstuk 3). Vervolgens wordt het netwerk getraind op configura-
ties gegenereerd door het netwerk zelf (hoofdstuk 4). Hiervoor zijn
er dus geen a priori Boltzmann configuraties nodig. We tonen aan
dat deze alternatieve trainingsmethode ook in staat is om de distri-
butie van het systeem te beschrijven. We onderzoeken hoe de sym-
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metrieën van het systeem in de variationele ansatz worden geïmple-
menteerd en welke impact dat heeft op de resultaten. De voor -en
nadelen van trainen met of zonder a priori data worden vergeleken
en besproken. Tenslotte wordt de variationele methode toegepast op
één-dimensionale spinsystemen met willekeurige en langedrachtin-
teracties (hoofdstuk 5). We onderzoeken hoe de architectuur moet
worden aangepast om correlaties in het systeem te beschrijven. We
tonen de voordelen van een architectuur die rekening houdt met de
fysica van het systeem.
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1
S TAT I S T I C A L P H Y S I C S

1.1 statistical mechanics

Many complex problems in physics are characterised by a large num-
ber of degrees of freedom. Typically, these systems have many dif-
ferent state configurations. This makes it difficult to study and treat
each state of the system individually.

For example, a microscopic description of a gas in a container re-
quires the positions and velocities of each gas particle. Since a macro-
scopic gas contains a lot of particles, think of the order 1023, a micro-
scopic study would be very expensive and is in practice impossible.
However, often we are not interested in the behaviour of each particle
of the gas, but rather in the behaviour of the system as a whole.

Statistical mechanics and thermodynamics describe such systems
by looking at statistical averages of macroscopic quantities and prob-
ability distributions of the state configurations. In particular, a large
fraction of the systems naturally approaches a certain equilibrium in
which averages of macroscopic quantities become time-independent.
For now, the focus is on equilibrium statistical mechanics.

If a system is in equilibrium with a heat bath, then it is described
by a canonical ensemble. Suppose the system is once again a gas but
placed in contact with a heat bath at temperature T . Each microscopic
configuration of positions and velocities of the particles represents a
possible state of the system x. This canonical ensemble is character-
ised by the Boltzmann distribution, which is the probability that the
system is in the state x:

p(x) =
1

Z(β)
exp (−βE(x)) , (1)

where β = 1/kT is the inverse temperature of the system and E(x)
the total energy of the system in state x. The normalising constant is
called the partition function Z(β) =

∑
x exp (−βE(x)), which is a sum

or integral over all possible configurations of the system.
To study the general behaviour of the system, including fluctu-

ations, correlations and responses of physical variables, some import-
ant quantities have to be calculated or estimated:

• The free energy of the system

F = −
1

β
lnZ. (2)

3
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This requires the partition function Z which contains a sum or
integral over all possible configurations of the system. From the
free energy and the partition function, a lot of other important
quantities can be derived.

• Averages of macroscopic quantities O, for example, the magnet-
isation in spin systems. In practice this is done by estimatingWhen discussing

macroscopic
quantities, for

example, the
magnetisation M in

a magnetic system,
this always refers to

the
time-independent

average
magnetisation 〈M〉

from (3).

ensemble averages

〈O〉 = 1

Z(β)

∑
x

O(x) exp (−βE(x)) . (3)

which is again a sum over all possible configurations of the sys-
tem. Although the partition function shows up in (3), it is some-
times possible to calculate the averages directly without explicit
knowledge of the partition function.

To study the most interesting properties of a many-body system,
one has to perform a sum or integral over a large number of states.
For example, a system with N spins where each spin can take on two
discrete values has 2N possible states. Hence for large systems, the
sum is very difficult to deal with. In particular, it is often interesting to
study the behaviour in the thermodynamic limit; then the sum even
contains an infinite number of states. In any case, it is difficult to find
an exact analytical solution for most systems and one has to resort to
other methods [37]. Here we focus on using computational techniques
to solve these highly complex and high-dimensional problems.

There are essentially two popular computational methods to study
many-body systems:

• Monte Carlo (MC): this technique introduces artificial dynamics
using a certain degree of randomness to simulate the system
so that configurations are sampled according to the Boltzmann
distribution. Since this method introduces artificial dynamics, it
is unsuited to study dynamical quantities such as the velocity
auto-correlation function (VAF) [47].

• Molecular Dynamics (MD): this technique solves the classical equa-
tions of motion directly and simulates the system in the function
of time. This makes it possible to study the dynamical evolution
of the system. Once the system has reached equilibrium, config-
urations sampled according to the Boltzmann distribution can
be taken from the simulation [47].

Especially the Monte Carlo technique is easy to implement and
can obtain very good results for a lot of applications in statistical
mechanics. We are often only interested in the global static behaviour
of the system and not necessarily in the dynamical evolution. This is
especially the case for lattice models such as the famous Ising model.
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1.2 the ising model

One of the most important and simple models in statistical physics is
the Ising model. Its simplicity and emergent features, such as phase
transitions, make it an ideal candidate to study new methods and
techniques.

The Ising model is a magnetic system of neighbouring spins {si}i>1:
each spin either has spin-up (s↑ = +1) or spin-down (s↓ = −1). The
spins interact with each other through a coupling constant J and with
a magnetic fieldH. The Ising model is interesting because no equation
describes the dynamical evolution of the system. Instead, the global
behaviour of the system is given by the total energy or Hamiltonian
[20]

E = −J
∑
〈i,j〉

sisj −H
∑
i

si. (4)

If J > 0, the system is ferromagnetic and neighbouring spins try to
align. For J < 0, neighbouring spins try to push each other into an
opposite spin and is the system antiferromagnetic.

The first term represents the interaction between nearest neighbour-
ing spins. The second term tries to align the spins to an external mag-
netic field H. While most interesting properties are also present in the
absence of a magnetic field (H = 0), from a computational perspect-
ive the magnetic field is easily implemented. From now on, suppose
that the system is ferromagnetic (J > 0) and can have any value for
the magnetic field H.

Solving the system comes down to finding the partition function
Z. Given the partition function, it is possible to calculate the relev-
ant physical quantities using equations from statistical mechanics.
Exact solutions have been found for the one -and two-dimensional
case. Here, the focus is on the one-dimensional Ising model, which
does not exhibit a phase transition for any finite temperature T . Using
the transfer matrix method, the solution of the one-dimensional Ising
model with N spins can be found as [20]

ZN = λN+ + λN−

with λ± = eβJ cosh(βH)±
(
e−2βJ + e2βJ sinh2(βH)

)1/2
.

The free energy per spin f = F/N can be calculated using (2),
which in turn can be used to find the other relevant physical quant-
ities, summarised in Table 1. These are the total energy of the sys-
tem E = ∂βF

∂β , the entropy S = β2 ∂F∂β and the connected correlation
function G(i, j) =

〈
sisj

〉
− 〈si〉

〈
sj
〉
, which represents the correlations

between spin si and sj. For a translationally invariant system such as
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physical quantity expression

Free energy F − 1β lnZ

Energy E −J
∑
i sisi+1 −H

∑
i si

Entropy S βE+ lnZ

Magnetisation M
∑
i si

Correlations G(r) 〈s0sr〉−m2

Table 1: An overview of the physical properties that are considered for studying the
one-dimensional Ising chain, each with the expression used to calculate it
in the canonical ensemble. Since the parameters β, J and H only appear as
βJ and βH in the Boltzmann distribution (1) with energy (6), we consider
the quantities βE and βF instead.

the one-dimensional Ising, the correlation function only depends on
the distance between the spins r := |i− j|. In practice, the correlations
are estimated by averaging over all spin pairs a distance r apart.

Since the system is magnetic, with up and down spins, it is also
interesting to look at the total magnetisation of the system M = − ∂F

∂H .
In the thermodynamic limit N→∞, the solution can be found as [20]

m =
M

N
=

sinh(βH)(
sinh2(βH) + e−4βJ

)1/2 . (5)

The important emergent behaviour of magnetic systems such as
the Ising model are phase transitions: the system can be in different
phases or states depending on the parameters, in this case, the tem-
perature β, coupling constant J and magnetic field H. A phase trans-
ition in such a magnetic system occurs between an “ordered” or ferro-
magnetic state, where spontaneous magnetisation is possible (M 6= 0
when H = 0) and a “disordered” or paramagnetic state, where no
spontaneous magnetisation occurs (M = 0 whenever H = 0). From
the solution (5), it can be seen that m = 0 whenever H = 0 for any
finite temperature T > 0. Only for T → 0 or β → ∞, is spontaneous
magnetisation possible. As mentioned before, the one-dimensional
Ising model does not exhibit a phase transition for finite temperat-
ures and is not well suited to study the behaviour of systems near
phase transitions.

Further, it is important to note that for finite systems the solution
depends on the chosen boundary conditions. This is very relevant
for computational simulations where the system is finite due to com-
putational constraints. The two most common boundary conditions
are:

• Open boundary conditions: the first s1 and last spin sN are not
connected to each other. The one-dimensional chain is open on
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Figure 1: An example of a one-dimensional Ising chain with N = 5 spins using
open boundary conditions (left) and periodic boundary conditions (right).

both sides and the first and last spin only have one interacting
neighbour each. The energy (4) can be rewritten as

E = −J

N−1∑
i=1

sisi+1 −H

N∑
i=1

si. (6)

• Periodic boundary conditions: the first s1 and last spin sN are con-
nected to each other: sN+1 := s1. The one-dimensional chain es-
sentially forms a ring where each spin interacts with two neigh-
bouring spins. The energy (4) looks like

E = −J

N∑
i=1

sisi+1 −H

N∑
i=1

si. (7)

Note that the number of terms in the first sums are different, N− 1

and N respectively and that the solution is different in both cases
for finite system sizes. Especially for small system sizes, the finite-
size effect can cause a substantial deviation of the analytical solution
for N → ∞ depending on the boundary conditions. The choice of
boundary conditions should not matter in the thermodynamic limit
where the solution for both types converge to (5). A visualisation of
the different boundary conditions can be seen in Figure 1.

1.3 spin glass model

Spin glasses are spin systems characterised by magnetic interactions,
randomness and frustration [35]. Contrary to the Ising model, spin
glasses contain some kind of randomness, either in the occupation of
the sites or the bonds. We consider a one-dimensional lattice with a
classical Hamiltonian

E = −
∑
i<j

Jijsisj. (8)
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Every site is occupied but the bonds are randomly distributed ac-
cording to a Gaussian distribution [53]

Jij ∼ N

(
0,
C

r2σij

)
with N(µ,σ2) :=

1√
2πσ2

exp
(
−
(x− µ)2

2σ2

)
.

The mean µ is zero and the variance σ2 decays as a power-law of
the distance between the spins rij = |i− j|. The parameter σ controls
the range of the interactions. Interactions can be ferromagnetic (Jij >

0) or antiferromagnetic (Jij < 0), which causes tensions between
alignment and anti-alignment tendencies for the spins. This so-called
frustration creates disordered metastable states below a critical tem-
perature Tc. This is called the spin glass phase: cooperative behaviour
between the spins freeze the system at finite temperatures and cause
frustration in the ground states [35]. For T > Tc, the system exhibits
typical magnetic behaviour such as paramagnetism.

The Hamiltonian in (8) has a rich phase diagram, which is determ-
ined by the range of the interactions σ. While for σ > 1 there is no
phase transition, for 12 < σ < 1 the system exhibits a phase transition
at Tc > 0. More specific, 12 < σ <

2
3 corresponds to mean field theory

and 2
3 < σ < 1 with an infrared divergence. When σ = 1, the system

has a Kosterlitz-Thouless or Tc = 0 transition [27].
One-dimensional spin glasses with long-range interactions can be

used as a proxy for short-range spin glasses, where the interactions
are only between the nearest neighbours. In particular, varying the
σ in long-range models corresponds to varying the dimension d in
short-range spin glasses [57]. For 12 < σ <

2
3 , there is an exact relation

between the two [3]

d =
2

2σ− 1
. (9)

This implies that for d > du = 6 short-range spin glasses are de-
scribed by mean-field theory. The dimension du is called the upper
critical dimension. In practice, it is difficult to study systems in high
dimensions since the number of spins scales as Nd, with N the linear
system size. For example, a range of N-values is necessary to per-
form finite-size scaling around the phase transition to determine the
critical temperature Tc. The advantage of the one-dimensional long-
range model is that it can be studied for a large range of system sizes
and every value of σ [3].

Consider a short-range model in the mean field regime (d > du)

and spin glass phase (T < Tc). From Replica Symmetry Breaking (RSB)
theory, the averaged square of the disconnected spin-spin correlations
C(i, j) =

〈
sisj

〉
is found to decay as a power-law with the distance

[40]
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C4(i, j) :=
[〈
sisj

〉2] ∝ 1

rαsij
with αs = d−4 (short-range).

The average 〈. . .〉 is taken over different spin configurations and the
average [. . .] over different bond realisations Jij [53]. If αs is an expo-
nent for a d-dimensional short-range model, then the corresponding
exponent in a long-range model is [3]

αl =
αs

d
= 3− 4σ (long-range), (10)

where we have used the relation (9). We can use (10) to study the
correlations in a long-range one-dimensional spin glass.

1.4 monte carlo

Monte Carlo is quite an overloaded term, since basically every method
involving some kind of randomness, is branded as a Monte Carlo
method. Here, the most important one is the Markov Chain Monte
Carlo method, but first the traditional Monte Carlo integration is briefly
discussed.

Monte Carlo integration is a method to estimate integrals: this
works especially well for high-dimensional integrals that are often
encountered in statistical physics [37, 47]. The basic idea is to write
an integral J as an expectation value over a function

J =

∫
Ω

f(x)dx =

∫
Ω

f(x)

p(x)
p(x)dx :=

∫
Ω

h(x)p(x)dx = 〈h(x)〉x∼p , (11)

where the function p has to represent a probability distribution
over the sample space Ω. It follows that the integral or expectation
value of the function h(x) can simply be estimated by the sample
mean

ĴK =
1

K

K∑
k=1

h(xk),

where {xk}k>1 is a sequence of independent random variables dis-
tributed according to the distribution p, denoted as xk ∼ p. By the
strong law of large numbers, the sample mean converges to the integ-
ral for K → ∞ with probability one; the estimation is also unbiased:〈
ĴK

〉
= J. It is almost always important to have an idea of how good

the estimate is. Since the random variables xk are independent, it is
easily shown that the variance of the estimate scales as
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Var
(
ĴK

)
=

Var (h(x))
K

,

which can be estimated by

V̂ar
(
ĴK

)
=
1

K2

K∑
k=1

(
h(xk) − ĴK

)2
. (12)

For independent random variables, the standard deviation thus
scales as 1/

√
K. In order to reduce the error, it is possible to choose

p(x) so that Var(h(x)) decreases. This variance reducing technique is
called importance sampling: essentially it comes down to choosing the
distribution p as similar as possible to the function f.

Comparing the expression for averages in a canonical ensemble
from (3) with the MC average in (11), it is easily seen that it is possible
to estimate averages using importance sampling with the already
properly normalised Boltzmann distribution from (1). Thus the av-
erages are estimated by sampling K independent configurations xk ∼

exp(−βE(xk)) according to the Boltzmann distribution and calculat-
ing

ÔK =
1

K

K∑
k=1

O(xk). (13)

So in practice, only two things are needed to obtain good estimates
of macroscopic quantities in complex physical systems: (1) independ-
ent configurations to exploit statistical analysis with independent ran-
dom variables and (2) a lot of configurations to increase the accuracy
of the estimation and to decrease the error.

This is exactly what computational techniques such as Molecular
Dynamics and Markov Chain Monte Carlo were developed for: to
efficiently sample a lot of configurations distributed according to the
Boltzmann distribution. As mentioned before, we only focus on the
latter.

1.5 markov chain monte carlo

A Markov chain is a sequence of dependent random variables {xk}k>1In the context of
statistical physics,

xk represents a state
of the system, for
example a certain

configuration of
spins in a magnetic

system.

that describes a path in a state space where the probability of a state
xk only depends on the previous state xk−1. A Markov chain is com-
pletely characterised by the transition probability from one state to
another T(x→ x ′) and the initial probability distribution π(x). It can
be proven that an ergodic Markov chain (irreducible and aperiodic) con-
verges to a stationary or invariant distribution p(x).
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Markov Chain Monte Carlo (MCMC) essentially engineers the trans-
ition probability so that it converges to a pre-defined probability dis-
tribution p(x) [37, 47]. One possible and popular solution is to choose
the transition probability so that it satisfies the detailed balance equation

T(x→ x ′)p(x) = T(x ′ → x)p(x ′).

Choosing the invariant distribution p(x) as the Boltzmann distri-
bution suffices to sample configurations x from a canonical physical
system. This requires an initialisation of the Markov chain and an
equilibration or burn-in period until the process has approximately
reached its stationary distribution. Only then one can start gathering
samples from the Boltzmann distribution.

One of the most widely used practical implementations of the prin-
ciple of detailed balance is the Metropolis-Hastings algorithm. It pro-
poses the following steps to simulate a Markov chain with invariant
distribution p(x) [47]:

1. Initialisation: choose an initial state x0.

2. Trial step: given a current state x, propose a new state x ′ with
trial step probability ωxx ′ .

3. Acceptance step: compare the two states and accept with probab-
ility Axx ′ = min (1,p(x ′)/p(x)).

4. Iteration: go back to step 2.

After an initial number of steps, the configurations generated in the
loop are distributed according to the Boltzmann distribution. These
can then be used to estimate macroscopic quantities using (13).

The major advantage of MCMC is that it is well suited to tackle high-
dimensional problems as frequently encountered in statistical physics.
Its guaranteed convergence to the required quantities makes MCMC

a robust algorithm that can be utilised for many different systems
[42]. Further, for most systems an MCMC implementation is relatively
easy as demonstrated by the Ising model (see Appendix A.1). Third,
there is no need to estimate the partition function separately as only
ratios of probabilities are considered in the algorithm, which filters
out the normalising constant. This saves a lot of compute time which
otherwise is necessary to calculate or estimate the partition function.
Instead, averages can be estimated directly.

However, MCMC also faces some significant challenges, mostly re-
lated to the auto-correlations between subsequent samples of the sys-
tem, which are introduced when simulating the Markov chain. If a
sample is taken at every step, then subsequent samples are highly
correlated. This is not necessarily a problem for the estimate (13) it-
self, but it is for the variance of the estimate. Similarly as before, one
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can calculate this variance, but now for correlated random variables
as

Var
(
ÔK

)
=

Var (O(x))
K

+

K−1∑
k=1

2(K− k)

K2
Cov (O(xk),O(x0)) . (14)

When using correlated instead of independent samples, the error
of the estimate increases because of the second term. Moreover, if
the correlations increase, the sum has larger contributions and the
variance increases even more.

Luckily the solution is quite simple: find the correlation time, for ex-Here the correlation
time means the

number of steps to
obtain

approximately
independent

configurations.

ample by explicitly calculating it, and only take independent samples
to estimate system averages or use another trick such as the batch
means method. Unfortunately, this means that the simulation has to
run for much longer and is computationally much more expensive.

In some cases, the correlation time can even diverge. A well-known
example is the divergence of the correlation time near the critical
point of the infinite two-dimensional Ising model; this phenomenon
is called critical slowing down. Around the critical point, the correla-
tion time τ is governed by a dynamical exponent z, τ ∼ Lz, with L the
size of the system. Even for finite systems, the standard Metropolis
algorithm suffers from long correlation times because it has quite a
large dynamical exponent. When the system is highly correlated, the
updates of the Metropolis algorithm are often rejected. One option
is to develop alternative MCMC algorithms to decrease z, such as the
cluster-flipping Wolff algorithm for the Ising model [54]. In fact, for
many spin systems and some off-lattice systems there exist cluster al-
gorithms, which circumvent many of the problems encountered with
local updating schemes [18, 31]. Unfortunately, these are not always
able to completely remove the critical slowing down and not for all
systems a cluster version has been found yet. It is also possible to
study the system through finite-size scaling by exploiting the scaling
of finite-size effects with increasing system size. This general tech-
nique finds critical exponents that characterise the behaviour of phys-
ical quantities, but only works in a narrow region around the critical
point [7, 37].

Second, many MCMC algorithms explore the state space by perform-
ing local updates which can cause slow convergence [42]. The Markov
chain can get stuck in a local minimum of the free energy of the
system, preventing it from reaching the true global minimum. For
example, this can happen when initiating a two-dimensional Ising
system at a temperature smaller than the critical temperature T < Tc,
using a completely random spin configuration (T → ∞). The lattice
can form large regions of up and down spins and it is difficult for
one to dominate over the other: this metastable state is an example of
a local minimum and is generally something that should be avoided
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[37, 47]. This is especially challenging for complex systems with many
metastable states such as spin glasses [8]. The problem of slow con-
vergence can, for example, be mitigated by designing algorithms that
take into account the global structure of the state space. However,
these new techniques introduce new complications [42]. An often-
used technique for spin glasses is parallel tempering. Multiple copies
of the system are run at different temperatures and replica samples
are used to update the Markov chain [32]. However, proper equilibra-
tion of the system is a challenging issue [23].

Finally, observables that directly depend on the partition function,
such as the free energy and entropy from Table 1, are not easily ac-
cessible because the MCMC method does not provide the partition
function explicitly [38].





2
M A C H I N E L E A R N I N G

2.1 machine learning

In the real world, many problems and tasks are too difficult to solve
by explicitly programming an algorithm. For example, it is very hard
to engineer algorithms to recognise faces because a face in itself is
very complicated and has a lot of details. Likewise, designing a music
recommending system is difficult. Despite knowing the input, namely
the music you have listened to in the past, and the output, music that
you would like to listen to, it is not immediately clear how to go
from the input to the output. These type of problems are present in
all aspects and corners of society [2]. In fact, high-dimensional and
non-trivial problems are frequently encountered in physics.

In the past decades, Machine Learning (ML) has been the most popu-
lar method to tackle these problems. Essentially, Machine Learning is
learning computers to perform complex tasks or solve complex prob-
lems without explicitly programming an algorithm, but instead by
learning from data or past experiences [2]. More specific, an ML ap-
proach starts by choosing a mathematical model to solve the problem;
this model is then optimised by a learning algorithm that minimises
a cost or loss function.

As an example, consider a classification model that should differen-
tiate cat pictures from dog pictures. To train this model, it is necessary
to gather pictures of cats and dogs: these form input vectors for the
model {xi}i>1. The corresponding true output labels {yi}i>1 tell us if
each picture xi is either a cat (yi = 0) or a dog (yi = 1). The math-
ematical model g(x; θ) that classifies the pictures usually depends on
some parameters θ. The model then guesses the label of a picture xi:
this is the hypothesis ŷi := g(xi; θ).

Finding the best model consists of finding the best parameters θ
that minimise a well-chosen loss function L(θ), which often compares
the predicted labels ŷi with the true labels yi and is of the form
L(ŷi,yi). For a binary classification problem this is typically the cross-
entropy loss. Usually the loss function is an expectation value over the
underlying distribution of the the problem p(x,y):

L(θ) = 〈L(g(x; θ),y〉x∼p . (15)

The main goal of ML models is generalisation: the fact that the model
generalises to and performs well on unseen data; or in other words,
that it can classify pictures of cats and dogs that it has not seen yet. To

15
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Figure 2: Empirical Risk Minimization as a Machine Learning framework, based
on [19]. Some finite data set {xi,yi}i>1 is taken from the real world
and is used to train a model g(x; θ). This model is then optimised by
minimising a well-chosen loss function L(θ) between the hypothesis ŷi
and the truth yi.

obtain the best generalisation of the model, the loss in (15) should be
used: this quantity is called the risk. Unfortunately, since the distribu-
tion p(x,y) of the problem is generally unknown, the risk cannot be
used directly. The best next thing is to use the underlying distribution
of the finite training set of samples p̃(xi,yi):

L(θ) = 〈L (g(xi; θ),yi)〉xi∼p̃ . (16)

The loss function is then minimised as an expectation value over
the distribution of the training set: (16) is the empirical risk. The above-
described framework is known as Empirical Risk Minimization (ERM)
and is often used in traditional ML [19]. In Figure 2 the general flow
of the framework is shown.

If the expectation across models of the generalisation error is far
from the ground truth, the model is said to have a high model bias. This
suggests that you either have bad data, which means that the data
does not contain the necessary information to solve the problem, or
that the model is not sufficiently complex to describe the information
in the data. In the latter case, we say that the model is underfitting
to the data. If the generalisation error of a model is very sensitive
to the variability in the data set, the model is said to have a high
model variance. This suggests that the model is zooming in on the
details unique to that specific data set: the model is overfitting to the
data. This can be prevented by training the model on more data or
performing regularisation, which are specialised ML methods designed
to reduce overfitting. In ML it is typically difficult to train a model
which performs well on unseen data (low bias) and is not sensitive to
the training data (low variance). The best model is often a trade-off
between a low bias–high variance or high bias–low variance model:
this is called the bias-variance trade-off. In practice, it is very common
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to start from a complex model with many parameters and properly
regularise it to reduce overfitting and improve generalisation [19].

Machine Learning can be used to sample configurations from the
Boltzmann distribution of physical systems. This can be done by
learning the Boltzmann distribution itself. If the total probability dis-
tribution p(x) is known, it is straightforward to sample configurations
x from this distribution by sequentially generating samples x with
probability p(x). The ML problem then becomes a density estimation
problem: given a data set of configurations of the system x, estimate
the density of the samples p(x). If the data set is a good representa-
tion of all possible configurations of the system, the learnt estimated
distribution is a good approximation of the distribution of the sys-
tem. Note that it is already hinted that ML is heavily data-driven: that
means that the quality of the data set is very important to obtain good
final results.

There are many different types of ML models, but here only the
relevant ones are discussed:

• Supervised model: the data is observed and labelled by corres-
ponding targets. In this case, it is possible to model a direct
relationship between input x and output y. For example, an im-
age classification problem where both the images and the class
– cat or dog – are given, is supervised.

• Unsupervised model: the data is observed but unlabelled, so it is
only possible to model the underlying structure of the data.

The definition of unsupervised ML leans very closely to density es-
timation: when there is no desirable output available, the only thing
left is to learn something about the underlying structure or dens-
ity of the data. For density estimation, the exact labels p(x) are not
known, since this is exactly what you are trying to learn. Learning the
Boltzmann distribution is thus generally unsupervised and requires
techniques developed in unsupervised ML.

As an example, consider a data set {xi}i>1 of spin configurations
belonging to a one-dimensional Ising system with N spins, where
each data point xi = (si1, . . . , siN) represents a spin configuration.
The underlying distribution of the data set must be the Boltzmann
distribution: configurations with high Boltzmann probability should
appear more often than configurations with low probability. In fact,
each sample x should occur with a probability very close to the real
Boltzmann probability p(x). The idea is to train a model g(xi; θ) by
minimising a loss function, so that the output of the model is a good
estimate for the Boltzmann probability: g(xi; θ) ≈ p(xi).

Not only the distinction between supervised and unsupervised is
important here, but also between discriminative and generative models:
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• Discriminative model: it is possible to learn the posterior distri-
bution p(y | x) directly, either implicitly or explicitly. For ex-
ample, a discriminative classification model directly models the
probability of the class (cat or dog) given an input image, e.g.
p(dog | image of a cat).

• Generative model: model the joint probability of the input and la-
bels p(x,y) and use probability theory to obtain the probability
of labels given the data. For example, a generative classification
model models the joint probability of the class (cat or dog) and
the input image, e.g. p(dog, image of a dog). One can then use
Bayes theorem to get the posterior probability as in the discrim-
inative case:

p(y | x) =
p(x,y)
p(x)

.

The most important advantage of generative models is that they
allow us to generate new data (x,y); in this case, it is possible
to create new images of cats and dogs.

Since the goal is to generate new samples from the Boltzmann dis-
tribution, generative models are the better choice since they allow us
to effectively generate new samples x with probability p(x).

In summary, we use unsupervised generative modelling to estimate
the density of the Boltzmann distribution using ML techniques. The
learnt distribution can then be used to sample configurations from the
physical system, as an alternative to previously mentioned methods
such as Markov Chain Monte Carlo. The next step is to choose an
appropriate ML model.

2.2 generative models

There are many options in generative modelling to learn the distri-
bution of physical systems p(x), each with its own strengths and
weaknesses. Examples are Boltzmann Machines [10, 13, 34, 48], Nor-
malising Flows [1] and Generative Adversarial Networks [30]; [51] gives a
brief overview. A summary of commonly used generative models can
be found in Table 2. Here we focus on Autoregressive Models [21, 55]
because of their simplicity and the ability to provide a tractable like-
lihood q(x; θ), which allows direct sampling of new configurations.
Autoregressive models also work for both discrete [45] and continu-
ous [52] sample spaces.

Consider a system which consists of N variables xi so that a single
configuration of the system can be expressed as x = (x1, . . . , xN). Us-
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generative model tractable discrete

likelihood sample space

Boltzmann Machines 7 3

Autoregressive Models 3 3

Normalising Flow 3 7

Variational Auto-encoders 7 3

Tensor Networks 3 3

Generative Adversarial Net-
works

7 3

Table 2: A summary of some frequently used probabilistic generative models in
physics, based on [19, 51]. The table also shows if the model has explicit
access to a tractable likelihood of the generated samples, and if the model
can be used for discrete sample spaces such as the Ising model.

ing the definition of conditional probabilities, the probability of a con-
figuration of the system can be written as

p(x) =
∏
i

p(xi | x<i) =
∏
i

p(xi | xi−1, . . . , x1). (17)

This is called the autoregressive property. Instead of one model learn-
ing the entire joint distribution p(x), each conditional p(xi | x<i) is
separately parameterised by an ML model. For physical systems in
general, such a representation grows exponentially with system size.
For example, if each variable xi is binary and can take on two values,
a full description of the joint distribution typically requires around
2N parameters [19]. However, systems in the real world often display
some kind of structure on the variables xi, which makes it possible
to parameterise the joint distribution with less than an exponentially
growing number of parameters [21].

In combination with ML principles such as sharing and reusing
the same parameters across the model, it is possible to learn each
of the conditionals without requiring an exponentially growing num-
ber of parameters. Although the number of parameters is limited, a
description of each conditional separately is still able to capture high-
order dependencies between the random variables xi. Once each con-
ditional probability is learnt, they can be chained together to generate
new samples of the system x [49].

2.3 deep learning

Traditional Machine Learning is focused on feature engineering: using
algorithmic approaches to cleverly extract the information from the
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Figure 3: A graphical representation of a perceptron: a weighted sum Σ of an input
vector x is passed through a non-linear activation function σ.

data which is needed to solve the problem. While this approach has
been adequate to solve some difficult tasks, such as image recognition,
at some point the human cleverness reaches its limit: there are many
tasks in which the raw data is not easily transformed into useful in-
formation which a model can use to solve the problem. These type
of problems is exactly where the field of Deep Learning (DL) performs
well.

Deep Learning is based on a specific type of ML model that re-
cently has been very successful in solving highly complex problems,
namely a Neural Network (NN). Instead of putting the complexity of
the problem in the data and features, it moves the complexity to the
model. That means that the model itself learns to extract the relev-
ant information from the data and no feature engineering is required.
This behaviour is called feature learning since NNs can learn to extract
the necessary features from the raw data [26].

The building blocks of NNs are perceptrons: a weighted sum thatThe term perceptron
is quite overloaded;

we consider the more
general definition

where the activation
function can be

pretty much any
non-linear function.

is sent through a non-linearity. To clarify, consider an input vector
x = (x1, . . . , xN); a perceptron model calculates a weighted sum Σ of
the input vectors

Σ(x) =
N∑
i=1

wixi + b,

with the weights wi and bias b as parameters of the model. The
output of this weighted sum is sent through a non-linear activation
function σ, which is often a hyperbolic tangent or sigmoid. The total
output of the perceptron is

g(x; w,b) = σ (Σ(x)) = σ

(
N∑
i=1

wixi + b

)
. (18)
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Figure 4: A graphical representation of a Feedforward Neural Network with an
input layer, one hidden layer containing two hidden nodes and an output
layer. The parameters of the network are the weight matrix Wij, weight
vector z and corresponding biases b and c.

Figure 3 depicts a graphical representation of a perceptron. An
NN is built by combining multiple perceptrons. For example, if you
take multiple weighted sums of the input vector x and pass each one
through an activation function, then the outputs can be used as the in-
put of a third perceptron. This construction is an NN with one hidden
layer containing three hidden nodes and can be seen in Figure 4.

If one keeps adding nodes to the hidden layer, it is possible to ap-
proximate any function or boundary: this is known as the universal ap-
proximation. However, the computational expense for training builds
up quite rapidly with only one hidden layer containing many nodes.
In practice, it is possible to get very good results by introducing more
hidden layers, each with a limited number of hidden nodes, while
still being computationally feasible. By introducing more layers, the
network can reach higher complexity with fewer nodes in total [19].

The previous examples of Neural Networks do not contain any
loops: the information flows in only one direction, starting from the
input through the hidden layers to the output, without cycling back
to previously visited nodes. This network type is called a Feedforward
Neural Network (FFNN). There also exist network architectures that do
allow cycles and loops in the information flow; these are introduced
further down. An example of an FFNN with two hidden layers, con-
taining two and three hidden nodes respectively, can be seen in Fig-
ure 5.

The activation function must be non-linear, otherwise, the model is
just chaining multiple linear operations together, which is also linear.
The power of NNs lies in the high complexity of the models that can
only be introduced by non-linear functions.

Neural Networks as a composition of weighted sums and non-
linearities may seem arbitrary at first, but apparently, it introduces
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INPUT LAYER HIDDEN LAYER OUTPUT LAYERHIDDEN LAYER

Figure 5: A graphical representation of a Feedforward Neural Network with an
input layer, two hidden layers containing two and three hidden nodes
respectively, and an output layer.

the right kind of complexity needed to solve really difficult problems.
This is one of the major advantages of DL [26].

Another advantage of DL is the general mechanism that can be
used to optimise most NNs, namely gradient descent. Remember that
ML solves a problem by finding the model parameters θ that minimise
a loss. The best model is the one with the smallest loss, which ideally
corresponds to a global minimum of the loss function L(θ). For a con-
vex loss function, any local minimum corresponds to a global min-
imum, and the optimisation is relatively easy. A typical example of a
convex loss is the Mean Squared Error (MSE)

MSE(θ) =
1

n

n∑
i=1

(yi − ŷi) ,

which is a sum over the squared differences between the true labels
yi and the predicted labels ŷi of the data points xi. Unfortunately,
some loss functions can be non-convex: the loss landscape can have
multiple local minima, saddle points or flat regions. In this case, it
is much more difficult to find a global minimum of the loss and in
practice, one often settles for a decent local minimum. In particular,
loss functions for deep NNs are often non-convex and thus harder to
optimise [19].

Gradient descent is a local minimisation procedure, where the para-
meters are optimised by taking small steps in the direction of a smal-
ler loss value. This is done by updating the parameters in the negative
direction of the gradient of the loss. To clarify, consider the weights
Wij as parameters of an NN. In many cases the error E is a function of
the output of the network g(x;Wij), which in turn is a function of the
weights of the model: E(g(x;Wij)). Since we know that the output ofFor example, think

back to the output of
a perceptron (18).

the network is just a composition of weighted sums and non-linear
activation functions, the derivatives of the error to the parameters are
differentiable:
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∂E

∂Wij
=
∂E

∂g

∂g

∂Wij
,

where the second derivative can be calculated using the chain rule
on weighted sums and activations. Of course, this only works if the
activation functions are differentiable. The first derivative often con-
tains a sum over all data points: this is the traditional gradient des-
cent. Recently, it has been shown that it is often better to introduce
stochasticity into the update rule by only calculating the gradient
using a random fraction of the total data set: this is called mini-batch
stochastic gradient descent, or often just Stochastic Gradient Descent (SGD).
The stochasticity helps the algorithm to avoid getting stuck in local
minima [26].

Once the gradient ∇WE is calculated, the weights are updated us-
ing a simple rule

Wij →Wij − η
∂E

∂Wij
, (19)

where the learning rate η decides how large the steps are. Not only
is gradient descent a general mechanism that can be applied to many
different loss functions, but there also exists a very efficient method
to calculate the gradients: back-propagation. Back-propagation librar-
ies can be combined with ever-increasing compute power (GPUs) to
efficiently train deep NNs with many layers containing many nodes,
which was before impossible due to the sheer scope of the calcula-
tions [19, 26].

2.4 structured data

For an FFNN, where all nodes between two layers are connected, the
number of weights – and thus parameters of the model – quickly
increases. For example, for a network with only one hidden layer
containing h nodes, input vector x = (x1, . . . , xN) and output vector
y = (y1, . . . ,yM), the number of parameters is

Pθ = ((N× h) + h) + ((h×M) +M).

Optimising many parameters is often difficult because the model
tends to overfit to the data and the training can become computa-
tionally expensive. However, in the real world data tends to contain
some kind of structure and this structure can be exploited to limit the
number of parameters and reduce the chances of overfitting. For ex-
ample, images are structured two-dimensional arrays of pixels where
neighbouring pixels are highly correlated. Similar, a signal or a time
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sequence is a one-dimensional array of inputs where inputs close to
each other are highly correlated [26].

Deep Learning models limit the number of parameters by sharing
or applying the same parameters over different parts of the network.
This is actually an important concept in DL which makes training net-
works for complex problems feasible. There are two major NN types
that use this principle:

• Convolutional Neural Network (CNN): real-world data is often com-
posed of a hierarchy; multiple lower level features form higher-
level features. For example in images, edges and shapes com-
bine to form a finger, multiple fingers form a hand and a hand
is a part of the body. Convolutional Neural Networks exploit
this grid-based structure by combining convolutional layers and
pooling layers. Convolutional filters can detect local motifs in
the image. Since these motifs can typically appear anywhere
in the image, it is possible to use a convolutional filter with
the same weights applied to different parts of the image. This
weight sharing drastically reduces the number of parameters of
a network. Pooling layers coarse-grain the information of mo-
tifs into a more dense representation, which is independent of
small shifts. For example, two hands can differ slightly due to
different rotations or finger placement. The pooling layer tries
to transform all hands into the same compact representation.
The convolutional and pooling layers are stacked and typically
followed by fully connected layers. Training a CNN can be done
through the same back-propagation technique [26].

• Recurrent Neural Network (RNN): this is a network that is based
on FFNNs but includes weight sharing and feedback loops. Re-
current Neural Networks are designed to handle sequential data,
such as time sequences. The network has a memory unit book-
keeping important information and uses it as input for the next
layers. They can model dynamic behaviour in the data and
make predictions on what might happen next. An example of
an architecture can be seen in Figure 6. Recurrent Neural Net-
works are trained using back-propagation through time, a similar
algorithm as the standard back-propagation. Table 3 gives an
overview of some important advantages and disadvantages of
RNNs as DL models [19].

2.5 machine learning in physics

Machine Learning and statistical physics are both trying to solve com-
plex problems. This often concerns high-dimensional data, for which
the sheer dimensionality and size make the problem very challen-



2.5 machine learning in physics 25

advantages disadvantages

Possible to process any input
length

Training is sequential and can
be slow

Parameters can be shared over
the input

Difficult to remember long-term
dependencies

Able to take into account past in-
formation (memory)

Not able to take into account fu-
ture information

Table 3: An overview of some important advantages and disadvantages of RNNs as
DL models, based on [14, 19]

ging [9, 11]. This is known as the curse of dimensionality [19]. In par-
ticular, the state space of physical systems often scales exponentially
with system size [11]. Machine Learning has developed techniques to
characterise and handle high-dimensional data but is typically more
focused on performance rather than interpretation. In physics, they
are generally more interested in interpreting the underlying mechan-
isms that drive processes. In this way, the ML and physics community
might help each other which could result in improvements for both
fields [9].

For example, CNNs are well suited to extract high-level features
from low-level data. This is very similar to detecting and extract-
ing topological phases and phase transitions from configurations of
physical systems [5, 11, 52]. Second, ML models have been used for
building representations of challenging quantum many-body ground
states, both using CNNs [28] and RNNs [13, 21, 28]. Third, similar to
standard MC simulations, NNs can be used to simulate configurations
of physical systems. Both CNNs [30, 45, 55, 56] and RNNs [21, 43, 46]
have been successfully utilised as architectures to sample configura-
tions and estimate physical quantities. In this study, autoregressive
models are combined with RNNs as generative models to learn the
Boltzmann distribution of physical systems and generate new config-
urations. These configurations can then be used to reliably estimate
physical quantities.





Part II

R E S E A R C H





3
L E A R N I N G W I T H D ATA

3.1 one-dimensional ising

The goal is to learn the Boltzmann distribution from (1) using gener-
ative ML models to efficiently sample new configurations and study
the behaviour and emergent features of physical systems.

Let us start by choosing a relatively simple physical system, namely
the one-dimensional Ising system described in chapter 1. Consider
a chain of N spins with open boundary conditions. As mentioned
before, ML is primarily data-driven. To learn the Boltzmann distribu-
tion, it is necessary to start from existing configurations of the system.
The most straightforward method is to generate these configurations
using the MCMC technique, discussed in section 1.5. The idea is to
generate a data set consisting of n samples, each a spin configuration
s = (s1, . . . , sN), and to estimate the underlying density – which is
the Boltzmann distribution – of the data set.

For the one-dimensional Ising model, we consider the physical
properties from Table 1. Since MCMC does not provide the partition
function explicitly, the free energy and the entropy can not be es-
timated directly. The other quantities can simply be estimated by en-
semble averages as in (3); for these, you do not need the partition
function. The details about the MCMC algorithm and data generation,
in general, can be found in Appendix A.1.

3.2 recurrent neural network

Instead of learning the entire Boltzmann distribution at once, the
autoregressive property (17) is used to learn each conditional prob-
ability separately:

p(s) =
N∏
i=1

p(si | s<i) =
N∏
i=1

p(si | si−1, . . . , s1).

Since the one-dimensional Ising system is structured as a chain, the
configurations can be interpreted as a sequence input for an RNN. The
outputs of the RNN are the predictions for the conditional probabilit-
ies: qθ(si | s<i) := p̂(si | s<i), with θ the parameters of the model.

An RNN can learn the conditionals p(si | s<i) sequentially using the
spins si as input and keeping track of the history through a hidden
vector h. In particular, the network can be designed to predict the
next spin si, based on the information of all previous spins in the

29
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RNN RNNRNN

Figure 6: A graphical representation of the RNN architecture, based on [21]. The
network is initialised by the artificial spin s0 and hidden vector h0. They
are sent through an RNN cell (green box), fully connected layer Σ and
softmax activation σ to provide the output probabilities yi.

chain hi := h
(
{sj}j<i

)
. This prediction can easily be encoded into a

conditional probability distribution yi := qθ(si | s<i). Once the spins
si = −1 are one-hot encoded into si = (1, 0) and s = +1 into si =

(0, 1), each conditional can be calculated as a dot-product between
the inputs and the outputs of the network

qθ(si | si−1, . . . , si) = si · yi = si ·

(
qθ (si = (1, 0) | s<i))

qθ (si = (0, 1) | s<i))

)
.

The conditionals are chained together using the autoregressive prop-
erty to obtain the probability of the full configuration

q(s; θ) =
N∏
i=1

qθ(si | si−1, . . . , s1) =
N∏
i=1

si · yi. (20)

Figure 6 shows a graphical representation of the network architec-
ture; further details about the network can be found in Appendix B.1.

Ultimately, the goal is to use the trained network as a generative
model to sample new configurations from the Boltzmann distribution.
Sampling is done in a similar sequential fashion as training: once the
network is initialised by s0 and h0, the conditional probability distri-
bution y1 = qθ(s1) is used to generate a spin s1. This spin is then
used as input for the next RNN cell, which outputs y2 = qθ(s2 | s1),
and is used to sample the second spin in the chain s2. This procedure
is repeated until all spins are sampled and are combined to form one
generated configuration s = (s1, . . . , sN). The sampling procedure is
visualised in Figure 7.
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RNN RNNRNN

Figure 7: A graphical representation of the RNN sampling procedure, based on [21].
The output probabilities are used to sequentially generate samples si and
as input for the next RNN cells.

For large networks, the chain rule sums multiplications contain-
ing many factors, which can be smaller or larger than one. This can
lead to instabilities during the training process, known as vanishing
or exploding gradients, which are prevalent in RNNs because the cell
operation is repeated multiple times [19]. For physical systems, long-
range correlations between the spins can also introduce vanishing or
out-of-control gradients. Therefore, the simple RNN cell is replaced by
a more complex version, which tries to avoid these complications: a
Gated Recurrent Unit (GRU) cell [15, 21]. A simple but effective method
to avoid exploding gradients is gradient clipping: if the gradients of
the parameters during training are too large, they are cut at a clip-
ping value. This prevents the network from making very large update
steps, which results in unstable learning [19].

The complexity of the network can be easily increased by stacking
multiple RNN layers on top of each other. The output of the first RNN

cell is then used as input for the next layer. Increasing the hidden
dimension – this is the size of the hidden vector – also increases the
expressiveness of the model.

A major advantage of training this autoregressive RNN is that the
network is not only able to generate new configurations, it also gives
the corresponding normalised probability of those configurations. This
follows from the fact that the output probabilities yi are normalised
by the softmax function. As a product of normalised conditional prob-
abilities, the total probability from (20) is also normalised. This is
definitely not the case for all generative models: very often it is only
possible to generate samples without corresponding probabilities and
most often the probabilities are not properly normalised (see Table 2)
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[51]. The fact that the samples are generated with normalised prob-
abilities, is beneficial from a physics perspective. More specific, the
probabilities can be used to compute the relevant physical quantities
[38].

Note that the input sequence of the network is initialised by an ar-
tificial spin s0 and has a final input sN−1. The input chain is open
on both sides and resembles an Ising chain with open boundary con-
ditions. Since there is no straightforward method to close the input
sequence of an RNN, it is non-trivial to incorporate periodic boundary
conditions for the system. Therefore the system under consideration
is an Ising chain with open boundaries.

Finally, it is important to understand on a theoretical basis why
this architecture might work well for the one-dimensional Ising. The
physical properties of the system are entirely based on the classical
Hamiltonian (6), where the coupling J is constant throughout the sys-
tem. Therefore, the physics of the one-dimensional Ising are local.
For example, there is no real difference between the −Jsisi+1 and
−Jsi+1si+2 term and ultimately, each term in the Hamiltonian pro-
duces the same physical behaviour (not including boundary effects).
Because of the local physics, the network has to learn the same in-
formation on each lattice site.

Compare this with the chosen architecture of the network: there is
only a single RNN cell and fully connected layer (see Figure 6), which
are repeatedly applied to each lattice site. While this gives a strong
regularising effect by sharing parameters, generally there is no reason
to not use a different RNN cell for each lattice site. However, since
each RNN cell has to learn the same local physics, we have chosen
the cells to be identical and share the same parameters. In terms of
the transfer matrix method, there is only one transfer matrix that
propagates through the system which the network needs to learn.

On top of that, RNN architectures are well suited to study one-
dimensional lattice systems with open boundary conditions. While
each lattice site is described by a single RNN cell and fully connec-
ted layer, the interactions between sites can be associated with the
passing of a hidden vector. For higher-dimensional lattice systems,
the RNN can still be used but the transformation of the lattice sites
into a one-dimensional sequence is not trivial. For example, a two-
dimensional Ising system can be snaked into an input sequence for
an RNN [21].In that case, the interactions between sites are not always
associated with the direct passing of a hidden vector, which causes
local correlations in the two-dimensional lattice to be mapped onto
non-local correlations in the one-dimensional input sequence [21].

In summary, while this particular network architecture might work
well for the one-dimensional Ising, it is probably not suited to study
most other physical systems. The performance of the network can be
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increased by implementing the physics of the system into the archi-
tecture [22]. We come back to this in chapter 5.

3.3 training the network

Consider a data set of spin configurations D = {si}i>1, generated by
the MCMC algorithm. Once the RNN architecture is built, the model
can be optimised by choosing a loss function. A popular metric for
distribution estimation is the Kullback-Leibler (KL) divergenceDKL, which
measures the similarity between two distributions [51, 55]. Here, it
represents the similarity between the Boltzmann distribution of the
system p(s) and the distribution of the network q(s; θ) from (20):

DKL(p ‖ q) =
∑

s

p(s) ln
(
p(s)
q(s; θ)

)
=

〈
ln
(
p(s)
q(s; θ)

)〉
s∼p

. (21)

It holds that DKL > 0 due to the Jensen inequality, where the equal-
ity only holds if the two distributions are the same. To optimise the
ML model, we want to find the best parameters θ that minimise the KL-
divergence. It can be shown that this is equivalent to maximising the
likelihood `(θ) of the data [51]. This optimisation technique is called
Maximum Likelihood Estimation (MLE), since it maximises the likelihood
of occurrence of the samples in the data set:

`(θ) = p(D; θ) =
∏
s∈D

p(s; θ).

Note that the factorisation is only possible when the data samples
are independent, which means that MLE, in this expression, uses the
i.i.d. assumption: the configurations are independently and identically
distributed from the Boltzmann distribution. In practice, it is more
common to minimise the Negative Log-Likelihood (NLL)

L(θ) = − ln (`(θ)) = −
∑
s∈D

ln (p(s; θ)) . (22)

Since the RNN model immediately outputs the probabilities of the
samples via (20), the loss function is just (22) but using the outputs
of the network q(s; θ). For Stochastic Gradient Descent, the loss is
typically not calculated for the whole data set, but only for a mini-
batch of samples. The training loss from (22) becomes

L(θ) = −
1

nb

nb∑
i=1

ln (q(si; θ)) , (23)

where the NLL is divided by the batch size nb. Since the parameters
of the network are updated using nb training examples, the batch size
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Figure 8: A flowchart of the training process: a batch of spin configurations xi is
forwarded through the network, which provides the predicted probabilities
ŷi and are used to calculate the NLL loss L(θ). Finally, a back-propagation
through the network provides the gradients of the loss and are used by
the Adam optimiser to update the parameters θ → θ ′. This procedure is
repeated until the training has iterated a fixed number of times through
the data. We choose the best model based on the parameters that lead to
the minimal validation loss.

impacts the memory requirements during training. Although SGD is
a powerful technique, recently it is often replaced by more sophist-
icated alternatives. We use the Adam optimiser, which combines an
adaptive learning rate with momentum techniques. It is a more com-
plex version of the normal SGD optimisation, designed to improve
efficiency and convergence of the training process [25].

The network can be trained by minimising the NLL loss function
(22) and using the Adam optimiser for updating the parameters. Iter-
ating multiple times over the data – one training iteration over the full
data set is called an epoch – the network tries to find an optimal set of
parameters θ so that the output q(s; θ) approximates the Boltzmann
distribution p(s). The training flow is visualised in Figure 8 and the
hyperparameters of the network can be found in Table 4. Note that
not all parameters are optimised, but some are fixed, based on previ-
ous research [21, 55].

Let us consider the effect of the different parameters on the train-
ing of the network. First, networks with different model complexity
are trained, which is governed by the number of stacked RNN layers
and the hidden dimension. A model with a larger number of para-
meters can typically describe more complex data but is also more
sensitive to overfitting. Figure 9 illustrates the impact of the number
of parameters on the training of the network for two different system
sizes.

For a small system size (N = 10), the network starts to overfit to the
data, decreasing the training loss and increasing the validation loss,
past a certain number of epochs. For a larger system size (N = 50),
the network displays much less overfitting; only for a very powerful
network with many parameters overfitting occurs. The model is regu-
larised because the parameters of the RNN cell and the fully connected
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hyperparameters ranges

Loss function NLL

Optimiser Adam

Number of epochs 100

Batch size nb 10− 1000

Learning rate η 0.001− 0.1

Hidden dimension hd 1− 75

Number of layers nl 1− 3

Gradient clipping value cg 2

Table 4: The hyperparameters θ of the network that are optimised to find the best
solution q(s; θ). The fixed choices and typical tuning range for the hyper-
parameters during training are also shown.

layer are shared over the inputs. This reduces overfitting to the data.
However, longer spin chains are less affected by overfitting which
means that increasing the system size must introduce some other
regularisation effect. This is probably caused by the locality of the
one-dimensional Ising system. As mentioned before, the network has
to learn the same behaviour at each lattice site. Because longer spin
chains have more examples of two neighbouring spins −Jsisi+1, the
model is less likely to overfit. In this interpretation, more examples
of local physics can be seen as having more data available. If an ML

model is trained on more data, it is less likely to overfit [19]. Because
we consider typical system sizes of N & 100 and networks with a
limited number of parameters (P . 1000), overfitting is not a main
concern. Therefore, we do not apply regularisation methods such as
dropout [19].

For the same data sets, networks with varying batch sizes are trained.
The result of the training loss (23) can be found in Figure 10. A small
batch size requires less memory and introduces more stochasticity
in the loss function while also performing many update steps per
epoch. A batch size that is too small often results in poor estimates of
the gradients of the loss, which can lead to unstable learning and re-
quires a small learning rate. Training with a very large batch size also
seems unstable in comparison to smaller batch sizes. This is caused
by the averaging of the loss over one epoch. For nb = 1000, there are
only two batches in one epoch while for nb = 500, there are already
five batches in one epoch. For smaller systems, N = 10, the network
can overfit depending on the batch size. For a larger system, N = 50,
overfitting is much less present and all training curves coincide.

Figure 11 displays the training loss for varying learning rate η.
There are no noticeable differences between the training curves for
different system sizes. For many DL problems, the learning rate is an
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Figure 9: The training and validation loss curves during training of networks with
an increasing number of parameters Pθ. The networks are trained on a
data set with n = 5000 samples: 2500 train, 1500 validate and 1000
test samples. The data sets consist of Boltzmann configurations of the
one-dimensional Ising with N = 10 (top) or N = 50 (bottom) spins.
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Figure 10: The training loss curves during training of networks with varying batch
sizes nb. The networks are trained on a data set with n = 5000 samples:
2500 train, 1500 validate and 1000 test samples. The data sets consist
of Boltzmann configurations of the one-dimensional Ising with N = 10

(left) or N = 50 (right) spins.
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Figure 11: The training loss curves during training of networks with varying learn-
ing rates η. The networks are trained on a data set with n = 5000

samples: 2500 train, 1500 validate and 1000 test samples. The data sets
consist of Boltzmann configurations of the one-dimensional Ising with
N = 10 (left) or N = 50 (right) spins.

important hyperparameter because of its intricate relationship with
the other hyperparameters [26]. However, in this case all networks
(except for η = 10−4) reach approximately the same minimum loss:
4.73− 4.79 for N = 10 and 22.8− 22.9 for N = 50. More training does
not reduce the training loss substantially. The only major difference
is the speed of reaching this minimum value: training with a smal-
ler learning rate is slower because the update steps are smaller. For
η = 10−4 training is very slow and the network has to be trained for
much longer to reach the same minimum. This suggests that gradi-
ent descent finds approximately the same solution for all values of
the learning rate in which case the learning rate only determines the
rate of reaching the minimum. Accordingly, the learning rate is not a
critical hyperparameter upon training the one-dimensional Ising.

In practice, there are many optimisation methods to find the hy-
perparameters that lead to a minimal loss. We perform a brute force
grid search because the number of trainable hyperparameters is very
limited. Different values for the hyperparameters are defined on a
grid and the network is trained for each combination. The network
that has the lowest validation loss during training, is chosen as the
optimal model for the Boltzmann distribution. If one of the best hy-
perparameters is at the edge of its range, the grid search is repeated
with a more expanded range.

3.4 generating samples

Once the network is trained, it can be used to generate new inde-
pendent configurations s with corresponding normalised probabilit-
ies q(s; θ) of the one-dimensional Ising model.
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Figure 12: Scaling of the time complexity, which is the average computational time
per sampled configuration s, with system size N. The MCMC method
(left) is an average over n = 104 generated samples on an Intel(R)
Xeon(R) CPU @ 2.00GHz. The RNN sampling (right) is an average of
ten batches of n = 104 configurations generated at once on a Tesla P4
GPU.

Often we are interested in the physics for large system sizes; in
particular the thermodynamic limit N → ∞. The MCMC algorithm,
described in Appendix A.1, scales linearly with system size O(N),
since each generated sample per Monte Carlo step per spin (MCS)
requires an iteration over the different lattice sites. In the same way,
the sampling procedure of the RNN requires an iteration over the sites
(see Figure 7) and also scales as O(N).

However, there is an important difference between the two sampling
processes. Markov chains are inherently sequential since the config-
uration xi is needed to generate the configuration xi+1. Therefore
it is difficult to speed up the sampling process. Subsequent samples
can also be highly correlated, meaning that not all generated samples
are equally qualitative. Hence, there are many more iteration steps
needed to collect the same number of qualitative samples than for
sampling without correlations. The RNN sampling is also sequential
but can be easily parallelised by generating batches of independent
configurations. In particular, a GPU can speed up the simulations. For
the implementations considered here, the RNN generates configura-
tions much more efficiently than MCMC algorithms.

In Figure 12, the sampling time complexity of the MCMC and RNN is
compared to each other for scaling system size. For MCMC we define
this as the average CPU time per generated sample, where a config-
uration is sampled for each MCS. For the RNN we define this as the
average GPU time per generated sample when sending a batch of con-
figurations through the network. When the system size is increased
by an order of magnitude, the sampling time is also approximately
increased by an order of magnitude. The leading order of the scaling
is linear and corresponds with the theoretical O(N). Unfortunately, it
is difficult to quantitatively compare sampling since the two methods
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are not using the same hardware. By optimising the RNN sampling
process and using multiple GPUs, it is possible to sample configura-
tions even more efficiently. The MCMC sampling can also be acceler-
ated but typically requires more insight and effort [42].

Contrary to MCMC where the simulations directly generate samples,
the RNN has to be properly trained first. Neural Networks are trained
as an optimisation procedure which is typically computationally quite
expensive. Therefore the majority of the effort goes into training the
network; once it is properly trained, sampling is relatively easy and
efficient.

3.5 physical results

With the configurations, generated by the network, the physical quant-
ities from Table 1 can be estimated. Since the RNN samples have nor-
malised probabilities, it is possible to compute the free energy and
the entropy of the system.

A naive approach is to take the samples and immediately estimate
the observables using (13) and their error using (12). However, there is
an important distinction to be made here. The samples are not drawn
from the Boltzmann distribution p(s), but from a distribution which
is hopefully very similar q(s; θ). Directly using the generated samples
results in estimating 〈O(s)〉s∼q instead of 〈O(s)〉s∼p. Generally, the NN

cannot exactly match the Boltzmann distribution and this discrepancy
introduces a bias into the estimates. For the same reason, there is no
clear method to obtain reliable error estimates for the estimates of the
physical quantities [38].

Luckily, [38] introduces two techniques to obtain asymptotically
unbiased estimates by utilising either importance sampling or MCMC

sampling. Here, the asymptotically unbiased estimations and their
errors are implemented using Neural Importance Sampling (NIS), which
estimates the physical observable 〈O〉s∼p as

Ôn =

n∑
i=1

wiO(si) with si ∼ q(s; θ), (24)

where wi are the normalised importance weights, obtained by nor-
malising the importance weights w̃i:

wi =
w̃i∑n
i=1 w̃i

with w̃i =
exp (−βE(si))
q(si; θ)

. (25)

Neural Importance Sampling also provides reliable estimates for
the estimates of physical observables; the full details about NIS can be
found in Appendix A.2.

In Figure 13 (left) the connected correlation function is depicted for
a one-dimensional Ising system at low temperature. The NIS estimates
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Figure 13: The connected correlation function G(r) = 〈sisi+r〉− 〈si〉 〈si+r〉 and
its standard deviation (barely or not visible), estimated with n = 104

(left) and n = 106 (right) samples from the RNN using NIS. The G(r) are
compared with the MCMC ones using n = 104 samples (left) and exact
ones for N→∞ (right). The one-dimensional Ising has N = 100 spins,
βJ = 2 and βH = 0. The optimised network has Pθ = 31 number of
parameters.

are compared to the MCMC ones using the same number of samples.
The network can describe the correlations in the system to an accur-
acy comparable to the MCMC data, which was used to train the model.
Although the NIS and MCMC estimates are consistent with each other,
the variance of the NIS estimates is noticeable higher at large distances
r. Potential causes are: (1) the correlations 〈sisi+r〉 are estimated by
averaging over all spin pairs at a distance r and there are many more
spin pairs at shorter than at larger distances or (2) some artefact of
the recurrent behaviour of the network architecture. Figure 13 (right)
shows a comparison of the NIS correlations with the analytical solu-
tion (N → ∞), but estimated with more samples. The estimations
almost perfectly coincide with the analytical solution, even at large
distances between spins. This suggests that the decreased accuracy
and variance at large distances are caused by the limited number of
averaged samples and not by the network.

Table 5 lists the estimated physical quantities for the system. No-
tice that the original data does not provide an estimation for the free
energy and the entropy but the RNN does. For both the magnetisation
and energy, the NIS estimate of the network coincides with the MC

estimate from the data. For a system at high temperature (and small
β), the free energy βF = βE− S is dominated by the entropy term.
The spins are randomly aligned and the system is disordered. On the
other hand, at low temperatures, the free energy is dominated by the
energy term. When βJ = 2, the free energy is primarily dominated by
the energy of the system and has a small entropy contribution.

The results from Figure 13 and Table 5 confirm that the RNN archi-
tecture can sample configurations from the Boltzmann distribution of
the one-dimensional Ising system when it is trained on MCMC data.
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physical quantity mcmc nis

Magnetisation m 0.0065± 0.0063 0.0024± 0.0064
Energy βE −190.8308± 0.0534 −190.9636± 0.0528
Free energy βF 7 −200.4886± 0.0004
Entropy S 7 9.5250± 0.0529

Table 5: The relevant physical quantities of the system and their standard devi-
ations, estimated with n = 104 generated samples of the RNN with NIS.
The one-dimensional Ising has N = 100 spins, βJ = 2 and βH = 0.
The MCMC estimates with standard deviations, obtained by simulating
n = 104 samples, are also shown.

Figure 14 shows a visualisation of the generated configurations of
the network. The different configurations are sorted according to the
network probability q(s; θ) and their corresponding energy and free
energy are computed. When the model is trained well, the network
distribution approximates the Boltzmann one

q(s; θ) ≈ p(s) = 1

Z
exp (−βE(s))

⇔ lnq(s; θ) ≈ − lnZ−βE(s).

If the configurations s are sorted according to the probabilities
q(s; θ), they are also sorted according to the energies βE(s) since Z is
a constant. For a system at low temperature, one expects the ground
states s = (↑↑ . . . ↑) and s = (↓↓ . . . ↓) to dominate the energy spec-
trum of the generated configurations. This is exactly the case: the
up and down chain are the configurations with highest probability
q(s; θ) ≈ 10−1. Since the temperature is finite (β < ∞), the network
has to generate the first excited states. The first excited state of the
one-dimensional Ising has one boundary in the spin chain, where a
spin neighbours an opposite spin: (↑↑↑↓↓↓) or (↓↓↓↑↑↑). In Figure 14

(top) we see that the next states with the highest probability are pre-
cisely these first excited state with a domain wall of length one. The
differences between the occupation probabilities of the first excited
state (top figure) are much smaller than the difference between the
probabilities of the first excited state and the second excited state
(bottom figure), where the spin chains have two boundaries. There-
fore, the network can separate the different energy states of the one-
dimensional Ising which is the most important result.

First, notice that the network probability of these states is slightly
different depending on where the boundary occurs (top figure). It
looks like the network learns the first excited state according to a
sequence: this is probably reminiscent of the sequential behaviour of
the RNN architecture since it repeatedly applies the same RNN cell
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Figure 14: A visualisation of the generated configurations s for a one-dimensional
Ising with N = 100, βJ = 2 and βH = 0. The figures represent the
different spin chains that were generated by the RNN, sorted according
to the network probability q(s; θ). The spins are visualised (left) as black
(s = +1) and white (s = −1). The energies βE(s) and the free energies
βF(s) are also depicted. The top figures represent the 200 configurations
with the highest network probability, while the bottom figures represent
all 5161 different configurations of the n = 104 that were generated.
The system has 2100 different possible configurations.

on the information flow. For example, the network first learns the
configuration with the boundary between s1 and s2; then between s2
and s3 and continues until the boundary between sN−1 and sN. From
experimental simulations, it turns out that this sequential behaviour
is typical for systems at low temperatures. In that case, a clear black-
white pattern is visible in the visualisation of the configurations.

Second, since a hundred configurations with the highest probabil-
ity are the flipped spin versions of the next hundred ones, it shows
that the network does not fully learn the Z2 symmetry of the sys-
tem. Therefore the distribution should make no distinction between
a configuration s and −s. We come back to this in chapter 4, where
a simple symmetrisation scheme is introduced during training to fix
this problem.

Finally, the bottom figure proves that the network can learn the
discrete energy levels of the one-dimensional Ising chain: each step
in the energy profile corresponds to an energy level. The step with
the highest probability corresponds to the ground state and the steps
with lower probabilities to the higher energy states.

To illustrate the power and usefulness of NIS, we test how much
MCMC training data is needed to achieve reasonable results. We train
different networks on random subsets of the data. The results for the
estimated physical quantities can be seen in Figure 15.
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Figure 15: A comparison between the naive MC and NIS estimates of physical ob-
servables using n = 104 generated spin configurations from networks
trained on a data set with nT samples. The magnetisation and the energy
are compared to MCMC estimates with n = 104 samples. The entropy
and free energy are compared to the analytical solution.
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The naive approach, without NIS, has difficulties obtaining reliable
estimations, sometimes over -or underestimating the MCMC estimate.
On the contrary, NIS provides reliable results for small training sets
consistent with MCMC. For larger training sets, the naive estimations
typically improve and approach the MCMC estimates. It is definitely
worth implementing NIS to estimate the physical quantities, especially
for smaller training sets.

For the entropy, only estimations of the network are available. There-
fore we compare with the analytical solution. The NIS estimates are
consistent with the exact solution while the MC estimates display
large variations. The network is not fully captured and introduces
a bias into the estimations, especially for small data sets.

The energy and entropy estimations can be combined to a free en-
ergy estimation via βF̂ = βÊ− Ŝ. Notice the small scale on the vertical
axis of the free energy graph. Apparently, both MC and NIS estima-
tions are capable to predict the free energy in a relatively small range
of values. This coincides with the zero variance principle, which is dis-
cussed in Appendix C.1 and chapter 4. The small variance for the
free energy estimations probably also leads to the very similar beha-
viour of the estimated energy and entropy, which are estimated so
that βF̂ = βÊ− Ŝ is in a very small range around the true value. The
apparent symmetry between the MC and NIS estimations for the free
energy is not immediately clear. One can see, however, that the predic-
tions and errors converge to the analytical solution for larger training
sets. This suggests that to get higher accuracy in the estimations, it is
beneficial to train with a larger data set.

3.6 conclusion

By training the RNN architecture on a pre-generated MCMC data set
and minimising the NLL, the model is successful at capturing the
physics of the one-dimensional Ising system. The correlations and
physical quantities are consistent with MCMC estimations.

The optimised networks need only very few parameters to learn the
distribution and capture the physics: a hidden dimension hd ≈ 1− 5
and nl ≈ 1 − 2 layers are sufficient. This corresponds to a total of
Pθ ≈ 19− 149 trainable parameters. When comparing this to Figure 9,
where overfitting only occurs for a very large number of parameters,
there is no need for regularisation during the network training.

Numerical experiments show that most hyperparameters of the net-
work do not have a substantial impact on the results: both during
training and the final physical results. The network needs sufficient
complexity to describe the system. Once it has reached this complex-
ity, adding more parameters only introduces minor differences in the
performance of the network. This indicates that most tuned networks
find a set of parameters θ that produce accurate results.
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The RNN architecture is a one-dimensional construction and re-
spects the locality of the Ising Hamiltonian, which makes it an ideal
candidate for describing the one-dimensional Ising system. Therefore,
despite achieving good results for this particular system, it cannot be
expected that this RNN architecture can describe more complicated
systems.

If the configurations of the system are readily available, for ex-
ample from a physical experiment [4, 41], then this method is a simple
and easy way to train NNs: use the data as input and minimise the
NLL. Once the network is trained, configurations can be independ-
ently and efficiently sampled from the network. On the other hand,
if the data is not readily available as is the case here, then it can get
expensive to construct qualitative data to train the network. Here, the
samples were generated using the MCMC method but the ultimate
goal is to avoid the disadvantages which Markov chains introduce.
However, it is possible to train the network on data produced by it-
self and avoid the complications with gathering training data [55].





4
VA R I AT I O N A L L E A R N I N G

To avoid the complications connected with the data process, [55] pro-
poses a variational ML method where the network is trained on con-
figurations generated by the network itself. In that case, there is no
need to put any effort into collecting qualitative data. The complexity
of solving the problem then comes down to optimising and training
the network, which can remain very challenging.

Consider the one-dimensional Ising model with open boundary
conditions from chapter 1. Contrary to chapter 3, the network is
trained using an alternative training method that does not require
pre-generated configurations of the system. We are using the same
RNN architecture from section 3.2.

4.1 training the network

The optimal parameters θ that minimise the dissimilarity between the
network distribution q(s; θ) and the Boltzmann distribution p(s), can
be found starting from the reversed Kullback-Leibler divergence

DKL(q ‖ p) =
∑

s

q(s; θ) ln
(
q(s; θ)
p(s)

)
= βFq −βF, (26)

where the normalisation of the variational distribution
∑

s q(s; θ) =
1 is used. The reversed KL divergence can be written in terms of
βFq :=

∑
s q(s; θ) (βE(s) − lnq(s; θ)), which is the variational free en-

ergy according to the variational distribution q(s; θ), and βF = − lnZ,
which is the free energy of the system. Due to the Jensen inequality,
βFq is an upper bound for the free energy βF.

There is an important distinction between the reversed (26) and the
standard (21) KL divergence. The standard version corresponds to dis-
tribution estimation: given configurations drawn from the Boltzmann
distribution s, find the parameters θ so that q(s; θ) approximates p(s).
For the reversed version, there is no need for configurations sampled
according to the Boltzmann distribution. Minimising (26) is equival-
ent to minimising the variational free energy, which is an expectation
value over samples from the variational distribution

βFq = 〈βE(s) − lnq(s; θ)〉s∼q , (27)

with E(s) the energy of the one-dimensional Ising chain. The vari-
ational free energy is often used as an estimate of the free energy: if
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Figure 16: A flowchart of the training process: a batch of spin configurations xi is
generated by the network and then forwarded through the network to
predict the probabilities ŷi. The xi are used to calculate the free energy
loss L(θ). Finally, a back-propagation through the network provides the
gradients of the loss and are used by the Adam optimiser to update the
parameters θ → θ ′. This procedure is repeated until the training has
iterated a fixed number of times. We choose the best model based on the
parameters that lead to the minimal validation loss.

the two distributions are exactly the same p = q, then βFq = βF. In
practice, the expectation from (27) is approximated by an MC estimate.
The actual loss used during training is

L(θ) =
1

nb

nb∑
i=1

(βE(si) − lnq(si; θ)) , (28)

with nb the number of generated configurations in one iteration.
For the practical implementation of the training approach, we refer
to Appendix C.1. The network is trained by generating configura-
tions of the system, minimising an estimation of the variational free
energy and using the Adam optimiser for updating the parameters.
The training flow is visualised in Figure 16.

First, we notice that the training is very similar to chapter 3: instead
of selecting a batch of samples to train the model, a batch of samples
is generated. Instead of calculating the average loss after one iteration
through the entire data set, the average loss is calculated after a fixed
number of training steps NT .

Second, in chapter 3 it was shown from numerical simulations that
the hyperparameters have a small impact on the training so that most
networks produce approximately the same results. In [55] it is men-
tioned that this behaviour also occurs for a variational training ap-
proach. Hence, the grid search from section 3.3 is omitted, thereby
reducing the total training time. After all, the training of the network
is computationally more expensive since the configurations are gen-
erated during training. The hyperparameters are fixed based on grid
searches from chapter 3.

Third, since new configurations are generated for each iteration,
the model is very unlikely to overfit to the data. Validating the net-
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Figure 17: The estimated free energy loss (28) with standard deviation (not vis-
ible) during training of a network with Pθ = 147 parameters. The
one-dimensional Ising has N = 500 spins, βJ = 3 and βH = 0. The
temperature is annealed from β∗0J = 0 to βJ = 3 in NA = 100 steps.
At every temperature, the network is trained forNT = 10 parameter up-
dates with batch size nb = 103. After annealing, the network is further
trained for ten steps with NT = 10. The free energy loss is compared to
the analytical solution (barely visible under the loss).

work after every epoch results in very similar training and validation
losses. This is definitely not always the case, as can be seen in Fig-
ure 9. Therefore, much time can be saved by omitting the validation
of the model during training.

Finally, it is possible that the network is not able to capture all
modes (pure states) of the distribution p(s) of the system [55]. The
pure states of the one-dimensional Ising are the up and down chain.
For low temperatures, we use temperature annealing to prevent mode
collapse by starting from a high temperature β∗0 and carefully anneal
to the system temperature β. We choose a linear scheme where each
annealing step is equal in size. At each annealed temperature, the
parameters of the network approximately describe the equilibrium
system at β∗. These parameters are then reused for the next equi-
librium at β∗ + ∆β∗. The parameters are updated from one equilib-
rium to the next to prevent mode collapse [22]. After annealing, the
network is further trained at the system temperature. For the one-
dimensional Ising, mode collapse is only a concern at very low tem-
peratures (Tc = 0). The two-dimensional Ising, for example, already
has two modes at finite temperatures (Tc > 0). Other systems such as
spin glasses can have many pure states [53]. More details about mode
collapse and temperature annealing can be found in Appendix C.1.

Combining all these aspects of the training approach, we train net-
works for learning the Boltzmann distribution of the one-dimensional
Ising system. An example can be seen in Figure 17. The estimated
variance of the variational free energy remains small during anneal-
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Figure 18: Scaling of the time complexity, the average computational time per train-
ing iteration, with system size N (left) and number of parameters Pθ
(right). The number of parameters is increased by increasing the hidden
dimension (hd = 1, . . . , 200). The networks are trained on a Tesla K80
GPU.

ing. Hence if the annealing prevents mode collapse, the network finds
the correct distribution including both the up and down chain.

One training step contains two separate iterations over the system
size N: one for calculating the energy in the loss (28) and one dur-
ing a forward pass through the network (see Figure 6). Therefore the
average training time scales as O(N), similar to the sampling time.
Figure 18 (right) shows the time complexity of the training process,
here defined as the average computational time per training iteration,
for scaling system size. If the system size is increased by an order
of magnitude, then the average training time also approximately in-
creases by an order of magnitude. The empirical data thus agrees
with the theoretical linear scaling of O(N).

Figure 18 (left) depicts the scaling of the computational complexity
with the number of parameters of the network Pθ. We vary the hidden
dimension because the number of layers is typically small when train-
ing RNNs [19]. Deep Learning libraries are designed and optimised to
work with millions of parameters [39]. If the network is trained on
a GPU, there is no significant computational cost by training with a
larger hidden dimension.

4.2 physical results

Once the network is properly trained, the RNN can be used to gener-
ate configurations of the system, which in turn are used to estimate
physical quantities of the system under study.

In Table 6 the physical quantities are estimated and compared to
the MCMC estimations from Table 5. The results for the energy and the
magnetisation are consistent with the MCMC estimations. This proves
that the alternative training approach can learn the correct distribu-
tion with the extra advantage that no efforts are needed for data col-
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physical quantity mcmc nis

Magnetisation m 0.0065± 0.0064 0.0004± 0.0063
Energy βE −190.8308± 0.0534 −190.8193± 0.0534
Free energy βF 7 −200.4900± 0.0001
Entropy S 7 9.6707± 0.0534

Table 6: The relevant physical quantities of the one-dimensional Ising and their
standard deviations, estimated with n = 104 samples from the RNN with
NIS. The system hasN = 100 spins, βJ = 2 and βH = 0. The MCMC estim-
ates with standard deviations, obtained by simulating n = 104 samples,
are also shown.
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Figure 19: The connected correlation function G(r) and its standard deviation
(barely visible), estimated with n = 104 samples from the RNN using
NIS. The one-dimensional Ising hasN = 104 spins, βJ = 4 and βH = 0.
The exact correlations (N→∞) are also depicted. During training, the
temperature is annealed for NA = 10 steps, each with NT = 10 para-
meter updates. After annealing, the system is further trained for ten
steps each with NT = 10.

lection or generation. The estimated free energy has a small variance
in comparison to the other estimations. This coincides with the zero
variance principle (see Appendix C.1): if there is no mode collapse,
a small variance of the free energy suggests that q(s; θ) ≈ p(s). The
energy of the generated configurations is distributed according to a
distribution with a larger variance since the network should generate
configurations with lower energies (ground state) and higher energies
(excited states). For the entropy it holds that S = βE− βF = β+ lnZ,
where the partition function Z is a constant normalisation. If the free
energy has a low variance, the entropy S has a similar distribution as
the energy βE. In particular, they have a similar variance.

Figure 19 shows the connected correlation function G(r) for a sys-
tem at low temperature. The larger variance at large distances r is
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Figure 20: A visualisation of the generated configurations s for a one-dimensional
Ising with N = 104, βJ = 4 and βH = 0. The figures represent the
different spin chains that were generated by the RNN, sorted according
to the network probability q(s; θ). The spins are visualised (left) as black
(s = +1) and white (s = −1). The energies βE(s) and the free energies
βF(s) are also depicted. The figures represent 9620 different configura-
tions of the n = 104 that were generated. The system has 2N possible
configurations.

caused by the limited number of spin pairs (see section 3.5). The gen-
erative model can describe the correct correlations in the system. It
is possible to train networks for larger system sizes on a single GPU

at a relatively small computational cost. Optimising the training al-
gorithm or using multiple GPUs allows the network to learn distribu-
tions for very large systems, which is quite difficult using traditional
MCMC algorithms. Once the network is properly trained, configura-
tions can be efficiently and independently sampled in the same way
as section 3.4. Therefore the computational cost is dominated by train-
ing the network.

Figure 20 shows a visualisation of the generated configurations of
the network, similar to Figure 14. The network can generate the cor-
rect spin configurations: the ground states have the highest probabil-
ity and dominate the spectrum at low temperature, while the states
with high excitation energy have a low Boltzmann probability.

We can exploit the relation between the locality of the system and
the RNN cell (see section 3.2). The cell should describe the physics
of a single site of the system and because of the locality of the one-
dimensional Ising, this information should be the same for every site
in the chain. In particular, the physical quantities only depend on the
system parameters βJ and βH and scale extrinsically with the system
size N. Therefore, the architecture allows an RNN cell to be trained
for a system size N1 and be used to generate configurations for N2.
The result can be seen in Figure 21. The generated configurations can
describe the correlations for N2. However, remember that this only
works because of the local physics of the Ising model and the full
parameter sharing of the RNN. Therefore this cannot be considered as
a general technique.
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Figure 21: The connected correlation function G(r) and its standard deviation
(barely visible), obtained with n = 104 generated samples of the RNN us-
ing NIS. The network is trained for a one-dimensional Ising system with
N1 = 10 spins, βJ = 4 and βH = 0, but the configurations are gener-
ated for N2 = 104 spins. The analytical solution in the thermodynamic
limit (N→∞) is also depicted.

Figure 22: A visualisation of the symmetries of an open one-dimensional Ising
chain with N = 5 spins. The figure shows an example spin chain s
(top left) and its symmetry invariant configurations: flipped −s (top
right), reflected sR (bottom left) and flipped and reflected −sR (bottom
right).

4.3 imposing symmetry

When introducing a variational ansatz for the Boltzmann distribution,
the symmetries of the system can be incorporated into the variational
distribution q(s; θ). This imposes the variational distribution to ex-
hibit the same symmetries as the Boltzmann one [29].

Consider the Hamiltonian of the one-dimensional Ising with van-
ishing field H = 0 and open boundary conditions

E = −J

N−1∑
i=1

sisi+1,
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which has the following two symmetries that are visualised in Fig-
ure 22 [37]:

• Z2 symmetry: the Hamiltonian is invariant under flipping of all
the spins si → −si with i = 1, . . . ,N. The system makes no
distinction between a configuration s and −s so that E(s) =

E(−s) and, in particular, p(s) = p(−s). This symmetry can be
built into the variational distribution by setting the probability
[29, 55]

qsym(s; θ) =
1

2
(q(s; θ) + q(−s; θ)) , (29)

where qsym is the symmetrised variational distribution.

• Reflection symmetry: the Hamiltonian is also invariant under re-
flection of the spins between the boundaries si → sN−i+1 with
i = 1, . . . ,N. Similarly, the system should make no distinction
between a configuration s and its reflection sR so that p(s) =

p(sR). The symmetrised variational distribution is then

qsym(s; θ) =
1

2
(q(s; θ) + q(sR; θ)) . (30)

The two symmetries (29) and (30) can be combined into a symmet-
rised variational distribution by averaging the probabilities over the
symmetry operations

qsym(s; θ) =
1

4
(q(s; θ) + q(−s; θ) + q(sR; θ) + q(−sR; θ)) . (31)

Since the four probabilities are properly normalised, qsym(s; θ) is
also normalised. Not only does the qsym respect the symmetries of
the system, there are also fewer configuration-probability couples that
have to be learnt by the network. Despite the computational overhead
by calculating three probabilities instead of one, the training of the
network should be easier and, eventually, training can be computa-
tionally less expensive than for q(s; θ).

In addition, one can prove that the true loss of the symmetrised
model is equal to or lower than the non-symmetrised version [29]
(see Appendix C.2 for a derivation):

βFq > βFqsym .

This suggests that the network can find a lower variational free
energy βFqsym during training. It follows, per the assumption of the
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configuration s lnqsym(s; θ) lnq(s; θ)

1 (↑↑↑↑↑↑↑↑↑↑) −1.8380 −1.8364

2 (↓↓↓↓↓↓↓↓↓↓) −1.8380 −1.8393

3 (↓↓↓↓↓↓↓↓↓↑) −3.8124 −3.8369

4 (↓↑↑↑↑↑↑↑↑↑) −3.8124 −3.8286

5 (↑↓↓↓↓↓↓↓↓↓) −3.8124 −3.7985

6 (↑↑↑↑↑↑↑↑↑↓) −3.8124 −3.8379

7 (↑↑↑↑↑↑↑↑↓↓) −3.8361 −3.8323

8 (↓↓↑↑↑↑↑↑↑↑) −3.8361 −3.8300

9 (↑↑↓↓↓↓↓↓↓↓) −3.8361 −3.8536

10 (↓↓↓↓↓↓↓↓↑↑) −3.8361 −3.8353

Table 7: Ten generated configurations s from the RNN with the highest probability
qsym(s; θ), for a one-dimensional Ising with N = 10, βJ = 1 and βH = 0.
The qsym are compared to the probabilities q, obtained without imposing
symmetry.

KL divergence, that the learnt network distribution is closer to the
Boltzmann distribution. As a result, a symmetrised variational dis-
tribution could, via (31), make learning easier since the symmetry
reduces the complexity of the problem.

By training the model with the symmetrised probabilities in the
loss (28), the network is learning the distribution qsym instead of q.
Therefore, the symmetrised probabilities are the only ones that mat-
ter, meaning that the sampling should also be done according to qsym.
The sampling procedure is symmetrised as follows: a batch of config-
urations is generated by the RNN. Then each configuration s is flipped
with 1/2 probability s → s ′ (Z2 symmetry) after which it is reversed
with 1/2 probability s ′ → s ′′ (reflection symmetry). As a result, when
s is generated, one of the four symmetrised configurations (s,−s, sR
or −sR) is sampled with 1/4 probability.

Table 7 shows the effect of symmetrising the variational ansatz. The
symmetrised variational ansatz gives an equal probability to config-
urations that are invariant under the two symmetry operations: s, −s,
sR and −sR. There is still a small difference in probability between
non-symmetry configurations (but within the same energy level). For
example, the configurations 3− 6 have a slightly higher probability
than the configurations 7− 10. However, the differences in probabil-
ity between the different energy levels are much larger. For example,
compare the configurations 1− 2 with 3− 8. Without imposing sym-
metry, the network gives a different probability to configurations that
are invariant under the symmetry operations.

By imposing symmetries there are fewer probabilities to be learnt
by the network. However, in practice, there is no noticeable difference
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between network training with and without imposing symmetry. For
the one-dimensional Ising model, in particular, there is no significant
benefit by imposing symmetry.

4.4 conclusion

The variational training minimises the variational free energy βFq
of configurations generated by the network. In combination with the
RNN architecture, it captures the correct physics of the one-dimensional
Ising. For this system, in particular, symmetrising the variational an-
satz and sampling does not add a significant benefit to the training
or estimations.

The variational approach is very similar to the data approach in
many aspects concerning the training and physical results. For ex-
ample, a total number of Pθ ≈ 19− 149 trainable parameters is suf-
ficient to learn the correct distribution. Because new configurations
are generated at each parameter update, it is even more unlikely for
the model to overfit to the configurations when compared to the data
method. This suggests that overfitting and regularisation are certainly
not of concern.

In the data approach, one needs an existing set of configurations
that describe the Boltzmann distribution so that the network can es-
timate the density. The underlying distribution of the data must be
similar to the Boltzmann one since one cannot expect the network to
estimate the Boltzmann density if it is not encoded in the data. Neural
Importance Sampling can help to fix the discrepancies between the
learnt distribution and the Boltzmann one but fails if they are not
similar enough. In any case, the data set needs to be carefully con-
structed with configurations from the Boltzmann distribution. The
gathering of qualitative data is an extra step in the analysis of phys-
ical systems, which is completely omitted in the variational approach.
The latter requires only a Hamiltonian of the system.

In the variational approach, the configurations are generated by
the network during training, which is more expensive than iterating
through existing data. Nonetheless, many aspects of ML and DL can
be used to optimise and speed up the training of networks, includ-
ing parallelisation and GPUs. In addition, autoregressive RNNs allow
trained models to be iteratively reused for larger system sizes. The
parameters of the RNN of a smaller system are used as initial para-
meters for a larger system, for which the model is retrained. This
method can efficiently scale to very large system sizes [43].

In chapter 3 and chapter 4 we have only considered an architecture
with a single RNN cell and fully connected layer, which is sufficient for
the one-dimensional Ising. This is not necessarily the case for other
dimensions or systems. More challenging systems likely require more
intricate architectures [21]. In chapter 5 we consider lattice systems
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with more difficult interactions between the spins and use different
RNN architectures.





5
S P I N G L A S S E S

Consider the spin glass system described in section 1.3 with Hamilto-
nian E = −

∑
i<j Jijsisj. Similar to chapter 4, we want to minimise

the variational free energy βFq in combination with an RNN archi-
tecture to learn the Boltzmann distribution. However, there are three
additional complications compared to the one-dimensional Ising with
Hamiltonian E = −J

∑
i sisi+1.

1. Site-dependent interactions: the interactions between the spins Jij
differ per site. While local interactions in spin glasses are very
important, the transfer matrix is not the same for every site.
A model has to learn different physics at every site, which in-
creases the difficulty of learning.

2. Long-range interactions: a spin not only interacts with its nearest
neighbours but also with spins at a longer distance. These in-
teractions introduce long-distance dependencies between spins
which are more difficult to learn for an RNN with full parameter
sharing. This is similar to remembering long-term dependencies
between inputs for an RNN (see Table 3). Capturing long-term
dependencies with an RNN is a challenging problem in ML [14,
19].

3. Random interactions: the interactions are random and can be fer-
romagnetic (Jij > 0) or antiferromagnetic (Jij < 0). The system
exhibits more challenging physics such as frustration and the
existence of many metastable states [35].

The physics of the one-dimensional Ising, with its local ferromag-
netic interactions, can be captured by applying the same RNN cell
and fully connected layer Σ to each input si (chapter 3 and chapter 4).
A one-dimensional spin glass is much more complicated, which sug-
gests that a single RNN cell and fully connected layer are not sufficient
to capture the physics. We investigate whether the RNN is suited to
learn the distribution of the spin glass. If this turns out not to be the
case, we consider different architectures so that the RNN can capture
the Boltzmann distribution.

5.1 random ising chain

We first investigate the impact of site-dependent interactions by con-
sidering an open Ising chain with N spins and classical Hamiltonian

59
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Figure 23: The spin-spin correlation function C(i, i+ r) = 〈sisi+r〉 with i = 1

for a random Ising chain with N = 100 and β = 10. Left: three net-
works are trained using a single RNN cell and fully connected layer (see
Figure 6) with increasing number of parameters Pθ. Right: a network is
trained using a single RNN cell but a different fully connected layer for
every site (see Figure 24) with Pθ = 1335 parameters. The C(1, 1+ r)
are estimated with n = 105 samples and compared to the analytical
solution for finite systems with open boundary conditions [20].

E = −

N−1∑
i=1

Ji,i+1sisi+1.

The interactions are randomly distributed according to a uniform
distribution between zero and one:

Ji,i+1 ∼ U ([0, 1[) with U ([a,b[) :=

 1
b−a a 6 x < b

0 x < a or x > b
.

The interactions are ferromagnetic and restricted to neighbouring
spins, similar to the Ising model, but the Ji,i+1 are site-dependent.
The ground states are the spin up and down chain. The system is
characterised by a range of transfer matrices that are site-dependent.
Hence, it is more difficult for a network to learn the distribution. This
can be seen in Figure 23 (left), where an RNN is trained with a small
number of parameters. The network does not fully describe the correl-
ations in the system, while it can capture the physics of the standard
Ising chain (see Figure 19). The expressiveness of the NN can be in-
creased by increasing the number of parameters Pθ. Until Pθ = 8202,
a more expressive network better captures the correlations at small
inter-spin distances. One expects, that if Pθ is large enough, the net-
work can capture the correlations at any distance. This is not the case,
however, as can be seen for Pθ = 31402. The training of the network
is harder since the minimal free energy loss seems to get stuck at
βFq,min = −523.69± 0.35. The larger standard deviation suggests that
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RNN RNNRNN

Figure 24: A graphical representation of the RNN architecture, based on [21]. The
network is initialised by the artificial spin s0 and hidden vector h0. They
are sent through an RNN cell (green box), fully connected layer Σi and
softmax activation σ to provide the output probabilities yi. Contrary to
Figure 6, the architecture has a different fully connected layer for each
input si.

the network distribution does not approximate the Boltzmann one
well. Getting stuck at a high-cost minimum has many potential causes
such as local minima or vanishing gradients [19].

However, there exists a more elegant solution by considering an
RNN architecture with a single cell and fully connected layers Σi for
each site in the chain (see Figure 24). The position of each spin si
is thus implicitly encoded in the parameters of the Σi. An intuitive
interpretation is that the local interactions Ji,i+1 are represented by
the passing of a hidden vector hi through the chain and the Σi en-
code the different values of Ji,i+1. The combination of the two en-
codes the conditional probabilities qθ(si | s<i). When the parameters
are shared, the values of the Ji,i+1 are encoded in the parameters
of the single cell and Σ, which are shared over the spins. This ex-
plains why more parameters are needed to capture the physics. The
estimated spin-spin correlations are shown in Figure 23 (right). With
only a limited number of parameters (hd = 5), the network can cor-
rectly estimate the correlations. Training is easier since the network
quickly finds a lower free energy loss with a smaller standard devi-
ation: βFq,min = −526.69± 0.04. By assuming different fully connec-
ted layers, it is possible to keep the hidden dimension small. In prac-
tice, one can train networks for a large system size with few training
steps. Similarly, one can build architectures with different RNN cells
that do not share parameters or an RNN where the cells and the fully
connected layers do not share parameters. Here, it suffices to forego
parameter sharing on the fully connected layers and keep sharing the
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weights for the cells. We conclude that it can be very beneficial to
adapt the network architecture to the physical system under study.

5.2 long-range ising chain

Next, we want to investigate long-range interactions for an open one-
dimensional chain with N spins. Consider another classical Hamilto-
nian, where the range of the interactions is controlled by the para-
meter σ:

E = −

N∑
i<j

Jijsisj with Jij =
J

r2σij
.

The interactions are ferromagnetic (J > 0) and decay as a power-
law of the distance between the spins rij = |i− j|. For σ→∞, the sys-
tem corresponds with the nearest neighbour Ising and for σ = 0 with
the infinite-range Ising [6]. Notice that this is the same Hamiltonian
as the spin glass one from section 1.3, but here the interactions are
solely ferromagnetic and not random. Lattice models with power-law
interactions have been extensively studied: while for σ > 1 there is
no phase transition at finite temperatures (Tc = 0), for 12 < σ < 1 the
system exhibits long-range order at finite temperatures (Tc > 0) [16].
The phase transition for 12 < σ <

3
4 is characterised by mean-field ex-

ponents [44]. The critical exponents for 34 < σ < 1 are non-trivial and
σ-dependent [36, 50]. When σ = 1, the system has a one-dimensional
Kosterlitz-Thouless transition [58].

Consider the mean-field region (12 < σ < 3
4) with long-range or-

der. In Figure 25 (left) different networks are trained with a single
cell and Σ but an increasing number of parameters Pθ. The system
exhibits long-range order at finite temperature. However, increasing
the number of parameters has no significant effect on the estimated
correlations. When compared to the MCMC estimate, none of the net-
works can correctly describe the correlations at large distances. This
could be attributed to: (1) the RNN is not able to correctly capture the
different interactions Jij, similar to section 5.1 or (2) the RNN has dif-
ficulties capturing long-range dependencies in the system. The latter
is a well-known challenge for RNNs in ML [14, 19].

When using a network with a single cell and multiple Σi, the cor-
relations are consistent with MCMC, even at large inter-spin distances.
This suggests that, at least for N = 100 and power-law interactions,
long-range dependencies are not the most important challenge. This
could be different for fully connected systems or systems with very
long-range interactions.

We also mention that the energy is calculated with all N(N− 1)/2

interactions. Hence for large system sizes N, calculating the energy
can run into memory problems and/or very long simulation times.
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Figure 25: The spin-spin correlation function C(i, i+ r) = 〈sisi+r〉 with i = 1

for a long-range Ising chain with N = 100, σ = 5/8 and βJ = 1. Left:
results of four networks with a single RNN cell and fully connected layer
(see Figure 6) for increasing number of parameters Pθ. The C(1, 1+ r)
are estimated with n = 105 samples and compared to an MCMC estimate,
obtained by a single spin flip algorithm (Appendix A.1). The standard
deviations are not shown for the sake of clarity. Right: a network is
trained using a single RNN cell but a different fully connected layer for
every site (see Figure 24) with Pθ = 1335 parameters. The C(1, 1+ r)
are depicted with standard deviations.

5.3 spin glass

Having studied the impact of site-dependent and long-range interac-
tions, consider the one-dimensional spin glass from section 1.3. The
interactions Jij are random variables according to a Gaussian distribu-

tion N
(
0,C/r2σij

)
. This Hamiltonian has site-dependent, long-range

and random interactions. The bonds (i, j) are generated as follows [27,
53]: choose an average coordination number zb. Then generateNzb/2
(i, j)-couples with probability p((i, j)) = C/r2σij without replacement,
so that every combination (i, j) appears once at the most. On average,
every site interacts with zb other sites. The constant C is calculated as

C =

∑
i<j

1

r2σij

−1

,

so that
∑
i<j p((i, j)) = 1 is normalised to one. Once the bonds are

generated, the interactions are drawn from a Gaussian distribution
with mean zero and variance one: Jij ∼ N (0, 1).

Contrary to section 5.2, the total number of interactions is limited
to Nzb/2; these interactions are called dilute interactions [27]. The en-
ergy calculation scales linearly with the system size N so that it is
possible to train networks for larger systems without running into
memory issues and/or very long run times. This is actually quite
important since finite-size effects are very large in these models [27].
Here we only look at smaller system sizes. Disordered systems can
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Figure 26: Results for a one-dimensional spin glass with N = 20, σ = 5/8,
β = 1.35 and zb = 6. Left: the minimum free energy loss βFq,min
with standard deviation for networks trained with increasing num-
ber of parameters Pθ. The networks have an RNN cell with parameter
sharing (blue) or without (orange) and both do not share weights for
the fully connected layers. Right: the averaged squared correlations
C4(i, i+ r) =

[
〈sisi+r〉2

]
with i = 1. The [. . .] is averaged over ten

different Jij realisations, while the 〈. . .〉 is averaged over n = 106 spin
configurations from the RNN.

have multiple pure states in the spin glass phase [53]. If we want the
network to capture all of them, we expect temperature annealing to
be essential during training.

For disordered systems such as spin glasses, it is common practice
to not share weights in an RNN [19]. In [22] there is no weight sharing
for both the RNN cell and the fully connected layer Σ. In Figure 26

(left), we compare the minimum loss of an RNN with no weight shar-
ing to the RNN from Figure 24. Both networks find approximately the
same minimum training loss when enough parameters are used. This
suggests that there is no significant difference between the two.

The nature of short-range spin glasses is not yet fully understood
and not many analytical solutions are available. One often uses paral-
lel tempering MC simulations, which are more difficult to implement
than the MCMC algorithms considered in this study [32]. Hence, it is
more difficult to test whether the network captures the correct phys-
ics. We focus on the minimum training loss and the correlations for a
short spin chain in the mean-field regime (12 < σ <

2
3). We train net-

works with an increasing number of parameters Pθ and compare the
minimum training loss, for which the results can be seen in Figure 26.
The minimum loss is higher and has a larger standard deviation for
a small Pθ than for a larger Pθ. For Pθ & 102, the minimum loss does
not decrease significantly when increasing Pθ. This suggests that the
networks find a good minimum of the free energy but this is not ne-
cessarily the correct one. We visualise the generated configurations
of the RNNs with the least (a high minimum loss) and the largest
number of parameters (a low minimum loss) in Figure 27. If the net-
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Figure 27: A visualisation of the generated configurations s for a one-dimensional
spin glass with N = 20, σ = 5/8, β = 1.35 and zb = 6. The fig-
ures represent the different spin chains that were generated by the RNN,
sorted according to the network probability q(s; θ). The spins are visu-
alised (left) as black (s = +1) and white (s = −1). The energies βE(s)
and the free energies βF(s) are also depicted. The figures represent the
60 configurations with the highest network probability. The system has
220 different possible configurations. Top: the network is trained with
Pθ = 375 and has βFq,min = −44.68± 0.25. Bottom: the network has
Pθ = 164040 and βFq,min = −44.75± 0.01.

work distribution approximates the Boltzmann one, then the q(s; θ)
and βE(s) curves are similar (see chapter 3) and the free energy has a
small variance (zero variance principle). The network with low min-
imum loss has similar q(s; θ) and βE(s) curves and a smaller variance
in the free energy. For the network with a higher minimum loss, the
q(s; θ) and βE(s) curves differ more noticeably and the variance of
the free energy is larger. These results suggest that the network can
capture the distribution of the spin glass system.

The next step is to study the physical properties of the system. We
focus on the squared disconnected correlations C4(i, j), for which an
exact solution is available (10). The correlations are averaged over
ten different Jij realisations and shown in Figure 26 (right). Unfortu-
nately, there is not much we can deduce from the figure due to the
large variances. In practice, the correlations are averaged over many
Jij realisations. For example, in [53] the correlations are averaged over
1000 different Jij realisations. However, in the context of this study,
this requires too much simulation time and is computationally too
expensive for us. If there is access to more computational resources,
it is possible to run simulations for longer spin chains and more Jij
realisations. As a result, one can perform a more in-depth study of
the physical properties of the spin glasses, such as the correlations.
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5.4 conclusion

We have studied one-dimensional spin chains, with site-dependent
and long-range interactions, by utilising multiple RNN architectures.

An architecture with full parameter sharing does not suffice for
the random Ising chain with site-dependent interactions. Under the
conditions that the parameters of the fully connected layers are no
longer shared, the network can capture site-dependent interactions
and the physics of the system.

For power-law interactions, long-range dependencies between spins
are not a major concern for the RNN after switching off weight shar-
ing. It still captures the correlations to an accuracy comparable to
MCMC estimates without any further adjustments for the long-range
dependencies.

The first results for one-dimensional spin glasses are promising.
The network finds a low minimum training loss with a small variance,
which suggests that the network can learn the Boltzmann distribution.
However, a more in-depth study of the physical properties of the
system is required to establish RNNs as a valid simulation technique
for spin glasses with power-law interactions.



6
C O N C L U S I O N A N D O U T L O O K

6.1 conclusion

In this dissertation, we have examined autoregressive Machine Learn-
ing (ML) models as an alternative to Monte Carlo (MC) simulations
in statistical physics. The models are trained in such a way that the
autoregressive ansatz q(x; θ) approximates the Boltzmann distribu-
tion p(x).

In chapter 3, we have trained a network on a set of Boltzmann
configurations of the one-dimensional Ising, obtained with Markov
Chain Monte Carlo (MCMC). This training approach corresponds to
density estimation. A Recurrent Neural Network (RNN), with only a
single cell and fully connected layer, successfully captures the physics
of the one-dimensional Ising model. The physical and training results
do not differ significantly for many combinations of the hyperpara-
meters. Because the physics is the same for every site, the network
needs few parameters (P . 150) to achieve results consistent with
MCMC. The RNN provides normalised probabilities of the configura-
tions, which can be combined with Neural Importance Sampling (NIS)
to obtain unbiased estimations with reliable errors. Especially for
smaller data sets, NIS provides better estimates of the physical quant-
ities. While for MCMC the majority of the effort goes into finding effi-
cient sampling algorithms, the RNN efficiently samples independent
configurations so that the training of the model is the most expensive
part of the simulation.

In chapter 4, we train a network on configurations generated by
the network itself. The training is, therefore, more expensive than in
chapter 3 but no a priori configurations of the Boltzmann distribution
are needed. The RNN architecture can correctly capture the physics of
the one-dimensional Ising. In fact, the results are very similar to the
ones of chapter 3 with the advantage that the simulation methodo-
logy only requires a Hamiltonian. For low temperatures (T ≈ 0), we
perform temperature annealing to prevent mode collapse on the up
and down chain. Since the training time scales linearly with the sys-
tem size and only a relatively small number of parameter updates
are needed (. 200), we train spin chains up to N = 104 on a single
Graphics Processing Unit (GPU). In section 4.3, we incorporate the
symmetries of the system into the variational ansatz and sampling
procedure. For the one-dimensional Ising, imposing symmetry does
not add any significant benefit to the training or results.

67
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In chapter 5, we apply the variational method to more complex
one-dimensional spin systems with site-dependent and long-range
interactions. Since the physics is no longer the same for every site,
an RNN with full parameter sharing cannot capture the Boltzmann
distribution. Upon using different fully connected layers for every
site in the chain, the network can describe the correlations between
spins with site-dependent (section 5.1) and power-law (section 5.2)
interactions. In particular, with a small number of parameters (Pθ .
1500 for N = 100), the network can find a low minimum loss in
relatively few training steps. This is not the case when the network
has full parameter sharing. Therefore, it is beneficial to adapt the
network architecture to the system under study. The architecture also
seems sufficient for one-dimensional spin glasses (section 5.3) but a
more in-depth study is recommended.

We conclude that an autoregressive Neural Network (NN) offers a
valid alternative to traditional MC simulations for the systems con-
sidered here. Whereas the MCMC configurations are weighted by the
Boltzmann distribution, an RNN provides normalised probabilities
which provide access to quantities that depend on the partition func-
tion. Markov Chain Monte Carlo configurations are directly sampled
from the Boltzmann distribution – or at least very close to it – and
variance estimates are easily obtained by multiple independent runs
or by the batch means method. An NN does not always fully cap-
ture the distribution, which introduces biases in the estimations. In
that case, NIS provides asymptotically unbiased estimates and reli-
able variances. For many physical systems, there exists a relatively
simple MCMC algorithm, for example, the single spin-flip ones for the
Ising models. Certain systems, such as spin glasses, do not lend them-
selves easily to simulations with MCMC techniques. In those cases, ML

can offer an alternative simulation methodology. In ML simulations,
the majority of the effort goes into designing a suitable architecture
and training the model after which configurations can be efficiently
sampled without correlations. The complexity of the problem is shif-
ted to solving a high-dimensional and intrinsically hard optimisa-
tion process. Therefore, it is beneficial to study the intimate relation
between systems and model architectures. If the network is adapted
to the system under study, the optimisation is easier and the model
requires less training.

6.2 outlook

Recurrent Neural Networks for simulations in classical statistical phys-
ics have only recently been proposed [21]. There is much unknown
territory to be explored. In particular, a more thorough study of the
relation between the network architecture and the system is the lo-
gical next step. In [22] one proposes special constructions to increase
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the expressiveness of the model, named Tensorised RNNs. They also
use recent developments in ML, so-called Dilated RNNs [14], to capture
long-term dependencies in the system. This could help to simulate
systems with very long-range interactions. An understanding of the
network-system relation could help to find a more general mechan-
ism for simulating classical many-body systems with ML.

We first discuss some broad possible extensions and ideas. We have
focused on one-dimensional spin systems without phase transitions
(chapter 3 and chapter 4) or away from the transition at T < Tc
(chapter 5). One could extend autoregressive RNNs on a broad range
of systems and system parameters, for example:

• Can the model capture phase transitions (T ≈ Tc) and produce
the correct critical exponents?

• How can the one-dimensional input sequence of RNNs be used
for higher-dimensional lattice systems? In two dimensions, one
can snake through the lattice [21].

• The RNN can be extended to finite-dimensional discrete sample
spaces [21]. Can RNNs be combined with infinite-dimensional
or continuous state spaces? In that case, the one-hot encoding
of the input is no longer straightforward.

• The RNN is per construction open on both sides of the input se-
quence. Is there a way to implement periodic boundary condi-
tions? Spin glasses, for example, are often studied for periodic
or antiperiodic boundary conditions and show different beha-
viour for open boundary conditions [24].

For this study, in particular, we suggest the following possible im-
provements and/or extensions:

• The variational approach provides a general scheme to optimise
the ML models [55]. A more quantitative convergence measure
for the free energy loss is a potential improvement, especially
when no analytical solution is available. When does the free en-
ergy loss reach the free energy of the system during training?
In that way, one knows how well the model approximates the
Boltzmann distribution even before using the configurations for
estimations. One possibility is to focus on the standard devi-
ation of the free energy loss. A small deviation suggests a well-
trained network close to the Boltzmann distribution [55].

• For the one-dimensional Ising model, we have found that the hy-
perparameters do not significantly impact the results, but this
is not necessarily always the case. Aside from the network ar-
chitecture, a more in-depth study of the effect of the hyperpara-
meters on the training of the model will help to understand
why something works or does not.
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• In practice, one often performs a finite-size scaling analysis to
determine the critical temperature of the system under study.
In chapter 5, due to computational and time restrictions, we
have chosen the parameters of the simulations based on other re-
search [53]. However, different boundary conditions and finite-
size effects could suggest a different critical temperature.

• If there is access to more computational resources, the analysis
of the spin glass (section 5.3) can be extended to simulations
for longer spin chains and more bond configurations. A more
in-depth analysis of the correlations can confirm if the RNN is a
viable simulation methodology for the system.

Finally, we have mainly focused on autoregressive RNNs because
they are simple and provide normalised probabilities of the configur-
ations. There are many other generative models which can be used
for simulations in statistical physics (see Table 2). Similarly, there ex-
ist other network architectures, such as a Convolutional Neural Net-
work (CNN), which can also be used for simulations. We do not have
to limit ourselves to one specific type of model or network. Instead,
one can explore a large number of possibilities in ML and see if there
are other more viable options.
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S TAT I S T I C A L P H Y S I C S

a.1 ising mcmc

This section contains the details of the MCMC implementation for the
data generation mentioned in chapter 3. We describe the MCMC al-
gorithm and the details about the data generation.

Consider a one-dimensional Ising chain with N spins and open
boundary conditions (7). For this system, a simple but effective single
spin-flip MCMC algorithm is chosen [20]:

1. Initialisation: choose an initial configuration. The two most com-
mon are a completely ordered state (T → 0) with all spins up
or down, or a completely random state (T →∞).

2. Trial step: make a trial step by flipping one randomly chosen
spin of the system sj → −sj, obtaining a new configuration

x ′ = (s1, s2, . . . ,−sj, . . . , sN).

3. Acceptance step: accept the new configuration with a probability
that satisfies detailed balance

α = min
(
1,
p(x ′)

p(x)

)
= min

(
1, exp

(
−β∆E(x→ x ′)

))
,

with ∆E(x → x ′) the change in the total energy of the sys-
tem, going from configuration x to x ′. Since the system is one-
dimensional, the change in energy for a single spin flip is

∆E(sj → −sj) = 2Jsj(sj−1 + sj+1) + 2Hsj.

In order to respect open boundary conditions, one of the two
interaction terms is omitted if j = 1 or j = N. In practice, one
generates a random number r ∈ [0, 1]. The new configuration x ′

is accepted for r 6 α, while for r > α, the new configuration is
rejected.

4. Iteration: go back to step 2.
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Figure 28: The running magnetisation for an Ising chain with βJ = 2 (left)
and βJ = 0.5 (right). Both simulations have vanishing magnetic field
(βH = 0) and start from an ordered configuration.
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Figure 29: The magnetisation per spin m for the one-dimensional Ising system
with N = 10 (left) and N = 100 (right). Results of 100 independent
MC simulations, each with n = 100 samples, are compared with the
analytical solution for N→∞. The standard deviations are not visible.

In practice, not every configuration is used to estimate quantit-
ies because subsequent configurations are highly correlated. A fre-
quently used time unit is the Monte Carlo step per spin (MCS), which
is equivalent to N spin-flip trials. For the MCMC simulations con-
sidered here, time measurements are done in MCS units. A config-
uration is generated at each MCS which corresponds to N iterations
of the MCMC algorithm.

Since MCMC converges to the Boltzmann distribution after an initial
number of steps, it is necessary to look at the burn-in period. In Fig-
ure 28 the running magnetisation can be found when starting from an
ordered configuration s0 = (↑↑ . . . ↑). In general, the one-dimensional
Ising system does not need many steps to reach stationary behaviour,
especially for high temperatures. Note that in the absence of a mag-
netic field (βH = 0), the average magnetisation vanishes (m = 0), but
the running magnetisation fluctuates around zero.

To check if the MCMC sampling works, the estimated magnetisation
is compared to the analytical solution in the thermodynamic limit.
This can be seen in Figure 29: the results for different combinations
of βJ and βH follow the analytical solution (5). For larger system
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Figure 30: Comparison of the estimated connected correlation function G(r), using
n = 104 consecutive samples, with the analytical solution (N → ∞).
The one-dimensional Ising has N = 100 spins and βH = 0.

sizes, the solution is closer to the analytical solution N → ∞. The
analytical solution of the connected correlation function for βH =

0 is compared to the MCMC estimate in Figure 30. The correlations
are averaged over all spin pairs that are a distance r apart. For a
system with open boundary conditions, there are many more spin
pairs over a small than over a large distance. The correlations are
small for a one-dimensional Ising system with weak coupling (βJ =

0.5). For a stronger coupling (βJ = 1.5), spins are correlated over
longer distances.

It is expected that the performance of the learnt distribution heavily
depends on the quality of the data set. In particular, many ML tech-
niques use the i.i.d. assumption: all data points are independently
and identically distributed from the real-world distribution. In that
case, all spin configurations carry equal weight in the data set. Es-
pecially the independence assumption is important for MCMC since
this technique inherently provides correlated samples. The cheapest
method to get a rough estimate of the correlation time τ is the batch
means or data blocking method. If the samples are divided into batches,
then the batch means are approximately independent when the batch
size mb is sufficiently large. This is a different batch size than the one
used for ML. If we use (12), the error is underestimated because the
MCMC samples are correlated. Instead, we should use an estimate of
(14). For a large enough batch size, the batch means are approximately
independent and the estimate in (12) is appropriate. Figure 31 shows
the typical flattening of the error estimate for large batch sizes. The
MCMC correlation time is approximated by the position of the elbow.
Before the elbow, the batch means are correlated and the variance is
underestimated. Correlations between consecutive samples are smal-
ler for a weaker coupling (βJ = 0.5) than for a stronger coupling
(βJ = 1.5). In practice, we add a configuration to the data set every τ
MC steps.
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Figure 31: The batch means method to estimate the correlation time between consec-
utive samples for MCMC runs. The one-dimensional Ising systems have
a weak coupling βJ = 0.5 (left) and stronger coupling βJ = 1.5 (right)
and βH = 0 (both). Samples are approximately uncorrelated when the
error estimates start to converge.

a.2 neural importance sampling

Neural Importance Sampling, introduced by [38], estimates observ-
ables O from a physical system with distribution p as

Ôn =

n∑
i=1

wiO(si) with si ∼ q(s; θ),

where q is a model distribution which approximates p. The estim-
ation contains n samples from the distribution q, which in this case,
is the network distribution. The wi are the normalised importance
weights, obtained by normalising the importance weights w̃i:

wi =
w̃i∑n
i=1 w̃i

with w̃i =
exp (−βE(si))
q(si; θ)

.

Since the normalising factor of the Boltzmann distribution is un-
known, this technique is called self-normalised importance sampling. No-
tice the absence of the factor 1/n in front of the sum and the presence
of the weights wi, which is not the case for the standard MC estimates.
Contrary to MCMC sampling, the samples can be independently and
identically sampled from the RNN. For the observables which do not
depend on the partition function Z, one can obtain reliable errors as

Var
(
Ôn(s)

)
=

Var (O(s))
neff

,

where the variance can be estimated using (24) and neff is the
effective sample size. It gives an idea of how many samples, drawn
from the distribution q(s; θ), have the same quality as the samples
from p(s). In literature the effective sample size is often estimated as
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n̂eff = 1/
∑
iw

2
i [17]. This expression can be used for the energy of

the system, magnetisation per spin and the correlation function from
Table 1, since they do not explicitly depend on the partition function.
However, for the free energy and the entropy, which both do depend
on Z as O(s,Z) = g(s) + h(Z), a more complicated version for the
errors has to be used [38]:

Var
(
Ôn(s,Z)

)
=
1

n
ψT
〈
φφT

〉
q
ψ

with φ =

(
gw̃− 〈g〉p Z
w̃−Z

)
and ψ =

(
1/Z

− 〈g〉p /Z+ h ′(Z)

)
,

which can be rewritten as

Var
(
Ôn(s,Z)

)
=
1

n

(
1

Z2

〈(
gw̃− 〈g〉p Z

)2〉
q

+
(
− 〈g〉p /Z+ h ′(Z)

)2 〈
(w̃−Z)2

〉
q

+
2

Z

(
− 〈g〉p /Z+ h ′(Z)

)〈
(gw̃− 〈g〉p Z)(w̃−Z)

〉
q

)
.

Here the Boltzmann expectation values 〈. . .〉p are estimated using
(24), the network expectations 〈. . .〉q using (13) and the partition func-
tion Z as

Ẑn =
1

n

n∑
i=1

w̃i.

Direct use of the unnormalised weights w̃i often results in numer-
ical instability and overflows. For this reason, the estimation is rewrit-
ten in terms of the normalised importance weights wi and ln Ẑ. For
example, the first term in the equation above is estimated by

1

Z2

〈(
gw̃− 〈g〉p Z

)2〉
q

≈ 1

Ẑ2n

1

n

n∑
i=1

(
g(si)w̃i − ĝnẐn

)2
≈ 1

Ẑ2n

1

n

n∑
i=1

Ẑ2n

(
g(si)

w̃i

Z̃n
− ĝn

)2
≈ 1

n

n∑
i=1

(ng(si)wi − ĝn)
2 ,

where we have used the estimation of the partition function and the
definition of the normalised weights (25) in the last line. The estim-
ations for the other terms can be calculated in a similar way, which
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leads to the following expression for the estimated variance of the
estimations Ôn(s,Z):

V̂ar
(
Ôn(s,Z)

)
=
1

n

(
1

n

n∑
i=1

(ng(si)wi − ĝn)
2+

A2
1

n

n∑
i=1

(nwi − 1)
2 + 2A

1

n

n∑
i=1

(ng(si)wi − ĝn) (nwi − 1)

)
,

where A = −ĝn ± 1 for the entropy (+) and the free energy (−).
For quantities that do not depend on the partition function (h = 0),
the factor becomes A = −ĝn.
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L E A R N I N G W I T H D ATA

b.1 network architecture

This section contains a more in-depth description of the network ar-
chitecture used in chapter 3 and chapter 4; and a derivation of the
probability output (20).

An important thing to consider first is the input of the network.
Neural Networks are very powerful and able to learn things that are
not meant to be learnt. For example, if the values of the spins (s = +1

or s = −1) are directly used as input, the network might learn some-
thing about the ordering of the spin values. Since this is generally
not desirable, it is a common practice in ML to treat each input value
equally. For discrete value spaces such as the Ising model, this is done
by one-hot encoding the inputs of the network: here the value s = −1

is encoded to the vector s = (1, 0) and s = +1 to s = (0, 1).
To learn the first probability p(s1), the network has to be initialised

by an artificial one-hot encoded spin s0 and a hidden vector h0, both
chosen as zero vectors [21]. The inputs s0 and h0 are sent through
an RNN cell, which operates on the inputs. The simplest RNN cell is
a weighted sum sent through a non-linear activation function: this is
just the perceptron from (18). The output is treated as a new hidden
vector

h1 = σ (W [h0; s0] + b) .

The hidden vector h1 is both used to predict the probability p(s1)
and to store the information of the chain, which is then used as in-
put together with s2 to predict p(s2 | s1). The hidden vectors can be
interpreted as probabilities by first sending them through a fully con-
nected layer Σ to get the desired dimensions for the output. Then it
is passed through a softmax activation function σ. This normalises and
squishes the output values in the range [0, 1], which can then be inter-
preted as a probability distribution y1. The output vectors have the
same dimension as the input vectors: a probability for a spin down
and a probability for a spin up. The conditional probability is then
calculated as a dot-product between inputs and outputs:

qθ(s1) = s1 · y1 = s1 ·

(
qθ (s1 = (1, 0))

qθ (s1 = (0, 1))

)
.

This process is repeated until the hidden vector hN−1 and spin
sN−1 are used to predict p(sN | sN−1, . . . , s1).
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Figure 32: Training and validation loss (NLL) for a network trained on n = 2

spin chains (N = 100). The network has nl = 1 hidden layer and a
hidden dimension of hd = 25 with a total of Pθ = 2227 parameters.
The network is learning since the training loss decreases: this is a good
initial sign of a working algorithm.

q(s; θ) =
N∏
i=1

qθ(si | si−1, . . . , s1) =
N∏
i=1

si · yi.

b.2 training the network

In this section, the training approach from chapter 3 is elaborately
discussed: this includes testing the network for expected performance
and other details.

Before performing a full-scale analysis on the Ising model, it is al-
ways a good idea to check if the network works. One simple method
is to train the network on a very small data set. If the architecture
and the training steps are correctly implemented, any network can
minimise the loss of very few samples, given that the model is power-
ful enough [19]. The numerical implementation of the program is
inspired by [12] in combination with PyTorch [39] as DL library. The
network is then trained using a small data set of n = 4 samples, two
for training and two for validating, for a system with βJ = 1, βH = 0

and N = 100. Figure 32 shows that the loss decreases after multiple
epochs of training. This is an initial sign that the network works and
learns something. One can also notice that the validation loss starts to
increase after several epochs while the training loss keeps decreasing.
This implies that the network is starting to overfit to the data set of
two samples.

The NLL loss does not directly provide quantitative information
about how well the network is learning the Boltzmann distribution.
Therefore the Boltzmann weights exp(−βE(si)) are used as a measure
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Figure 33: Training and validation NLL loss (left) and MSE metric (right) for a
network trained on n = 104 generated spin chains (N = 100). The
network has nl = 1, hd = 2 with a total of Pθ = 31 parameters. Both
the NLL and the MSE are minimised during training, which implies that
they both measure the similarity between the learnt distribution and the
Boltzmann one. However, the minimum NLL depends on the system and
the amount of data, while the MSE approaches zero.

for learning the correct distribution. While the original data only has
access to the unnormalised Boltzmann weights, the network provides
normalised probabilities q(si; θ). We consider the MSE of the logar-
ithms of the ratios as a performance metric, which is a simple solu-
tion that prevents extremely large numbers. For an even number of
batch samples nb, it is calculated as

MSE(θ) =
2

nb

nb
2 −1∑
i=0

(
ln
(
q(s2i; θ)
q(s2i+1; θ)

)
− ln

(
exp(−βE(s2i))

exp(−βE(s2i+1))

))2
.

In Figure 33 the NLL loss and the performance metric are compared
to each other. While the minimum NLL is around ≈ 10, a value from
which it is difficult to derive if the network has learnt the distribu-
tion, the minimum MSE metric is . 10−2. If the network can repro-
duce the Boltzmann distribution completely, the performance metric
is zero: a small MSE implies that the network distribution is close to
the Boltzmann distribution.





C
VA R I AT I O N A L L E A R N I N G

c.1 training the network

This section elaborately describes the training approach from chapter 4:
this includes the practical numerical implementation and the details
of the training approach.

When the network is trained without an explicitly available data
set, configurations are generated by the network and the variational
free energy is minimised as a loss function:

βFq = 〈βE(s) − lnq(s; θ)〉s∼q ,

with E(s) the energy of the one-dimensional Ising chain. In practice,
the expectation value is approximated by an MC estimate

L(θ) =
1

nb

nb∑
i=1

(βE(si) − lnq(si; θ)) .

Since the training loss (28) is an estimation of the true loss (27),
one has to be careful when back-propagating the loss function. Back-
propagation should use the gradients of the true loss, which can be
calculated as an expectation value according to the variational distri-
bution

∇θβFq = 〈∇θ lnq(s; θ) (βE(s) + lnq(s; θ))〉s∼q . (32)

This derivation makes use of the fact that

〈∇θ lnq(s; θ)〉s∼q =
∑

s

q(s; θ)∇θ lnq(s; θ) = ∇θ
∑

s

q(s; θ) = 0,

since the network distribution is normalised per construction and
the sum over the configurations can be pulled through the gradients.
The gradients in (32) can also be approximated by a standard MC

estimate

∇̂θβFq =
1

nb

nb∑
i=1

∇θ lnq(si; θ) (βE(si) + lnq(si; θ)) . (33)
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Notice that the gradients of the estimated loss from (28) are not the
same as (33). This is the reason one has to be careful when imple-
menting the loss.

In practice, (28) is measured during training while (33) is used to
back-propagate through the network and update the parameters. For
PyTorch in particular, this is implemented by setting the argument
(requires_grad=True) for the lnq(si; θ) tensor before the brackets
and setting (requires_grad=False) for the two terms between the
brackets in (33). As a result, a call to loss.backwards() only back-
propagates through the first lnq(si; θ) whose derivative has to be
taken. An alternative but equivalent option is to rewrite the expres-
sion into a total derivative and perform back-propagation on the ex-
pression inside the total derivative.

Since the training loss βFq is an estimate for the exact free energy
of the system, it is quite simple to check if the network training per-
forms as expected by comparing the running training loss with the
exact value forN→∞, which is known for the one-dimensional Ising
system. Due to finite-size effects, the analytical solution is not the
same as the estimated loss but it already gives an idea of how close
the distribution is. When no exact solution for the free energy is avail-
able, it is still possible to get an idea of how closely the network dis-
tribution q(s; θ) approximates the Boltzmann distribution p(s). The
idea behind this is based on the variational free energy in (27) as an
estimation over the distribution βE(s) + lnq(s; θ). If the network dis-
tribution exactly describes the Boltzmann distribution q(s; θ) = p(s),
then the estimated free energy has zero variance since

βE(s) + lnq(s; θ) = βE(s) + lnp(s) = − ln(Z),

where the partition function Z is just a normalisation constant. The
second equality comes from the definition of the Boltzmann distri-
bution (1). Conversely, if the estimator has zero variance, then the
distribution is constant: this is called the zero variance principle. Un-
fortunately, this constant does not necessarily need to be the parti-
tion function Z. However, if we can prevent mode collapse, then the
constant is equal to − ln(Z) and the variational distribution is the
Boltzmann distribution. Consequently, a small variance implies that
the variational distribution is really close to the Boltzmann distribu-
tion q(s; θ) ≈ p(s) [55].

In Figure 34 (left) a network is trained for a system at high temper-
ature (βJ = 0.3), to avoid mode collapse, using this training approach.
As can be seen, learning is unstable since the estimated loss heavily
fluctuates. Instead, the network jumps around in the parameter space
looking for a minimum variational free energy. The relatively large
standard deviation suggests that the variational distribution is not
close to the Boltzmann distribution. This behaviour is caused by the
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Figure 34: The network training for a system withN = 100, βJ = 0.3 and βH = 0.
The network has Pθ = 147 parameters and is trained without a variance
reducing term (left) and with a variance reducing term (right). Each
training step corresponds to one parameter update of the network or
equivalently, one iteration from Figure 16. Learning is much more stable
when the variance reducing is included in the loss function.

difference in magnitudes of the two terms between brackets in (28),
namely βE(s) and lnq(s; θ) [55].

This problem can be solved by introducing a variance reducing
term in the gradients, which has no impact on the true loss func-
tion (27) [33]. The variance reducing term fixes the difference in mag-
nitude between the two terms in the gradients. The estimates for the
gradients then become [55]

∇̂θβFq =
1

nb

nb∑
i=1

∇θ lnq(si; θ)βE(si) + lnq(si; θ) −
1

nb

nb∑
j=1

(
βE(sj) + lnq(sj; θ)

) .

Figure 34 (right) shows the same network training as before but in-
cluding this variance reduction. Learning is much more stable: the
estimated loss fluctuates much less around the minimum. The es-
timated variance of the variational distribution is also much smal-
ler, which suggests that the final distribution is much closer to the
Boltzmann distribution than without variance reduction.

As mentioned before, the principle of zero variance and the train-
ing approach only works if the network does not collapse on certain
modes during training. For example, in Figure 35 a network is trained
at low temperature (βJ = 3). The magnetisation spectrum should be
dominated by two different modes: a spin up and a spin down chain.
However, when looking at the generated configurations of the net-
work, only one mode is present (here the spin up chain). Despite a
small variance of the variational distribution, the network is unable
to describe the correct physics due to mode collapse. It is possible
to solve this problem by carefully annealing the temperature from a
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high temperature β∗0 to the temperature of the system β [22, 55]. At
β∗0 = 0, the free energy loss is dominated by the entropy term and
the system is in a random state. By gradually lowering the temperat-
ure, gradient descent explores the different modes that minimise the
free energy loss. Intuitively, temperature annealing is a physical way
of balancing exploitation and exploration in the parameter space. If
training starts at β → ∞, the network only finds one mode (spin up
chain) and no longer searches for other ones. There is only exploita-
tion and no exploration. Two different annealing schemes are tested:

• Linear scheme [22]: β∗(t) = β∗(t = 0) + t∆tβ = t∆tβ, where
β∗(t = 0) = β∗0 = 0 is the initial annealing temperature and ∆t
a measure for the speed of annealing. After t = 1/∆t annealing
steps, the training has reached the system temperature. Anneal-
ing should be slow enough to prevent mode collapse but fast
enough so that training does not become computationally too
expensive.

• Power scheme [55]: β∗(t) = β(1−βtA) with 0 < βA < 1 a measure
for the speed of convergence to the system temperature β. If
βA . 1, the system needs many annealing steps to converge
to the system temperature. The system only reaches the system
temperature β at t→∞.

These two annealing schemes are compared to each other, for which
the results can be seen in Figure 35. Contrary to a naive network
without annealing, both schemes can prevent mode collapse of the
network distribution and estimate the correct correlations in the chain
at low temperatures.

Numerical simulations show that both schemes break down if too
few or no annealing steps are taken. For example, consider an Ising
chain with N = 100, βJ = 2 and βH = 0. Then the power scheme
breaks down and has mode collapse for βA . 0.8 when training with
NT = 10 parameter updates per temperature. On the other hand, the
linear scheme breaks down at 1/∆t = NA ≈ 10 annealing steps when
training with NT = 10 parameter updates per temperature. These
breakdown regimes depend on the system and training parameters.
In particular, when the network is better trained at each temperat-
ure (larger NT ), there are fewer annealing steps necessary to prevent
mode collapse (smaller NA).

Since the primary goal of temperature annealing is preventing mode
collapse, it does not really matter which of the two schemes is used:
both work as long as enough annealing steps NA are taken for the
number of training steps per temperature NT .

The computational least expensive and simplest option is in this
case the linear scheme since there is no need to perform enough an-
nealing steps to converge to the temperature of the system. Instead,
the number of annealing steps immediately anneals the temperature
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Figure 35: A comparison between networks (P = 147) trained with no temperat-
ure annealing (top row), annealing with a linear scheme (middle row)
and with a power scheme (bottom row). The network training without
annealing (top left) is trained for NT = 100 parameter updates. The
networks with annealing are trained at NA = 100 different temperat-
ures from β∗0J = 0 → βJ = 3, each for NT = 100 parameter updates
and with batch size nb = 1000. Every step in the figures is the average
training loss of NT = 100 parameter updates. Contrary to the network
without annealing, both annealing schemes prevent mode collapse. The
magnetisation histograms (middle) and correlations (right) are calcu-
lated using n = 104 samples from the RNN. The one-dimensional Ising
has N = 500, βJ = 3 and βH = 0.
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in NA steps to the desired temperature, which for this system, in par-
ticular, can be very small NA . 10. However, when few training steps
are performed at each annealed temperature, it is beneficial to train
the network further at the final temperature of the system. Generally,
the training of the networks goes as follows: anneal the temperature
linearly for NA steps, at each step the network is trained for a rel-
atively small number of parameter updates NT , and then train the
network extra at the final β for NF steps. An example can be seen in
Figure 17.

c.2 imposing symmetry

Suppose q(s; θ) is the variational ansatz for the Boltzmann distribu-
tion p(s), which is symmetrised according to the Z2 symmetry of the
system so that [29, 55]

qsym(s; θ) =
1

2
(q(s; θ) + q(−s; θ)) .

The dissimilarity between the variational and Boltzmann distribu-
tion is given by (26), which is minimised by an NN to find the best
possible parameters θ. In that case, we know that

DKL(qsym ‖ p)

=
∑

s

qsym(s; θ) ln
(
qsym(s; θ)
p(s)

)

=
1

2

(∑
s

q(s; θ) ln
(
qsym(s; θ)
p(s)

)
+
∑

s

q(−s; θ) ln
(
qsym(s; θ)
p(s)

))

=
1

2

(∑
s

q(s; θ) ln
(
qsym(s; θ)
p(s)

)
+
∑

s

q(−s; θ) ln
(
qsym(−s; θ)
p(−s)

))

=
∑

s

q(s; θ) ln
(
qsym(s; θ)
p(s)

)
,

where we have used the symmetry of qsym and p under spin flips.
In the last step, the two sums are identical since they are both an
enumeration over all possible configuration. The same can be proven
if there are additional symmetries such as the reflection symmetry.
This equality can be used to prove that
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DKL(q ‖ p) −DKL(qsym ‖ p)

=
∑

s

q(s; θ) ln
(
q(s; θ)
p(s)

)
−
∑

s

qsym(s; θ) ln
(
qsym(s; θ)
p(s)

)
=

∑
s

q(s; θ)
(
lnq(s; θ) − lnp(s) − lnqsym(s; θ) + lnp(s)

)
=

∑
s

q(s; θ) ln
(

q(s; θ)
qsym(s; θ)

)
= DKL(q ‖ qsym) > 0,

where the definition of the KL divergence is used and the inequality
holds because of the Jensen inequality. Using once again (26) to write
DKL(q ‖ p) −DKL(qsym ‖ p) = βFq − βFqsym , above inequality turns
into βFq > βFqsym .

This suggests that the variational free energy of the symmetrised
model is a lower upper bound for the true free energy βF of the
system. Since the variational free energy has to be minimised to ap-
proximate the Boltzmann distribution, exploiting the symmetry could
result in a better description of the system [29].
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system parameters simulation parameters

N βJ βH method n Neq Nmc τ init

Fig. 9; Fig. 10; Fig. 11 10 0.8 0 exact 5000 7 7 7 7

50 0.8 0 MCMC 5000 100 2 · 105 40 random

Fig. 12 10− 1000 0.5 0 MCMC 10000 1000 104 1 random

Fig. 13; Fig. 14; Tab. 5 100 2 0 MCMC 10000 1000 4 · 106 400 random

Fig. 15 100 0.8 0 MCMC 10000 100 4 · 105 40 random

Table 8: A summary of the system and simulation parameters that were used to simulate the data sets presented in chapter 3. The exact method refers to simulations
where the configurations are drawn with the exact Boltzmann probabilities, obtained by enumerating over all possible configurations of the one-dimensional
Ising. Init refers to the initial configuration for the Markov chain. The symbol n stands for the number of samples in the data set. The other symbols can be
found in the Table of Symbols.
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system parameters network & training hyperparameters

N βJ βH n hd nl cell nb η cg epochs

Fig. 9 10, 50 0.8 0 5000 25− 75 1− 3 GRU 500 0.01 1000 100

Fig. 10 10, 50 0.8 0 5000 25 1 GRU 10− 1000 0.01 1000 100

Fig. 11 10, 50 0.8 0 5000 25 1 GRU 500 0.0001− 0.1 1000 100

Fig. 12 10− 1000 0.5 0 104 1 1 GRU 500 0.01 2 100

Fig. 13; Fig. 14; Tab. 5 100 2 0 104 1 2 GRU 50 0.01 2 100

Fig. 15 50 0.8 0 104 5− 25 1 GRU 10− 1000 0.1− 0.001 2 100

Table 9: A summary of the system parameters and the network and training hyperparameters that were used to obtain the results presented in chapter 3. The symbol
n stands for the number of samples in the data set. The other symbols can be found in the Table of Symbols.
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system parameters network & training hyperparameters

N βJ βH hd nl cell nb η cg NA NF NT

Fig. 17 500 3 0 5 1 GRU 1000 0.01 2 100 10 10

Fig. 18 (left) 102 − 104 2 0 5 1 GRU 1000 0.01 2 10 10 10

Fig. 18 (right) 100 0.5 0 1− 200 1 GRU 1000 0.01 2 10 10 10

Tab. 6 100 2 0 5 1 GRU 1000 0.01 2 20 10 100

Fig. 19; Fig. 20 104 4 0 5 1 GRU 1000 0.01 2 10 10 10

Fig. 21 10 4 0 5 1 GRU 1000 0.01 2 100 20 100

Tab. 7 10 1 0 5 1 GRU 1000 0.01 2 10 10 10

Table 10: A summary of the system parameters and the network and training hyperparameters that were used to obtain the results presented in chapter 4. The other
symbols can be found in the Table of Symbols.
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system parameters network & training hyperparameters

N β σ zb hd nl cell share cell share Σ nb η cg NA NF NT

Fig. 23 (left) 100 10 7 7 5− 100 1 GRU True True 104 0.01 2 100 100 10

Fig. 23 (right) 100 10 7 7 5 1 GRU True False 104 0.01 2 100 100 10

Fig. 25 (left) 100 1 5/8 7 5− 100 1 GRU True True 104 0.01 2 100 100 10

Fig. 25 (right) 100 1 5/8 7 5 1 GRU True False 104 0.01 2 100 100 10

Fig. 26 (left) 20 1.35 5/8 6 5− 50 1 GRU True-False False 104 0.01 2 100 100 10

Fig. 26 (right) 20 1.35 5/8 6 5 1 GRU False False 104 0.01 2 100 100 10

Fig. 27 (top) 20 1.35 5/8 6 50 1 GRU False False 104 0.01 2 100 100 10

Fig. 27 (bot) 20 1.35 5/8 6 5 1 GRU True False 104 0.01 2 100 100 10

Table 11: A summary of the system parameters and the network and training hyperparameters that were used to obtain the results presented in chapter 5. The
columns share cell and share Σ indicate if the RNN shares the parameters for the cell and/or fully connected layer Σ. The other symbols can be found in
the Table of Symbols.
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