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Abstract

„

The underlying physical laws necessary for the
mathematical theory of a large part of physics
and the whole of chemistry are thus completely
known, and the difficulty is only that the exact
application of these laws leads to equations
much too complicated to be soluble. It therefore
becomes desirable that approximate practical
methods of applying quantum mechanics should
be developed, which can lead to an explanation
of the main features of complex atomic systems
without too much computation.
— Paul M. Dirac [1]

The physical laws that describe the foundations of Nature are considered largely
understood. In principle, most observed phenomena are accounted for, meaning
we can reap the benefits from the vast body of knowledge we have to our disposal.
However, the mathematical formulations of physics, which usually appear as simple
and compact equations, are rarely exactly solvable. Furthermore, the equations do
not explicitly, or rather, straightforwardly, provide a picture of reality that matches
observed phenomena. In practice, we circumvent these issues by i) composing approximate solutions to the underlying laws of Nature and ii) describing observations
phenomenologically. Combining both strategies allows us to predict and understand
Nature’s behaviour in a practical manner.
In chapter 1, we provide an introduction to many-body physics. This framework
describes complex systems of many interacting degrees of freedom. The connection between macroscopic properties of a system and its individual constituents
are formally studied in classical statistical physics, which is the first topic of discussion. Next, we summarize the essentials of quantum many-body physics; the
study of quantum systems at the limit of zero temperature. Following the ideas and
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procedures of classical statistical physics, the formalism is extended to include nonzero temperature quantum systems; this is the study of quantum statistical physics.
To finalize the chapter, symmetries and their usefulness in analyzing many-body
quantum systems are discussed.
With the rapid increase of computational resources came the powerful technology of
machine learning. In chapter 2, we introduce the methodology of machine learning,
summarize its most prominent algorithms, and discuss the typical problems for
which we use it. In chapter 3, we provide an overview of how to approximate the
quantum many-body wave function by use of a restricted Boltzmann machine or
recurrent neural network. It is shown how to implement SU(2) symmetry utilizing
a basis of coupled spins. In chapter 4, we continue on the pioneering work in this
field of research, and take advantage of the capabilities of machine learning to solve
some selected problems of quantum many-body physics. In particular, we study
the antiferromagnetic Heisenberg model and the J1 − J2 model in one and two
dimensions using the previously mentioned networks. Among other things, it is
shown that those networks represent ground states better when they satisfy SU(2)
symmetry. The limits and the scaling of the method is investigated, computational
tractability is considered, and comparisons with recent literature are provided.
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Nederlandse samenvatting
De natuurkundige wetten die de fundamenten van de natuur beschrijven worden als
grotendeels begrepen beschouwd. In principe kunnen we de meeste waarnemingen
verklaren, wat betekent dat we de vruchten kunnen plukken van de enorme hoeveelheid kennis die we tot onze beschikking hebben. De wiskundige formuleringen van
de natuurkunde, die meestal verschijnen als eenvoudige en compacte vergelijkingen,
zijn echter zelden exact oplosbaar. Bovendien geven de vergelijkingen niet expliciet,
of beter gezegd, rechtstreeks een beeld van de werkelijkheid dat overeenkomt met
waargenomen verschijnselen. In de praktijk omzeilen we deze problemen door i) benaderingen te bedenken voor de onderliggende natuurwetten en ii) waarnemingen
fenomenologisch te beschrijven. Door beide strategieën te combineren kunnen we
het gedrag van de natuur op een praktische manier voorspellen en begrijpen.
In hoofdstuk 1 geven we een inleiding tot de veeldeeltjesfysica. Dit onderzoeksgebied
bestudeert complexe systemen die bestaan uit veel interagerende vrijheidsgraden.
Het verband tussen macroscopische eigenschappen van een systeem en zijn individuele bestanddelen wordt formeel bestudeerd in de klassieke statistische fysica,
wat het eerste onderwerp van discussie is. Vervolgens vatten we de essentie van de
kwantumveeldeeltjestheorie samen; de studie van kwantumsystemen met een temperatuur op het absolute nulpunt. In navolging van de ideeën en procedures van de
klassieke statistische fysica wordt het formalisme uitgebreid tot kwantumsystemen
die een temperatuur verschillend van nul hebben; dit is de studie van kwantumstatistische fysica. We ronden het hoofdstuk af met een kijk op symmetrieën en bespreken
hun bruikbaarheid bij het analyseren van kwantumveeldeeltjessystemen.
Ten gevolge van de snelle toename van computationele middelen verscheen een
krachtige technologie die bekend staat als machinaal leren. In hoofdstuk 2 introduceren we de methodologie van machinaal leren, vatten we de meest prominente
algoritmen samen, en bespreken we de typische problemen waarvoor we deze technologie gebruiken. In hoofdstuk 3 geven we een overzicht van hoe de kwantum
golffunctie kan worden benaderd met behulp van een restricted Boltzmann machine
of een recurrent neural network. Er wordt getoond hoe SU(2)-symmetrie kan worden
geïmplementeerd door gebruik te maken van een basis van gekoppelde spins. In
hoofdstuk 4 treden we in de voetsporen van de pioniers in dit domein, en maken
we gebruik van de mogelijkheden van machinaal leren om een aantal geselecteerde
problemen van de kwantumveeldeeltjesfysica op te lossen. Meer specifiek bestuderen
we het antiferromagnetische Heisenberg model en het J1 − J2 model in één en twee
dimensies met behulp van de eerder genoemde netwerken. Er wordt onder andere
aangetoond dat die netwerken grondtoestanden beter weergeven als ze voldoen aan
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de SU(2)-symmetrie. De limieten en de uitbreidbaarheid van de methode worden
onderzocht, computationele geschiktheid wordt overwogen, en de resultaten worden
vergeleken met recente literatuur.
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Introduction to many-body physics

1

The famous phrase "The whole is more than the sum of its parts" suggests that the
interaction between many degrees of freedom gives rise to interesting emergent
phenomena. An isolated molecule of water can not undergo a phase transition,
a single bird can not fly in formation, and a single human cell can not feel pain.
However, collective behaviour emerges when bodies (particles, birds, cells...) are
brought into contact with each other.

In order to understand this process, one searches for the connection between the
individual pieces and the collective. We refer to these pieces as the degrees of
freedom, since they are the dynamical components that can move, vibrate, etc.
In general, two approaches can be employed: the top-down method derives the
underlying structure by decomposing the collective, with the goal of obtaining a
tractable description. The bottom-up approach instead starts with the individual
degrees of freedom and tries to capture the emergent behaviour. In any case, some
rule or interaction is fundamental to the transition between the scale of the isolated
degrees of freedom and that of the collective. The complexity of these interactions
make many-body problems particularly hard to solve.

Many-body physics is the field of study that deals with physical problems involving a
large amount of interacting degrees of freedom. The meaning of large can range
between the number of atoms in macroscopic materials (∼ 1023 ), and the number of
electrons in atoms. Many-body physics is not limited to a particular time or spatial
scale: it is a general framework for understanding the collective behaviour of many
interacting constituents. While the underlying physical laws of the constituents
are relatively simple, it is often challenging to understand the interplay between
them. Sometimes, entirely new physics is discovered when a large amount of simple
constituents interact. This leads to emergent phenomena observed in Nature. What
makes emergence interesting is that it is not encoded in the physical laws — the
emergent phenomena may come as a surprise.

1

1.1 Classical statistical physics
The aim of classical statistical physics is to understand and predict the behaviour of
the collective by combining the procedures of statistics with the physical laws that
govern the constituents. Many of its ideas stem from thermodynamics: the notions
of work, temperature, energy, and entropy. It goes further than thermodynamics
in that it relates macroscopic observations to the properties of the microscopic
constituents. For example, in classical statistical mechanics, temperature is the
quantitative measure of how energy is shared among particles. Statistics is used
in order to realize this correspondence. Instead of keeping track of the positions
and velocities of all the particles, one relies on the laws of probability to estimate
the averages and the fluctuations of observables. Thermodynamic quantities are
thus connected to microscopic behaviour, i.e., knowledge of microscopic parameters
allows the prediction of macroscopic observables.

1.1.1 Introduction to the formalism
Microstates, macrostates, and the coin flipping game Consider a coin flipping
game that involves three coins. The player wins the game if the flips end up in either
all heads or all tails. The player loses in any of the other cases. The outcomes of the
coin flipping can be written as a sequence (f1 , f2 , f3 ) of coin flips f , where fi = +1
(fi = −1) denotes heads (tails) on the i-th flip. Note that there are a total of 23 = 8
possible outcomes, two of which lead to the player winning, namely (+1, +1, +1)
and (−1, −1, −1). The other 6 outcomes lead to the player losing the game. In the
statistical physics context, the specific sequences (f1 , f2 , f3 ) correspond to so-called
microstates. The two states of the player either winning or losing correspond to the
macrostates. To see if playing the game is beneficial, one is only interested in the
number of microstates associated to each of the macrostates. One does not really
care about the specific sequences. For example, if losing costs 1 and winning gives 2,
the expected profit is ((−1 × 6) + (2 × 2))/8 = −0.25 per game.
The typical number of particles in macroscopic materials is of order 1023 . In principle,
if we knew the positions and momenta of the particles at any given instant of time,
we could predict their trajectory using the laws of physics. Not only is it impossible
to keep track of this information, exact knowledge of the particles’ properties is
often uninteresting. Similar to the coin flipping game, one is interested in the
distribution of the microstates and their associated macroscopic properties. With
this information, the expectation values of these properties can be calculated.
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Ensembles and the partition function The coin flipping game reveals the main
idea of statistical physics: macroscopic properties of the system are calculated as
expectation values over the probability distribution p(σ) defined over the possible
microstates |σi. The expectation value of an observable O is
hOi =

X

(1.1)

p(σ)Oσ ,

σ

with Oσ the value of the observable associated to state |σi, and σ the sum over
all microstates. In equilibrium, the probability distribution p(σ) is independent of
time. This ensures that expectation values of macroscopic observables are also time
independent. Which probability distribution p(σ) is used depends on the situation,
and situations are categorized in terms of ensembles. For example, a system that has
a fixed number of degrees of freedom N , a constant energy E, and a constant volume
V , is said to belong to the (N, V, E) or microcanonical ensemble. The fundamental
postulate of statistical mechanics states that all microstates |σi are equally probable.
The (N, V, E) ensemble corresponds to an isolated system in equilibrium. As such,
all states |σi that have energy E have equal probability, such that
P

p(N,V,E) (σ) =

1
,
Ω(E)

(1.2)

where Ω(E) is the number of states with energy E. In the (N, V, E) ensemble, the
states |σi for which Eσ 6= E have zero occupation probability. In practice, however,
the total energy E often fluctuates, whereas the temperature T is constant. This is
the case when the system can exchange energy with its environment. Such systems
belong to the (N, V, T ) or canonical ensemble, with the probability distribution
p(N,V,T ) (σ) given by the Boltzmann distribution
e−Eσ /kB T
e−Eσ /kB T
,
p(N,V,T ) (σ) = P −E /k T ≡
σ
B
Z
σe

(1.3)

with kB the Boltzmann constant and the partition function Z defined as
P
Z ≡ σ e−Eσ /kB T . It is customary to define β ≡ 1/(kB T ) the inverse temperature.
The partition function sums over all microstates |σi and associates a Boltzmann
weight e−βEσ to each of them. It is the central object of statistical physics, since
it contains all the information about the system. The exponential suppression in
Eq. (1.3) means that it is unlikely that any of the states with Eσ  kB T are occupied,
whereas the states with Eσ ≤ kB T have a decent chance of being populated. In
the zero temperature limit T → 0, the probability distribution is dominated by the
ground state, i.e. the state with lowest energy Egs = minσ (Eσ ).

1.1
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Entropy and free energy Entropy is often seen as a measure of disorder, randomness, or uncertainty. It is defined by the formula [2]
S = −kB

X

p(σ) log p(σ).

(1.4)

σ

In the microcanonical ensemble Eq. (1.2), the expression reduces to S = kB log Ω,
such that it counts the (log of the) number of microstates with fixed energy. The
second law of thermodynamics states that the entropy always increases. An isolated
system has reached thermodynamic equilibrium whenever its entropy is maximal.
The increase of entropy leads to the concept of irreversible and spontaneous processes; as such, entropy is said to determine the arrow of time. The different
ensembles are unified by the fact that they maximize the entropy subject to a set of
constraints (e.g. constant N, V and T in the canonical ensemble).
An important quantity of the canonical ensemble is the free energy, defined by
F = hEi − T S.

(1.5)

Loosely speaking, the minimization of the free energy captures the idea of two
competing forces. On the one hand, the system moves towards the state that
minimizes the energy. On the other hand, the system tries to maximize the entropy.
Interestingly, a decrease in energy is often met by a decrease in entropy and vice versa.
The same goes for increasing the energy and the entropy. The relative importance of
the competing forces is controlled by the temperature T ; at high temperatures, it is
more beneficial for the system to attain a state of high entropy. The large number of
high energy states outweigh the low number of low-lying states. At low temperatures
T ≈ 0 the competition vanishes, and minimization of the free energy F corresponds
to minimization of the energy E.

1.1.2 The Ising model
The Ising model [3] is a prototypical model for magnetism in statistical physics. It
consists of N sites in a d-dimensional lattice. The degrees of freedom live on the
lattice sites, i.e. the motion is frozen such that only the direction of magnetic spins
remain. The model has an apparent simplicity, but it exhibits non-trivial behaviour.
Therefore, it forms the ideal testbed for new methods. The Ising model is defined by
the energy function
X
X
E = −J
s i s j − hz
si ,
(1.6)
hiji

4
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i

where hiji denotes the sum over all nearest neighbour pairs in the lattice. Two
spins are nearest neighbours if they are closer (or equally close) to each other than
P
P
to any other spins. The notation i ≡ N
i=1 denotes the sum over all possible values
of i, but the limits are often omitted to simplify the notation. The spins si∈{1,...,N } are
discrete variables si = ±1 and can be considered to point up (+1) or to point down
(−1) the z-axis. The first term of Eq. (1.6) corresponds to interactions between pairs
of spins. Depending on the sign of J, the interaction is either ferromagnetic (J > 0)
or antiferromagnetic (J < 0). The second term is due to an external magnetic field
of strength hz , and it tries to align the spins in a certain direction along the z-axis
(depending on the sign of hz ). The microstates of the system are the 2N realizable
configurations of spins.
P

Phase transitions and the order parameter In statistical physics, macroscopic
behaviour is described by the phase of the system. An order parameter is introduced
to measure in which phase the system resides. For the Ising model with J > 0, this
corresponds to the average magnetization m, given by
m=

1 X
hsi i .
N i

(1.7)

If the spin directions are random, i.e. the system is in the disordered phase, then the
average magnetization is approximately zero m ≈ 0. If the spins are aligned, the
system has a non-zero magnetization m, indicating the ordered phase.

A phase transition is identified by a drastic change of the order parameter (m ≈ 0 →
0 < |m| ≤ 1) in response to a small perturbation of the system. For the Ising model
with hz = 0 and J > 0, the phase transition is related to the temperature T . Above
some critical temperature T > Tc , the system is in the disordered phase m ≈ 0 (the
entropy term of Eq. (1.5) dominates). If the temperature is decreased such that
T < Tc , the system transitions into the ordered phase of aligned spins m ≈ ±1 (the
energy term of Eq. (1.5) dominates). The two-dimensional (d = 2) model has a
continuous phase transition at a finite critical temperature Tc > 0. Interestingly, the
one-dimensional (d = 1) model has no phase transition. Thermal fluctuations drive
the system in the disordered phase for any non-zero temperature T .

Exact solution of the Ising chain Consider the Ising chain, the one-dimensional
Ising model (d = 1). We impose periodic boundary conditions, so that sN +1 ≡ s1
P
and the lattice is circular. The second term of Eq. (1.6) can be rewritten as hz i si =

1.1
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hz
2

We work in the (N, hz , T ) ensemble, with a probability distribution
similar to that of Eq. (1.3). The partition function is [4]
P

i (si + si+1 ).

Z=

X

N
X Y

···

s1 =±1

sN

βhz
exp βJsi si+1 +
(si + si+1 ) .
2
=±1 i=1




(1.8)

This can be written as a product of matrices. Using the notation of quantum
mechanics, we write
βhz
hsi |T |si+1 i ≡ exp βJsi si+1 +
(si + si+1 ) ,
2




(1.9)

where we defined the transfer matrix T as
T =

!

e−βJ

eβJ+βhz
e−βJ

eβJ−βhz

(1.10)

.

With this identification of matrices, the partition function Eq. (1.8) becomes
Z = Tr(hs1 |T |s2 i hs2 |T |s3 i . . . hsN |T |s1 i) = Tr(T N ),

(1.11)

where the trace reflects the periodic boundary conditions. To obtain the partition
function, one computes the eigenvalues of the transfer matrix T , which are
λ± = eβJ cosh βhz ±

q

e2βJ cosh2 βhz − 2 sinh 2βJ,

(1.12)

with λ− < λ+ . The partition function is thus
Z=

λN
+

+

λN
−

=

λN
+

λN
1+ −
λN
+

!

≈ λN
+,

(1.13)

N
where we used λN
− /λ+ ≈ 0 for large N . Using the partition function, we can
calculate all kinds of interesting quantities. For example, the average magnetization
Eq. (1.7) at hz = 0 is given by

m=

1 ∂ log Z
N β ∂hz

=
hz =0

1 ∂λ+
λ+ β ∂hz

= 0.

(1.14)

hz =0

This means that if there is no external field hz = 0, then there is no magnetization
m = 0. Even though the J > 0 interaction term minimizes the energy by having
aligned spins, thermal fluctuations dominate at any temperature, and the system is
in the disordered phase. For more information on the Ising chain and the transfer
matrix approach, we refer to Refs. [4, 5].
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Exact solutions are rare An exact solution for the two-dimensional Ising model
for hz = 0 has been found by Onsager [6], and it is notoriously complex. There
is a large body of literature about “toy-models” such as the Ising model, but there
are only a small number of exact solutions. The sum in the partition function,
e.g. in Eq. (1.3), runs over all possible microstates. The number of microstates
grows exponentially with the number of degrees of freedom N . This means that an
exact evaluation of the partition functions becomes intractable for large systems.
Therefore, one often resorts to approximations, e.g. mean field theory or cluster
expansions [4]. A modern approach is to tackle the problem using computational
methods, which often rely on Monte Carlo simulation [7]. Contemporary research
also explores machine learning approaches to the Ising model [8].

1.2 Quantum many-body physics
1.2.1 Introduction to the formalism
The wave function and the product basis Quantum mechanics describes the
physics of microscopic degrees of freedom, e.g. the properties of electrons and
atoms. A quantum mechanical object is described by a quantum state or wave
function |Ψi, which lives in a Hilbert space H. The wave function of a single
particle can be expanded in a single particle basis |ii of H. In this work, we assume
i = 1, . . . , D, with a finite dimension D = dim(H). Quantum many-body physics
deals with zero-temperature systems of interacting quantum mechanical particles.
The Hilbert space H(N ) of N distinguishable particles is the tensor product of N
copies of the single particle Hilbert space H(N ) = H⊗N . A convenient basis for H(N )
is given by the tensor-product basis
|i1 i2 . . . iN i = |i1 i ⊗ |i2 i ⊗ · · · ⊗ |iN i ,

(1.15)

and we have D = dim(H(N ) ) = DN . A general wave function of the N -particle
system can be expanded in the tensor product basis
|Ψi =

D
X

ψ(i1 , i2 , . . . , iN ) |i1 i2 . . . iN i ,

(1.16)

{i1 ,i2 ,...,iN }

where D
{i1 ,i2 ,...,iN } denotes the sum over all basis states, and ψ(i1 , i2 , . . . , iN ) are
complex expansion coefficients. To fully determine the wave function, one has to
specify the complex amplitudes. Equation 1.16 reveals the difficulty of dealing
P

1.2
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with quantum systems that involve a large number of particles. Namely, the dimension of the N -particle system D = DN scales exponentially with the number of
particles N . For indistinguishable particles, an (anti-)symmetrization procedure
of the tensor product basis is in order, which reduces the number of physically
realizable states.

Lattice problems and spin In this thesis, we deal with spatially localized spins
on a lattice, therefore the degrees of freedom are distinguishable. For spin-1/2
particles, the local Hilbert space dimension is dim(H) = 2. In this case, the standard
single particle basis is the sz -basis, where the state of the particle is labeled by the
eigenvalues of the ŝz -operator, i.e. the spin-projection operator on the z-axis. The
spin operators in the three (x, y, z)-directions are related to the Pauli operators. In
the standard sz -basis, these are given by
!

x

σ̂ =

0 1
,
1 0

!

y

σ̂ =

0 −i
,
i 0

!

z

σ̂ =

1 0
.
0 −1

(1.17)

The Pauli operators satisfy the commutation relations
[σ̂ a , σ̂ b ] = 2iεabc σ̂ c ,

(1.18)

where εabc is the Levi-Civita symbol. The anti-commutation relations are
ˆ
{σ̂ a , σ̂ b } = 2δa,b I,

(1.19)

where δa,b is the Kronecker delta and Iˆ is the identity operator. The spin operators
are the Pauli operators multiplied by a factor of ~2 , such that we have ŝx,y,z = ~2 σ̂ x,y,z .
It is customary to set the (reduced) Planck constant to unity ~ = 1, which is
also done here. The two eigenvalues of the ŝz -operator are sz = ± 21 , and the
corresponding states are interpreted as either spin up (|sz = + 12 i = |↑i) or spin
down (|sz = − 12 i = |↓i). Depending on the context, we will denote the states by the
eigenvalues of the σ̂ z -operators. We write the direction as a superscript to preserve
the subscript location for the lattice index. The many-body wave function is written
as a superposition
N

|Ψi ≡

X
σ

ψ(σ) |σi =

X

z
ψ(σ1z , σ2z , . . . , σN
) |σ1z σ2z

{σiz }

z
. . . σN
i

=

2
X

ψ(σn ) |σn i ,

n=1

(1.20)
where a configuration σ is expressed in terms of the eigenvalues σiz = ±1 of the
single spin σ̂iz -eigenfunctions at sites i.
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If an operator acts on one or more spins, we implicitly assume that the identity
operator acts on the remaining spins. For example, the σ̂iz -operator acts on a
many-body state as
σ̂iz = Iˆ1 ⊗ Iˆ2 ⊗ · · · ⊗ Iˆi−1 ⊗ σ̂iz ⊗ Iˆi+1 ⊗ · · · ⊗ IˆN ,

(1.21)

where Iˆj is the identity operator acting on the j-th spin.
Hamiltonians and the Schrödinger equation Models are specified by a Hamilˆ the Pauli operators Eq. (1.17)
tonian Ĥ. Together with the identity operator I,
form a complete basis for the Hermitian operators on H(N ) . Therefore, the Hamiltonian can be expressed in terms of Pauli operators. If Ĥ is time independent, the
non-relativistic many-body problem is solved by the time-independent Schrödinger
equation
Ĥ |Ψn i = En |Ψn i .
(1.22)
Upon choosing a suitable basis |σi, the Hamiltonian Ĥ can be written as a matrix
Hσ0 σ = hσ 0 |Ĥ|σi. In the language of linear algebra, the Schrödinger equation
Eq. (1.22) is an eigenvalue problem. The eigenvectors are states |Ψn i and the eigenvalues are corresponding energies En . The problem is thus solved by diagonalization
of the D × D Hamiltonian matrix. In general, the number of operations needed to
diagonalize a matrix of dimension D scales as O(D3 ). Therefore, one often resorts
to approximations, e.g. perturbation theory [9]. In this work, we will approximate
the quantum wave function by using neural networks as variational ansätze, which
was first introduced in Ref. [10].

1.2.2 The transverse field Ising model
A direct translation of the classical Ising model Eq. (1.6) into the language of quanP
P
tum mechanics gives a Hamiltonian Ĥ = −J hiji σ̂iz σ̂jz − hz i σ̂iz . The eigenstates
of this Hamiltonian correspond to product states (Eq. (1.15)) in the eigenbasis of
the σ̂ z operators, i.e. there is no superposition of the form Eq. (1.20). True quantum
behaviour is obtained by adding a non-commutative term. From Eq. (1.18), it is
clear that the σ̂ x operator does not commute with σ̂ z . By adding a term involving σ̂ x
and putting the longitudinal field term to zero (hz = 0), we arrive at the transverse
field Ising model (TFIM)
ĤTFIM = −J

X

σ̂iz σ̂jz − hx

X

σ̂ix ,

(1.23)

i

hiji
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where J is the interaction strength between pairs of spins and hx is the transverse
field strength. The fact that the operators σ̂ z and σ̂ x do not commute (Eq. (1.18))
means that the individual terms of the Hamiltonian do not have a common eigenbasis.
Thus, a state that minimizes one of the terms cannot simultaneously minimize the
other term. In order to minimize the total Hamiltonian ĤTFIM in a given basis, we
need a superposition of states as in Eq. (1.20). One says that non-commuting terms
lead to frustration at the quantum level.

The superposition of the form Eq. (1.20) means that expectation values of quantum
wave functions are calculated as weighted averages over the basis states. This is
remarkably similar to how expectation values are calculated in statistical physics,
namely by use of the partition function Eq. (1.3). However, the uncertainty in the
quantum system is not due to thermal fluctuations, since we are dealing with the
system at zero temperature T = 0. Rather, the thermal fluctuations are replaced by
quantum fluctuations, and quantum fluctuations arise whenever the eigenstates of
the Hamiltonian are superpositions of basis states.

We can analyse the TFI model by introducing the dimensionless parameter
g = hx /J [11]. In the limit g = 0, we recover the classical Ising model. The
energy is minimized by the two states in which all spins are aligned, i.e. the product states |Ψ± i = |σ z = ±1i⊗N . This corresponds to the ordered phase, with a
P
magnetization hΨ± | i σ̂iz |Ψ± i = ±N . In the limit g  1, the transverse field hx
dominates. In this case, there is a unique ground state given by |Ψ→ i = |→i⊗N ,
√
where |→i = (|↑i + |↓i)/ 2. This ground state is an equal superposition of all possible spin states in the sz -basis, so the regime corresponds to the disordered phase
P
with hΨ→ | i σ̂iz |Ψ→ i = 0. Between the two limits of g, we expect a phase transition.
Note that the role of the temperature in the classical Ising model is now fulfilled
by the parameter g, or rather, the transverse field hx . Instead of controlling the
competition between energy minimization and entropy maximization in Eq. (1.5),
we now control the importance of non-commuting terms in the Hamiltonian.
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1.3 Quantum statistical physics
In order to describe quantum systems at finite temperatures T > 0, one combines
the procedures of statistical physics (section 1.1) and quantum many-body physics
(section 1.2). This enables one to express classical probability distributions over
quantum states. Two sources of uncertainty are thereby combined: i) the uncertainty
due to temperature T , i.e., states of different energies are accessible, and ii) the
uncertainty due to quantum fluctuations, i.e., quantum states are expressed as a
superposition over the basis states.

1.3.1 Introduction to the formalism
In principle, the description of T > 0 quantum systems does not require a new
formalism. However, when dealing with a quantum system whose state is not
completely known, it proves to be convenient to introduce the density operator
language. Suppose that the quantum system is in a state |Ψi i with probability pi ,
where i is an index that runs over the different possible states. The density operator
ρ̂ is defined by [12]
X
ρ̂ ≡
pi |Ψi i hΨi | .
(1.24)
i

The density operator ρ̂ is a non-negative operator with trace one. If the state of the
system is known exactly, we call it a pure state; in this case, the density operator
is ρ̂ = |Ψi hΨ|, with |Ψi the state of the system. A pure state satisfies Tr(ρ̂2 ) = 1.
In all other cases, the system is said to be in a mixed state, and Tr(ρ̂2 ) < 1. The
expectation value of an observable Ô is calculated as
hÔi = Tr(Ôρ̂).

(1.25)

The density operator formalism is especially useful for describing the subsystems of
a composite quantum system. Suppose that the quantum system can be divided into
two subsystems A and B. The density matrix of the composite system is ρ̂AB . We
define the reduced density matrix for subsystem A to be
ρ̂A ≡ TrB (ρ̂AB ),

(1.26)

where TrB is the partial trace over subsystem B. This partial trace is defined by
TrB (|a1 i ha2 | ⊗ |b1 i hb2 |) ≡ |a1 i ha2 | TrB (|b1 i hb2 |),

1.3

(1.27)
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where |a1 i and |a2 i (|b1 i and |b2 i) are any two vectors in the Hilbert space of A
(B). The fact that the reduced density matrix ρ̂A is a description for subsystem A
comes from the observation that it provides the correct measurement statistics for
measurements on A [12].
A quantum system in thermal equilibrium is described by the density operator in the
canonical ensemble (section 1.1.1)
ρ̂(N,V,T ) =

e−β Ĥ
Tr(e−β Ĥ )

=

e−β Ĥ
,
Zq

(1.28)

where we defined the quantum mechanical partition function
Zq ≡ Tr(e−β Ĥ ) .

(1.29)

The exponential function of an operator Ô is interpreted as a power series
exp(Ô) =

∞
X
1
i=0

i!

Ôi .

(1.30)

The quantum mechanical partition function Eq. (1.29) is similar to the classical
partition function Eq. (1.3). In the eigenbasis of Ĥ, the diagonal elements of ρ̂(N,V,T )
are the populations of the energy eigenstates at thermal equilibrium. In the limit
T = 0, only the ground state is populated and the ensemble is in a pure state (if
there is no ground state degeneracy). On the other hand, each energy eigenstate is
equally populated when T → ∞.

1.3.2 Quantum-classical correspondence
Derivation for the single spin TFI model Consider a zero-dimensional quantum
system (d = 0), i.e. a single spin, described by the Hamiltonian [11]
Ĥ = −hx σ̂ x − hz σ̂ z .

(1.31)

This Hamiltonian can be interpreted as the single spin TFI model Eq. (1.23) with
non-zero longitudinal field hz . This Hamiltonian consists of two terms ĥ0 = −hx σ̂ x
and ĥ1 = −hz σ̂ z , such that the canonical partition function can be written as
Zq = Tr(e−β Ĥ ) = Tr(e−β
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P1
i=0

ĥi

).

(1.32)

We can relate the exponential of a sum of non-commuting terms to the product of
the individual exponentials by using the Suzuki-Trotter decomposition [13]
−β

e

P

ĥ
i i

= lim

n→∞

Y

β
−n
ĥi

!n

e

(1.33)

.

i

Henceforth, we denote ε = βn . The trace in Eq. (1.32) is evaluated in the σ z -basis,
and we substitute Eq. (1.33) in Eq. (1.32) to obtain
!n

Zq = Tr(e

−β Ĥ

) = lim

n→∞

X

hσ0z |

σ0z

Y

−εĥi

e

|σ0z i ,

(1.34)

i

where σ0z is the sum over spin configurations σ0z = ±1. For each of the n factors
P
in Eq. (1.34), we insert a resolution of the identity Iˆ = σz |σiz i hσiz |. The partition
i
function now becomes
P

Zq = Tr(e−β Ĥ ) = lim

n→∞

X

hσ0z |e−εĤ |σ1z i hσ1z |e−εĤ |σ2z i . . . hσnz |e−εĤ |σ0z i ,

(1.35)

{σiz }

where {σz } is the sum over spin configurations σiz = ±1 for each i = 0, 1, . . . , n.
i
We now take one of the factors in Eq. (1.35), and write out the exponential
P

z

x

z
z
hσiz |e−εĤ |σi+1
i = hσiz |eεhz σ̂ eεhx σ̂ |σi+1
i
z

z
= eεhz σi hσiz | cosh (εhx ) Iˆ + sinh (εhx ) σ̂ x |σi+1
i

=e

z +h0 σ z +constant
J 0 σiz σi+1
i

(1.36)

.

In Eq. (1.36), we used the power series of exp(εhx σ̂ x ) combined with the fact
that (σ̂ x )i = Iˆ if i is even and (σ̂ x )i = σ̂ x otherwise. We also introduced new
variables J 0 = − 21 log(tanh(εhx )) and h0 = εhz . The additional constant introduces
a proportionality factor which can be omitted. We are thus left with
Zq = lim

n→∞

X Pn J 0 σz σz +h0 σz
i ,
e i=1 i i+1

(1.37)

{σiz }

which is the partition function of the one-dimensional classical Ising model with
periodic boundary conditions Eq. (1.8), in the thermodynamic limit n → ∞. Indeed,
we identify the number of spins n = N , the nearest neighbour interaction J 0 = J,
and the external field h0 = hz . The result of Eq. (1.36) corresponds to the transfer
matrix Eq. (1.9) of the one-dimensional Ising model (section 1.1.2).

1.3
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Generalization and sign problem The ground state regime of a quantum system
is obtained in the limit β → ∞ (section 1.3.1). Because of the identification N = β/ε,
we see, in our example above, that this corresponds to the thermodynamic limit
N → ∞ of the classical system. The correspondence between the ground state
of a d-dimensional quantum system and a (d + 1)-dimensional finite temperature
classical system in the thermodynamic limit holds for any dimension d and for any
Hamiltonian Ĥ [14].
One might now ask why we would be interested in studying quantum ground
states, since evidently they can all be mapped to classical systems. A first reason is
that the concepts that arise in the language of quantum mechanics are extremely
useful (e.g. the concept of entanglement). But there is a more important aspect;
it is not guaranteed that the Boltzmann weights in the classical partition function
are positive or real. Conceptually, this is frustrating, since the interpretation of
a classical probability distribution is lost. The consequences are however more
profound; numerical methods such as quantum Monte Carlo [7] rely explicitly on
the probabilities obtained by the quantum-classical mapping. Negative Boltzmann
weights come with an exponential growth of the statistical error, which defeats the
advantage of Monte Carlo methods. This is known as the sign problem, which has
been proven to be NP-hard [15].

1.4 Symmetries in physics
1.4.1 General description
A feature, an object, or physical law obeys a symmetry if it remains invariant or
unchanged under some transformation. Symmetries can be found in our everyday
lives, for example the bilateral symmetry of the human face. The cosmological
principle states that the universe is isotropic and homogeneous; roughly speaking,
this means that the universe is the same for all observers, and it looks the same
in all directions. In the Standard Model, particles are categorized based on their
(approximate) symmetries. We find symmetries everywhere in Nature; they are a
necessary component of theories of physics.
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Group theory Symmetries are described mathematically in terms of group theory.
A group is a set G = {g1 , g2 , . . . } of group elements gi ∈ G, that is structured
according to the following rules [16]
• multiplication of two group elements yields a group element gi gj = gk ∈ G,
• multiplication is associative (gi gj )gk = gi (gj gk ),
• there exists an identity element I ∈ G such that gi I = Igi : ∀gi ∈ G,
• each element gi ∈ G has an inverse gi−1 ∈ G such that gi gi−1 = gi−1 gi = I.
To be entirely correct, the multiplication is to be understood as a general binary
operator (◦). The binary operator can be either additive gi ◦ gj = gi + gj or, as we
had assumed here, multiplicative gi ◦ gj = gi gj .
There are many different types of groups. If the number of group elements g ∈ G
is finite, we say that the group is discrete. An example is the group that describes
the symmetries of a square: the dihedral group D4 . Continuous symmetries with
an infinite amount of elements are described by Lie groups, and their infinitesimal
symmetry motions appear as Lie algebras [17]: the elements of the continuous group
are described as functions of a certain number of continuous parameters. The group
elements can be written in terms of an equal number of generators, infinitesimal
operators, which satisfy the multiplication law represented by so-called Lie brackets.
In this Lie algebra, there is a structure constant that characterizes the structure of
the group. An example will be discussed in section 1.4.2.
Furthermore, we can differentiate between abelian groups, where gi gj = gj gi , and
non-abelian groups, where the commutative relation does not hold gi gj 6= gj gi . For
example, rotations about different axes are non-commutative.
Representations of groups The groups themselves are abstract notions. In order
to work with them, we define representations. A representation is a homomorphism
G → GLn (V) to the general linear group of a vector space V. Roughly speaking,
a representation relates elements g ∈ G of the abstract group to n × n invertible
matrices, which allows us to understand G by how it acts on V [16]. The binary operator ◦ gets translated into matrix multiplication. If the vector space V corresponds
to the complex vector space C, then the coefficients of the matrices are complex
numbers. We call the representation irreducible if it has no non-trivial invariant
subspaces. In terms of invertible matrices, irreducible means that the matrix cannot
be divided into blocks. Irreducible representations (irreps) are especially useful,
since reducible representations can be built from them.

1.4
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The names of the groups are related to the properties of the associated matrices. For
example, the “special orthogonal” group SO(3) of rotations about the origin of threedimensional Euclidean space R3 is represented by 3 × 3 orthogonal matrices with
determinant 1. The “unitary group of degree n” is denoted U(n), and corresponds
to the group of n × n unitary matrices. In the simplest case U(1), it consists of all
complex numbers with absolute value 1.
Conservation laws Noether’s theorem [18] states that every differentiable symmetry of the action of a physical system with conservative forces has a corresponding
conservation law. Without delving into any details or proofs, we appreciate the fundamental consequences of this theorem. Put simply, if a system obeys a continuous
symmetry, there is a corresponding quantity whose value is conserved in time. This
allows us to search for symmetries whenever we observe conserved quantities and
vice versa. Since conserved quantities are an important concept in virtually all of
physics [19], the theorem provides another motivation for studying the symmetries
of a system. Some notable examples are (spatial) translational symmetry ↔ conservation of momentum, time translational symmetry ↔ conservation of energy, and
rotational symmetry ↔ conservation of angular momentum.

1.4.2 Symmetries in quantum mechanics
In the language of quantum mechanics, the matrix representations of symmetry
groups correspond to unitary operators Û that act on the state space (i.e. the wave
function Eq. (1.16)) [20]. A state |Ψi is symmetric with respect to a unitary operator
Û if the transformed state is identical to the original state, up to a phase factor
Û |Ψi = eiθ |Ψi. The unitary transformation Û is a symmetry of the Hamiltonian Ĥ
if their commutator vanishes [Ĥ, Û ] = 0. This implies that Ĥ and Û have a common
eigenbasis. Thus, the eigenstates of the Hamiltonian can be given a label for the
particular irrep of the symmetry group according to which they transform. These
labels are referred to as quantum numbers.
For indistinguishable particles, the Hamiltonians are invariant under permutations.
The permutation group has only two irreps, and these correspond to fully symmetric
and antisymmetric wave functions. This is at the core of the so-called quantum
statistics and gives rise to the different statistical behaviour of bosons (symmetric)
and fermions (antisymmetric) [21]. Measurements of quantum systems are insensitive to global phase changes, i.e., the wave function is symmetric under the U(1)
circle group. This U(1) symmetry is related to the conservation of charge.
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An example: symmetry of the TFI model Consider the transverse field Ising
model Eq. (1.23). The TFI model has spin-flip symmetry, since ĤT F IM commutes
with the operator P̂ = ⊗i σ̂ix . The action of σ̂ix on the eigenstates of the σ̂iz operators
is to “flip” the i-th spin, i.e. σ̂ x |σ z = ±1i = |σ z = ∓1i. This is a Z2 symmetry, since
ˆ P̂ } is closed under multiplication. If we introduce a non-zero longitudinal field
{I,
hz 6= 0, then this relation no longer holds; this is an example of explicit symmetry
P
breaking. Putting hz = 0, the order parameter Ô = i σ̂iz (total magnetization)
transforms as P̂ ÔP̂ † = −Ô. Therefore, if the ground state does not break the
symmetry, the ground state expectation value hÔi should be zero. Recall the two
ground states in the (g = 0) ferromagnetic regime |Ψ± i = |±1i⊗N . The ground
state expectation value of the total magnetization hΨ± |Ô|Ψ± i = ±N is clearly nonzero. We can, however, construct the symmetric and antisymmetric superpositions
√
(|Ψ+ i±|Ψ− i)/ 2 for which hÔi = 0. The important observation is that the symmetry
acts non-trivially within the ground state subspace; this is an example of spontaneous
symmetry breaking. We identify this with the system being in the ordered phase.
In the regime g  1, the unique ground state Ψ→ = |→i⊗N is symmetric under P̂
such that hΨ→ |Ô|Ψ→ i = 0. There is thus no symmetry breaking in the paramagnetic
disordered phase [11].

SU(2) spin symmetry The SU(2) symmetry group is a continuous non-abelian
Lie group. It describes the rotational symmetry of half-integer spins, e.g. spin-1/2.
The spin-rotation symmetry of integer spins is described by the classical rotational
symmetry group SO(3), which is closely related to SU(2). The action of the symmetry
operations can be written in terms of unitary operators [16]
R̂(θ) = ei(θx ŝx +θy ŝy +θz ŝz ) = eiθ·ŝ ,

(1.38)

where θ is a normalised vector in three-dimensional space, and ŝx,y,z are the generators of SU(2). The exponential is to be interpreted as a power series Eq. (1.30).
The vector θ denotes a rotation of magnitude kθk = θ around the axis pointing
in the direction of θ. For spin-1/2 degrees of freedom, which is the only case we
will be considering, the generators correspond to the Pauli matrices Eq. (1.17).
The corresponding Lie algebra is presented in Eq. (1.18). The Lie bracket is the
usual commutator, and the structure constant is the Levi-Civita symbol. The action
on a composite system of N spin degrees of freedom is the direct product of the
single-particle actions
ˆ

R̂(θ) = eiθ·(ŝ1 +ŝ2 +···+ŝN ) = eiθ·J ,

1.4
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with Jˆ the total angular momentum operator. Eigenstates of the SU(2) symmetry
operator must therefore have well-defined total angular momentum. The spinP
rotational symmetry comes with the conserved quantity of total spin ŝtot = i ŝi .
The SU(2) symmetry and angular momentum states are discussed more extensively
in section 3.3.2.
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2

Machine learning (ML) is the branch of artificial intelligence focused on computer
algorithms that solve a problem without explicitly being coded by the logical steps
which lead to the solution. For this to be achieved, the algorithm processes data
in a guided manner. A formal definition was provided by Tom M. Mitchell: "A
computer program is said to learn from experience E with respect to some class of
tasks T and performance measure P, if its performance at tasks in T, as measured
by P, improves with experience E" [22]. Machine learning algorithms often require
a lot of data in order to perform reliably. Furthermore, some of the algorithms
are computationally expensive. The usability of machine learning is thus strongly
dependent on computational resources and availability of suitable datasets.

In the past decade, machine learning techniques have been applied to various
areas of research and enabled innovative technologies. Self-driving cars, customerrecommendation systems, speech-recognition, and virtual assistance devices rely
explicitly on ideas from the ML industry. The disruption of the novel technology has
been compared to the impact of computers in the 1980s and 1990s, and it is expected
to be of ever increasing relevance in perspective of a society based around big data,
automisation, and predictive capabilities [23]. The power of ML comes from the
exceptional ability to recognize complex patterns and the considerable speed-up of
classification or decision-making tasks as compared to classical methods. Machine
learning has gained attention from influential companies like Google, Apple, Intel
and Microsoft, both because of its short-term productivity and its promising longterm insightfulness in many interesting exploratory fields. Conceptual developments
in ML are often motivated by ideas from mathematics, statistics and statistical
physics, therefore it is especially synergistic with the physical sciences [24]. Physical
insights and applications to domains of physics allow cross-fertilization between the
two fields, realizing unprecedented advances in artificial intelligence and physical
problems [23].
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2.1 The machine learning methodology
In data science, an algorithm is a sequence of statistical processing steps. In machine
learning, algorithms are trained by processing data, namely the training set, in a
guided but independent manner. The goal of a ML algorithm is to provide a model
which can be generalized to new (unseen) data, the so-called test set. First, the
general workflow of machine learning will be discussed. Second, we will discuss
what it means to train a model. Finally, an example is given in which the theoretical
notions are translated into a practical application.

2.1.1 Typical machine learning workflow
Usual machine learning workflows look as follows:
1. Problem definition. Firstly, data has to be gathered and the problem (or
task T) has to be defined and translated into mathematical terms. This means
that a target has to be formulated, together with a measure that indicates how
well the machine handles the task. The latter is most often referred to as the
cost function (or performance measure P), and can be seen as the value that
indicates the error of the machine.
2. Model selection. The next step is selecting the appropriate model (or algorithm) for the task. This step also depends on the amount and the quality
of the data that is available, as some algorithms need more data to perform
reliably as compared to others. When a suitable model is chosen, the hyperparameters (if any) need to be carefully considered. The so-called bias-variance
tradeoff plays a crucial role during model selection: this tradeoff implies that
a model which is less biased often shows greater variance and vice versa. High
bias models do not change their prediction much when new data points are
introduced, meaning the model shows low variance. However, high bias means
the search space (or hypothesis space) is restricted and thus the expressiveness
of the model is limited, often leading to inadequate performance. If a low
bias model is chosen, the reverse reasoning applies: the model performs well
because it is more adaptive, but introducing a new data point changes the
outcome of the algorithm drastically (meaning low bias and high variance).
The ideal scenario is having a model with low bias and low variance, such that
it can accurately approximate the underlying distribution of the data and yet
be robust and generalizable.
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3. Training.
Machine learning algorithms contain variational parameters.
Training the model means feeding training data (experiences E) and adjusting
the variational parameters in a way that improves the performance measure P.
Training is thus the phase wherein the algorithm “learns”, i.e., it is tweaked
(often iteratively) in order to perform better at the provided task.
4. Testing. Extensive training typically leads to a model which performs well
on the training data. However, practical uses of machine learning algorithms
require the model to perform well on unseen test data. It is therefore of great
interest to acquire the best possible performance on the test set. In many cases,
too much training leads to overfitting: extensively training a model leads to
ever-increasing performance on the training set, but the performance on the
test set starts to decrease. The main reason for this behaviour is that the model
learns the noise in the training data.
We now discuss three additional remarks on the outline provided above. (i) Since
models need to perform well on unseen data, the original dataset is often separated
in three parts, namely training - validation - and test sets. The validation set is then
used to validate the model performance during training, possibly guiding subsequent
actions, e.g. in model refinement. The test set is only used at the very last phase of
the machine learning pipeline, that is during final performance measurements. If
at any point the test set slips into the model, the final results are biased. (ii) Most
algorithms come with hyperparameters, i.e., parameters not varied during training
but possibly important for the model behaviour. The optimal hyperparameters are
then selected by doing a parameter sweep: a series of simulations (steps 3 & 4)
are carried out using sets of hyperparameters and the results are compared. The
set that performs best on the validation set is then taken to define the model. (iii)
Methods such as early stopping are used in order to avoid overfitting: as the training
error generally decreases monotonically during training, the error on the validation
set is the appropriate measure of performance. Early stopping is a method that
stops training of the model when the validation error increases, thereby averting
overfitting.

2.1.2 The concept of learning
As we have already noted in step 3, we say that the model “learns” during the
training phase. In order to introduce the concept, denote the output of the model for
the input xi by ŷi = fW (xi ), where data points (or samples) are labeled by index i.
Note that the output of the model depends on its variational parameters W. The loss
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function L(yi , ŷi ) takes as inputs the target yi and the prediction ŷi , and returns
a single number. This number indicates the error of the model on the given data
point. When the target yi is not readily available, we define the loss by other means.
The distinction between these two cases is set out in more detail in the forthcoming
section (section 2.2).

Usually we are more interested in the overall performance of the model than its
performance on an individual data point. This performance is represented by the
single number returned by the cost function C. The cost function can be obtained by
extending the definition of loss functions to more data points, for example by setting
P
C = i L(yi , ŷi ) and normalizing. The latter can be either minimized (in which
case the cost function outputs a value called the cost, error, or loss) or maximized
(in which case the value is called the reward). Choosing the correct cost function
is a crucial part of the machine learning workflow, and depends on the specific
situation.

Thus “learning” means adjusting the variational parameters W in order to decrease/increase the cost function. In case of cost function minimization, this can be
expressed as
min [C(W)] .
(2.1)
W

This expression leads to a set of equations involving the derivatives of the cost
function and the function representing the action of the machine fW (xi ). These
equations can be hard to solve analytically, especially if the machine contains many
variational parameters and is non-linear. Therefore, iterative optimization techniques
are widely used. Perhaps the most well-known is the gradient descent algorithm,
which is a first-order iterative optimization algorithm for finding a local minimum
of a differentiable function. It defines a parameter update rule in the direction of
steepest descent
W t+1 = W t − η · ∇W C(W)
,
(2.2)
W=W t

where η denotes the learning rate, and t is the iteration step. The learning rate
is a chosen value which dictates the magnitude of the parameter variation. If the
learning rate is big, the algorithm might miss the (local) minimum. If it is small, the
optimization is slow and the algorithm might get stuck in a local minimum. The
update rule Eq. (2.2) is applied iteratively until convergence is reached, meaning
the variational parameters W do no longer change considerably during an update.

22

Chapter 2

Introduction to machine learning

2.2 Machine learning tasks
Machine learning has been applied to a wide variety of tasks, each of which can be
divided into one of three paradigms:
• Supervised learning. In supervised learning, the data points are accompanied by labels, i.e. the ground truths. Labels are the correct answers and the
target output for the model. The label information is used to calculate the cost
function and thus enables estimating model performance during optimization
and in the testing phase. The main obstacle of supervised learning is the need
for labeled datasets. Generating labeled datasets is typically time consuming
and expensive, as it requires expert analysis.
• Unsupervised learning. On the contrary, unsupervised learning uses unlabeled datasets. The training dataset is a set of examples without a desired
outcome or target associated to them. Rather, the goal of unsupervised learning is the extraction of features or patterns in the dataset and to elucidate
structure. As there is no obvious target for the model to aim at, defining
a meaningful cost function is one of the main difficulties in unsupervised
learning. A meaningful cost function forces the model to learn the underlying
structure of the dataset during optimization.
• Reinforcement learning. In reinforcement learning, an intelligent agent
(IA) takes actions based on its environment and accumulative reward. An IA
has sensors and actuators to observe and change its environment, respectively.
The IA maximizes the reward by balancing exploration of uncharted territory
and exploitation of current knowledge. It learns from past experiences and
trains by trial and error. The typical model in reinforcement learning is the
Markov decision process, which is an extension of the Markov chain by addition
of actions and rewards.
Falling between supervised and unsupervised learning we have semi-supervised
learning, in which the model is trained with a partially labeled dataset. This means
that some amount of data points have labels whereas the rest of the data points do
not. In a largely unsupervised setting, the labels can for example be incorporated in
pattern detection. Supervised models can learn to extrapolate the label information
to unlabeled data points and use this to improve the model.
Many different machine learning algorithms have been devised, but they usually
solve similar problems. Most machine learning tasks fall into one of the following
categories.
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• Classification.
Perhaps the most well-known machine learning task is
supervised classification, in which a model is trained to predict the class to
which a data point belongs. An example is the popular Modified National
Institute of Standards and Technology (MNIST) database [25] consisting of
70 000 images of handwritten numbers. Customarily, the images are classified
by a convolutional neural network which systematically extracts patterns in the
pixel distributions [26]. Another popular classification model is the support
vector machine (SVM) [27] (discussed in section 2.3.2).
• Regression. Regression analysis is a type of supervised predictive modelling
which searches for correlations between the independent variables (the predictors x) and the dependent variable (the target y). The simplest form is
linear regression, where the fit y = mx + b to the data points is optimized by
minimizing the sum of distances between exact values and predicted values y.
A popular example of regression problems is price prediction, for example in
stocks.
• Clustering. The idea behind clustering is that there is some natural grouping
of the data, and that this grouping can be found in an unsupervised setting.
After defining a distance measure in feature space (e.g. the euclidean distance
between points x), data points are placed in the same group when they are
close and/or satisfy other criteria. The clustering can function as a label,
as it marks similarity. Other benefits include outlier detection and pattern
recognition.
• Dimensionality reduction. This unsupervised technique reduces the dimensionality of a dataset by removing superfluous variables or by transforming
the variables. This is interesting for data compression and preprocessing, as
clustering algorithms are known to perform worse in higher dimensions. A
prominent example is principle component analysis (PCA) [28], in which
variables of highest variance are created as linear combinations of the original
ones. A certain number of new variables (the principle components) are then
kept whereas the rest of them are discarded, resulting in a dataset containing
most of the information but of lower dimensionality (see section 2.3.1).
• Function approximation. Many machine learning models, especially neural
networks, are excellent function approximators. In some sense, all machine
learning models approximate functions. For example, classification models try
to find the function which maps data points x to their corresponding classes
f (x) ∈ {c1 , c2 , . . . , cN }. Regression models are then the generalization to
continuous classes. In these cases we are mostly interested in the outputs of
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the function for given data points. As we will see later when we discuss neural
networks as representations for quantum wave functions, we are sometimes
interested in the function in and of itself, because it might contain valuable
information.

2.3 Machine learning algorithms
Perhaps the most important step in the machine learning workflow is the choice of
model. This choice depends mainly on the situation, e.g. the type of task and data
availability.
Additional criteria for model/algorithm selection are
(i) Interpretability/explainability: in order to obtain insight, or to increase model
performance, it is beneficial to be able to follow along the process by which the
model reaches its output. For example, when using a decision tree we can percolate
a sample through the tree manually, meaning the processing steps can closely be followed. Contrarily, a neural network behaves more as a black box. (ii) Transferability:
when we want the model to be more broadly applicable, e.g. to samples stemming
from different distributions, then we need the model to be transferable [29]. A
classic example is a neural network trained to classify dogs and cats in images,
and extending its use to classify other animals. (iii) Many others: further criteria
include the average training time of the model, the expected accuracy, the memory
requirements, etc. Some of the most well-known machine learning algorithms are
briefly discussed below.

2.3.1 Principle component analysis
Principle component analysis (PCA) is one of the oldest and most widely used
dimensionality reduction techniques, and it is used in various disciplines. The
idea behind PCA is to reduce the dimensionality of the data while preserving the
statistical information [28]. This is done by finding new variables that are linear
transformations of those in the original dataset, such that they maximize variance
and are uncorrelated.
In practice, the (n × p) dataset X containing n samples with p variables is first
normalized to have zero mean and unit variance for each variable (i.e. the columns).
Subsequently, the covariance matrix S is calculated, which holds information about
the correlations between variables in the dataset. Finding the new variables of
highest variance then amounts to solving the eigenvalue problem Sa = λa, where a
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is an eigenvector of the covariance matrix S and λ is the corresponding eigenvalue.
We are interested in the eigenvectors that have the largest eigenvalues, since the
eigenvalues are the variances of the linear combinations defined by the eigenvectors
Var(Xai ) = λi . After ordering the eigenvectors, we choose the first n to be the
principle components, and discard the rest. Finally, we transform the data to the
new coordinate system of the chosen principle components. In this way, we have
reduced the number of variables, but kept most of the variance in the dataset.

2.3.2 Support vector machines
Support vector machines (SVM) are supervised classifiers that maximize the margin
(i.e. the distance between the classes) in order to assure generalizability [30].
Assume we have a linearly separable dataset {xi , yi }, i = 0, 1, ..., N , where the
possible values of yi ∈ {−1, 1} represent the two classes. The decision boundary is
a line if the vector x ∈ Rd is two-dimensional (d = 2). If we have data with three
variables (d = 3), the decision boundary is a plane.
For arbitrary dimensionality, we search for the separating hyperplane wx+b = 0 with
maximal margin. In the linearly separable case we can write yi (wxi + b) − 1 ≥ 0, ∀i.
Now consider two auxiliary hyperplanes H1 and H2 defined as in Fig. 2.1, such
that the margin is the distance between the two. Take a point x− on H1 and let
x+ be the closest point on H2 . The margin can be calculated as M = |x+ − x− |,
where x+ − x− = λw. By combining this with wx± + b =√±1 and rewriting, we find
ww
2
2
λ = ww
. We thus end up with the margin M = |λw| = 2 ww
= √ww
. The problem
can now be stated as a constrained optimization problem: maximize M (equivalent
to minimize ww
2 ) with the constraint that all data points are classified correctly. This
leads to a quadratic optimization problem with N linear constraints, which can be
solved using the method of Lagrange multipliers.
The data points that define the auxiliary hyperplanes H1 and H2 are termed the
support vectors. Note that the support vectors form a compact representation
of the model (the SVM model is completely defined by the support vectors). In
order to handle non-separable cases, slack-variables ξi that penalize errors are
introduced. These variables
 are included in the optimization criterion, so that now
PN
ww
the sum 2 + C
i=1 ξi is minimized. This can again be solved using Lagrange
multipliers, with N additional inequality constraints ξi ≥ 0, ∀i.
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Fig. 2.1.: Graphical representation of the construction in SVMs. We have the separating
hyperplane H defined by wx + b = 0, and the auxiliary hyperplanes H1 and H2 .
The margin M is the distance between the two points x+ and x− , which is used
to define the optimization problem in the main text.

Non-linear problems are solved by transforming the data points xi into a higher
dimensional feature space xi → zi = φ(xi ), with dim(zi ) > dim(xi ). The data is
linearly separable in this embedding, meaning the SVM algorithm can be applied.
In practice, the transformation is not explicitly performed. Rather, the efficient
kernel trick is applied, where a kernel function K(xi , xj ) = φ(xi )φ(xj ) implicitly
transforms the data [31]. This can be done since only the dot products enter in
the optimization problem. The approach of implicitly transforming the data into
a linearly separable feature space is generally applicable, and has been used to
generalize other linear models (e.g. kernel PCA).

2.3.3 Neural networks
Artificial neural networks (ANNs) are the machine learning tool used in this thesis,
therefore we introduce them in more detail. We call these models “neural networks”
because of their resemblance to interconnected biological neurons in e.g. the human
brain. Neural networks generally model a function, and the goal is then to find the
parameters that yield the correct mapping. In the past years, ANNs have successfully
been applied to various fields, thereby enabling innovative technologies ranging
from speech recognition to self-driving cars. In the coming sections, we will discuss
how to use them to represent quantum many-body wave functions. Now, we will
start investigating the basic building blocks of these models, and gradually increase
their complexity in a step-by-step fashion. We will discuss the initialization of neural
networks, and how the parameters are updated using backpropagation.
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Fig. 2.2.: A depiction of the perceptron model, the fundamental building block of neural
networks. It performs a linear combination of the inputs xi weighted by the
weights wi , and adds a bias b. The result is given as input to an activation
function F , which gives us the output of the model y. The bias can be seen as an
additional term in the linear combination: the additional virtual input is fixed to
1 and the corresponding weight is b.

Perceptrons The fundamental building block of neural networks is the so-called
perceptron, which is a simplified single neuron model as shown in Fig. 2.2. Mathematically, its output y is given by

y = F (w · x + b),

F (x) =


1

if x > 0,

0

otherwise,

(2.3)

where x is a real-valued input vector, w is a real-valued weight vector, b is a bias,
and F is a (piecewise) linear activation function. The perceptron models a treshold
function, as it is activated (returns 1) only if the argument x of the activation
function F (x) is greater than zero. With this definition, it is clear that the perceptron
is a binary classifier that distinguishes linearly separable data. Geometrically, the
P
bias b shifts the decision boundary ni wi xi + b = 0, whereas w determines its slope.
Otherwise, the weight vector w can be interpreted as a feature detector. When a
given input feature xi is irrelevant for the output y, the corresponding weight wi will
be zero. Conversely, a relatively high weight can be assigned to meaningful input
features.
In a supervised setting with labels d(x), optimizing the variational parameters
W = {w, b} is done iteratively using one of three rules. In these rules, η denotes
the learning rate and ∆wi (t) is the update of parameter wi at step t such that
wi (t + 1) = wi (t) + ∆wi (t). The rules are
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1. Hebbian rule:

∆wi (t) = η yxi ,

2. Perceptron rule:

∆wi (t) = d(x)xi

3. Delta rule:

∆wi (t) = η(d(x) − y)xi .
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if y 6= d(x) else 0,

The bias b is handled as an additional weight b = wn+1 connected to a constant
(virtual) input xn+1 = 1, where n is the real input dimension. The Hebbian rule states
that the connection should be strengthened when units are activated simultaneously.
The perceptron rule uses a sign activation function such that d(x) = ±1 and only
updates if y 6= d(x). This rule has an important convergence property: If the data is
linearly separable, the perceptron learning rule will converge to a solution in a finite
number of steps for any initial choice of weights [32]. These kind of theorems are
interesting from both a theoretical and an experimental standpoint, as they can
guide further developments and practical usage of the model. Note that the premise
of the theorem is that the data is linearly separable. If this is not the case, the
update rule never leads to convergence. The Delta rule (also called the WidrowHoff rule) circumvents this issue by finding a local optimum in these cases. It can
be derived using the gradient descent algorithm Eq. (2.2) on a least squares loss
P
function C = i (d(xi ) − yi )2 . These considerations show the importance of a good
optimization algorithm.
More complex data distributions can be modeled by combining the decision boundaries of multiple output nodes, also called single layer perceptrons. Note that the
individual boundaries themselves remain straight lines. A natural extension of the
single layer perceptron is to include an extra “hidden” layer in addition to the input
and output layers. The multi-layer perceptron (MLP), having at least three layers,
is the result of sequentially stacking single layer perceptrons. Except for the input
layer, the nodes in each layer have linear activation functions.1 The usefulness of
this model is however limited, since linear algebra shows that an MLP with any
amount of layers can be reduced to a two-layer input-output model.
Feedforward Neural Networks The expressive power of neural networks can
drastically be increased by generalizing the MLPs to include non-linear activation
functions. This extension leads to a class of models known as feedforward neural
networks (FFNN). As is illustrated in figure 2.3, the FFNN consists of an input layer,
a given number of hidden layers, and the output layer. In its most basic form, each
layer is fully connected to the next one, and there are no connections between nodes
in the same layer. We call the network “deep” if it contains more than one hidden
layer. Except for the nodes in the input layer, each node represents a perceptron
with a non-linear activation function. The variational parameters W are given by
p
the weights wij
and the biases bpi . In this notation, subscripts and superscripts
correspond to node and hidden layer numbers, respectively.
1

Actually, the term MLP is used ambiguously. In some works, the MLP has non-linear activation
functions — here we reserve this feature for feedforward neural networks.
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Fig. 2.3.: A depiction of a (fully connected) feedforward neural network consisting of 4
layers total: we have an input layer of 4 input nodes, 2 hidden layers of size 3,
and the output layer that has 2 output nodes. The biases are not shown explicitly.

Feedforward denotes that information flows only in one direction, namely from
input to output. The input nodes are connected to the nodes of the first hidden layer,
whose outputs are then again the inputs of the nodes in the next layer. We can then
write the various (intermediate) outputs as


Np



h
X
p p


bpk  ,

(2.4a)

 q

Nh
X
q
hq+1
= Fh  hql wlj
+ bqj  ,
j

(2.4b)

output nodes:

yk = Fo

hj wjk +

j=1

intermediate hidden nodes:

l=1

initial hidden nodes:

h1l

= Fh

Nv
X

!

xi wil1

+

b1l

,

(2.4c)

i=1

where we denoted the number of nodes in hidden layer q ∈ {1, . . . , p} by Nhq , and
the number of inputs by Nv . The advantage of non-linear activation functions is
evident from the following.

The Universal Approximation Theorem:
Only one layer of hidden units suffices to approximate any function with finitely
many discontinuities to arbitrary precision, provided the activation functions of
the hidden units are non-linear [33].

Multiple hidden layers are however used in practice because these architectures
are more efficient. Note that the output nodes do not require non-linear activation
functions, and that it is not mandatory for all activation functions in the network to
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be equal. Historically, the sigmoid function F (x) = (1 + e−x )−1 is customarily taken
as non-linear activation function of the hidden nodes.

Optimization is performed using a technique called (error) backpropagation [34].
It starts by defining a loss function and calculating its gradients to the variational
parameters. Starting with the output nodes, the chain rule is repeatedly applied
to Eqs. (2.4) in order to compute the contributions to the total loss. Typically, the
resulting equations can not be solved in closed form, leading to the use of iterative
methods such as gradient descent: samples are propagated through the network, the
error is calculated, and the parameters are adjusted in the direction of decreasing
error. This is repeated until a certain degree of convergence is reached.

In recent years, so-called convolutional neural networks (CNNs) have widely been
applied, most often in the context of image recognition. CNNs are a restricted type
p
of feedforward neural networks, where the weights wij
have specific properties. By
p
restricting the values wij to be non-zero only for certain nodes i, the weight vectors
are said to act as feature extractors. For example, in case of an image classifier, we
α and w β which detect horizontal and vertical lines, respectively.
can have vectors wij
ij
Combining this information in a subsequent layer leads to the detection of angles,
which in turn can be combined with other information to predict the content of the
image.

Restricted Boltzmann Machines The restricted Boltzmann machine (RBM) [35]
is a generative stochastic model that can learn a probability distribution over its
set of inputs. The structure of an RBM is that of a bipartite graph, where the
input variables x (also called visible units) are fully connected to the single layer
of hidden variables h by a weight matrix w. It is a subclass of the more general
Boltzmann machines, where restricted means no intra-layer connections are allowed
(see Fig. 2.4). With this architecture, an energy function can be defined as
E(x, h; W) =

Nv
X
i=1

ai xi +

Nh
X
i=1

bi hi +

Nh
Nv X
X

wij xi hj ,

(2.5)

i=1 j=1

which depends on the variational parameters W ≡ {ai , bi , wij }. The numbers Nv
and Nh denote the number of visible and hidden units, respectively. The factors ai
(bi ) introduce a bias by independently acting on the corresponding visible (hidden)
units. The hidden units capture correlations and together with the weight factors
wij , the interaction terms of Eq. (2.5) can enhance or counteract the biases. Similar
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Fig. 2.4.: Graphical representation of a fully connected restricted Boltzmann machine. In
this example, the number of inputs (or visible units) Nv is equal to the number
of hidden units Nh . The two layers are connected by weights wij . Biases are not
explicitly shown.

to how we define Boltzmann distributions in statistical physics, we use the energy
expression Eq. (2.5) to find a probability distribution at given W
exp(−E(x, h; W))
exp(−E(x, h; W))
=
.
Z(W)
x,h exp(−E(x, h; W))

p(x, h; W) = P

(2.6)

The partition function Z(W) in the denominator runs over all possible configurations. We get the probability of the data p(x; W), i.e., the probability of a given
configuration x of visible units, by summing over the hidden units
p(x; W) =

X

p(x, h; W),

(2.7)

{hi }

where {hi } is the set of all possible configurations of hidden units. With the RBM as
a model for the probability Eq. (2.7), all sorts of interesting physics can be deduced.
The particular case of using RBMs to represent quantum wave functions will be
extensively discussed in section 3.1.
Recurrent Neural Networks Consider a discrete sample space with configurations
denoted as σ ≡ (σ1 , σ2 , . . . , σN ). We have N variables σi which each can take values
σi ∈ {0, 1, . . . , D − 1}, where D is the input dimension representing the number of
different obtainable values. We can cast the probability of a configuration p(σ) ≡
p(σ1 , σ2 , . . . , σN ) in the following form by using the product rule for probabilities
p(σ) = p(σ1 )p(σ2 |σ1 ) . . . p(σN |σN −1 , · · · , σ2 , σ1 ).

(2.8)

In this equation, p(σi |σi−1 , . . . , σ2 , σ1 ) ≡ p(σi |σ<i ) is the conditional distribution of
σi , given all σj with j < i.
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Fig. 2.5.: The recurrent neural network represented graphically. Left-hand side: compact
version. Right-hand side: unrolled version. At each step n, a (one-hot encoded)
input σn−1 is fed to the recurrent cell, together with a hidden state vector hn−1 .
The cell computes a new hidden state vector hn , which passes a softmax layer (S)
to obtain conditional probabilities yn . Figure adapted from Ref. [36].

A recurrent neural network (RNN) [37] models the probability p(σ) by determining
the conditionals p(σi |σ<i ) of Eq. (2.8). The elementary building block of an RNN
is called the recurrent cell. In its most basic form, the recurrent cell maps the
direct sum (the concatenation) of an input hidden vector hi−1 of dimension dh
(the number of memory or hidden units) and an input visible vector σi−1 to an
output hidden vector hi of dimension dh by use of a non-linear activation function F ,
written as [36]
hi = F (W [hi−1 ; σi−1 ] + b).
(2.9)
We have as parameters the weight matrix W ∈ Rdh ×(dh +D) , the bias vector b ∈ Rdh ,
and initial states of the recursion h0 and σ0 which are fixed to constant values.
The vector σi denotes the one-hot encoding of input σi . A graphical representation
of the RNN is shown in Fig. 2.5. With this basic “vanilla” recurrent cell, long
distance correlations are suppressed exponentially. Also, it is known to suffer from
vanishing gradients, which leads to unstable optimizations. To accommodate for
these shortcomings, an extension known as the gated recurrent unit (GRU) is often
used [38], which processes the input configurations σ as
ui = sig (Wu [hi−1 ; σi−1 ] + bu ),

(2.10)

ri = sig (Wr [hi−1 ; σi−1 ] + br ),

(2.11)

h0i = tanh (Wc [rn

(2.12)

hi = (1 − ui )

hi−1 ; σi−1 ] + bc ),

hi−1 + ui

h0i ,

(2.13)

where sig and tanh are the sigmoid and hyperbolic tangent activation functions,
respectively. The symbol denotes the point-wise (Hadamard) product [39]. The
newly generated hidden state hi is constructed as an interpolation between the
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previous one hi−1 and a candidate hidden state h0i . The update gate ui controls the
extent of the update, and the reset gate ri (potentially) cancels components of hi−1
(often referred to as the GRU ‘forgetting’ the information encoded in the previous
hidden state). Regardless of which recurrent cell is used, a hidden state vector h is
obtained. From this, the conditionals can be computed as
p(σi |σi−1 , . . . , σ1 ) = yi · σi ,

with

yi ≡ S(U hi + c),

(2.14)

where U ∈ RD×dh and c ∈ RD are weights and biases of a softmax layer, and S is
the softmax activation function
exp(xn )
S(xn ) = P
.
i exp(xi )

(2.15)

The full probability p(σ) is obtained by sequentially computing the conditionals of
Eq. (2.14) and multiplying, this gives
p(σ) =

N
Y

yi · σi ,

where

kyi k1 = kp(σ)k1 = 1.

(2.16)

i=1

The norms sum over positive, real values and thus represent probability distributions.
For the vanilla RNN, the variational parameters are W = {W, U, b, c}. The RNN is
compact and independent of system size N , since the variational parameters are
shared among the N cells. Deep architectures are constructed by stacking RNN cells
(with intermediate activation functions), the depth being denoted by the number of
layers nl .

Initialization of variational parameters Adequate initialization of the weights
and biases of the network can be of great importance. Consider a deep neural
network, where many consecutive layers perform matrix multiplications and have
non-linear activation functions. If the variational parameters are not properly
initialized, the (mean of the) outputs of the nodes of layers deep in the network
are expected to vanish or to become very large. This means that the next layer gets
inputs close to 0 or inputs that are very large, possibly interpreted by the computer as
invalid (not a number, NaN). Consequently, the gradients needed in the optimization
of the network become unstable. This leads to the network failing to converge, or
possibly even errors to occur due to the appearance of NaNs.
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In order to have a stable optimization and avoid extreme gradients, proper initialization of the parameters is required. When using activation functions that are
symmetric around 0 and have outputs in [−1, 1], we want each layer to have outputs
with a mean of 0 and a standard deviation around 1, on average. In this way,
information gets propagated throughout the entire network in a stable fashion, and
gradients are expected to behave as desired.
For many years, the commonly used “heuristic” for initializing parameters was to generate random values from the uniform distribution [−1, 1] and subsequently scaling
√
them by 1/ n, where n is the size of the previous layer. However, it has been shown
in [40] that this approach leads to diminishing gradients as we go deeper into the network. The authors proposed a new initialization scheme: the values are now picked
from
theq
uniform
distribution
ranging
between
i
h q
6
6
− ni +ni+1 , + ni +ni+1 , where ni are the number of input connections to the
layer (fan-in) and ni+1 are the number of output connections (fan-out). Biases are
initialized to 0. With this initialization, the authors have shown that the gradients
remain approximately constant among different layers, and faster convergence is
acquired. In close resemblance, we can draw parameter
values from a Gaussian
q
2
distribution with 0 mean and standard deviation ni +ni+1 . These initialization
methods are commonly referred to as Xavier or Glorot initialization.
Xavier initialization is optimal when using symmetric activation functions with a
limited range, e.g. the logistic sigmoid F (x) = (1+e−x )−1 and the softmax functions
Eq. (2.15). Inherently, these functions call for vanishing gradients. Take for example
the sigmoid function, whose output does not change considerably by changing x
when x is very large (or small), and thus the gradients are expected to vanish. To
remedy this, activation functions with a broader range are customarily used, e.g.
the rectified linear unit (ReLU) G(s) = max(0, s). For this activation function, the
optimal standard deviation was found to be 2/nL with nL the fan-in of layer L [41].
As with Xavier initialization, bias vectors are initialized to 0. This is referred to as
He or Kaiming initialization. The derivations can be found in the references.

2.3

Machine learning algorithms
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Artificial neural networks in
many-body physics

In this chapter, we discuss how restricted Boltzmann machines (RBM) and recurrent neural networks (RNN) can be used to represent many-body quantum wave
functions. In sections 3.1.1−3.1.3 we introduce the idea of a variational ansatz and
explain how we can use it to calculate expectation values. Next in section 3.1.4,
we explain the optimization procedure in order to adequately represent the target
quantum state, customarily the ground state. Some additional notes on using the
RNN as ansatz are given in section 3.2. We subsequently show in section 3.3 how to
adapt the neural networks such that they satisfy SU(2) symmetry. In chapter 4, we
compare the performance of the two types of neural networks (RBMs and RNNs),
with and without the implementation of SU(2) symmetry, by applying the strategy
to established lattice systems.

3.1 Restricted Boltzmann machines for modeling
quantum systems
3.1.1 The RBM as variational ansatz
The wave function |Ψi of a quantum mechanical spin-1/2 system can be written as a
superposition in some basis, e.g. the σ z -basis, as follows
|Ψi ≡

X
σ

ψ(σ) |σi =

X
{σiz }

z
ψ(σ1z , σ2z , . . . , σN
) |σ1z σ2z
v

z
. . . σN
i
v

=

Nv
2X

ψ(σn ) |σn i ,

n=1

(3.1)
where Nv is the number of lattice sites. A configuration σ is expressed in terms of
the eigenvalues σiz = ±1 of the single spin σ̂ z -eigenfunctions at sites i. The wave
function |Ψi is fully determined by the complex amplitudes ψ(σn ) associated to the
2Nv possible configurations. Computing all amplitudes is typically intractable, since
the number of terms in the expansion of Eq. (3.1) scales exponentially with Nv .
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Therefore, a variational ansatz is often used, which is a parameterization of the
wave function
X
|ΨW i =
ψW (σ) |σi .
(3.2)
σ

The complex amplitudes ψW (σ) and the wave function |ΨW i are fully determined
by the complex parameters W ∈ Cnpar . When the number of parameters npar is much
smaller than the size of the Hilbert space ∼ 2Nv , we have an efficient representation.
The goal is then to find those parameters W that best approximate the exact wave
function Eq. (3.1).

For the spin states in Eq. (3.1), we can rewrite our expression of the energy given by
an RBM Eq. (2.5): to suit our problem at hand, the visible units are written in terms
of spin eigenvalues σiz = ±1. The hidden units encode the correlations between
the visible spins and adopt the same binary values. The expressivity of the model is
determined by the number of hidden units Nh , usually characterized by the ratio
α = Nh /Nv . The energy of Eq. (2.5) is used to define the wave function by [10]
ψW (σ) = hσ|ΨW i =

X

e−E(σ,h;W) ,

(3.3)

h

where the sum extends over all possible configurations of the hidden units {hi }.
The partition function of Eq. (2.6) is absorbed in the normalization of the wave
function.
Explicit summation over the hidden units results in a popular way of writing the
wave function of an RBM, namely
ψW (σ) = e

P

a σz
i i i

×

Nh
Y



Fi (σ),

where Fi (σ) = 2 cosh bi +

i=1

Nv
X



wij σjz  . (3.4)

j

The advantage of this notation stems from the interpretation of the number of
hidden units Nh , which plays a role analogous to the bond dimension of matrix
product states [10]. A neural network that is used as variational ansatz for quantum
wave functions as in Eq. (3.2) is termed a “neural network quantum state” (NQS).
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3.1.2 Calculating expectation values
Even upon using an efficient variational wave function |ΨW i in Eq. (3.2), exact
calculation of expectation values is intractable for large systems, since it involves
summing over the entire Hilbert space. However, numerical approximations can be
obtained.
We start by inserting resolutions of the identity in terms of the basis elements
P
Iˆ = σ |σi hσ| in the definition of the expectation value of some observable Ô, and
rewriting
hΨW |Ô|ΨW i
σ hΨW |σi hσ|Ô|ΨW i
hÔi ≡
=
= P
hΨW |ΨW i
σ hΨW |σi hσ|ΨW i
P

P

σ

OL (σ)|ψW (σ)|2
,
2
σ |ψW (σ)|

P

(3.5)

where we defined the local estimator OL (σ) as
OL (σ) =

hσ|Ô|ΨW i
.
hσ|ΨW i

(3.6)

In this way the expectation value hÔi is recast as the average σ p(σ)OL (σ) of a
random variable OL (σ) over the probability distribution p(σ) given by
P

| hσ|ΨW i |2
.
p(σ) = P
2
σ | hσ|ΨW i |

(3.7)

In practice, Ns configurations {σ} are sampled in order to approximate the probability distribution p(σ), allowing us to take the mean of the corresponding local
estimators
s
Ns
1 X
Var(OL )
OL (σn ) ±
hÔi = hOL ip(σ) =
.
(3.8)
Ns n=1
Ns
Often we want to calculate the expectation value of the Hamiltonian Ĥ, in which
case the local estimator is called the local energy eL (σ) and we get
E(W) ≈

Ns
1 X
eL (σn ).
Ns n

(3.9)

This strategy requires efficient calculation of the local energies eL (σ), which is
possible if Ĥ is sparse (which means that any given row of the matrix representation
of Ĥ contains few non-zero terms). This is the case for Hamiltonians that only
involve local few-body interactions. Furthermore, the variational representation
must be able to efficiently generate samples according to p(σ).
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3.1.3 Sampling with Markov chains
For energy-based models such as the RBM, the output amplitudes ψ(σ) are not
properly normalized. This means that direct sampling according to Eq. (3.7) is
unfeasible due to the sum over the entire Hilbert space in the denominator. In order
to generate samples for estimating expectation values as in Eq. (3.8), we construct a
Markov chain. We perform a Markov Chain Monte Carlo (MCMC) random walk in
the configuration space of spin configurations σ, and utilize the Metropolis-Hastings
algorithm [42]. The algorithm looks as follows.
Step 0. Start with an initial configuration σ0 .
Step 1. Propose a new spin configuration σ 0 .
Step 2. Calculate the acceptance ratio

A(σ 0 |σi−1 )

p(σ 0 )
.
= min 1,
p(σi−1 )




Step 3. Draw a uniform random number r between 0 and 1, and accept the proposed
state, i.e., set σi = σ 0 , if r < A(σ 0 |σi−1 ). Otherwise, reject the state σ 0 if
r ≥ A(σ 0 |σi−1 ), meaning set σi = σi−1 .
Repeat steps 1-3 until Ns configurations are obtained.
We take the final configuration of a thermalization run (which starts with a random
initial configuration) as the initial configuration σ0 of the production run. The new
spin configuration σ 0 in step 1 is obtained by transforming the previous configuration
σi−1 according to some rule, e.g. by flipping a spin. The result of the algorithm is a
chain of states σ0 → σ1 → σ2 → · · · → σNs that are distributed according to p(σ).
This chain can be used to evaluate expectation values as in Eq. (3.8). Note that the
probability p(σ) only enters as a fraction (step 2), which solves the denominator
problem. At each iteration i, we only need the amplitudes of configurations σi−1 and
σ 0 , and these are given by the RBM (Eq. (3.3)). We also note that the configurations
in the Markov chain are correlated, hence statistical estimates need to be corrected
for potential biases [43].

3.1.4 Optimizing the RBM
Variational Monte Carlo In this context, optimizing the RBM means finding
those parameters W that correspond to the best approximation to the ground
state |ΨW i ≈ |Ψgs i. With the tools introduced above, we can iteratively improve the
representation using variational Monte Carlo (VMC) techniques [7, 10]. We start
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with the variational principle, which says that the energy expectation value E(W) of
any trial wave function |ΨW i will be higher than or equal to the exact ground-state
energy Egs . We can write this as
E(W) = hĤi =

hΨW |Ĥ|ΨW i
≥ Egs ,
hΨW |ΨW i

(3.10)

which implies that if E(W) = Egs then |ΨW i = |Ψgs i. In order to find the best
possible approximation to the exact ground state, we minimize the energy of the
wave function ansatz by optimizing the variational parameters. This amounts to
solving the objective function
min [E(W)] .
(3.11)
W

The variational principle Eq. (3.11) forms the basis for many methods that solve
the quantum many-body problem, such as the Hartree-Fock (HF) [44] and density
matrix renormalization group (DMRG) methods [45]. In our case of neural network
quantum states, the minimum is found using iterative methods such as gradient
descent or any of its variants. Gradient descent, in its most basic form, defines an
update rule for the parameters
W t+1 = W t − η · ∇W E(W)

W=W t

,

(3.12)

with η the learning rate and t the optimization step. The gradients ∇W E(W)
quantify the change in energy induced by varying the variational parameters. For a
selected parameter w (e.g. for the RBM w ∈ {ai , bi , wij }), the gradient of the energy
to this parameter gw is calculated as
∂
∇w E(W) = gw =
∂w

hΨW |Ĥ|ΨW i
hΨW |ΨW i

!



∗
X hσ| ∂ψW (σ) Ĥ|ΨW i + hΨW | ∂ψW (σ) Ĥ|σi
∂w
∂w


=

hΨW |ΨW i

σ

(3.13)




∗ (σ)
∂ψW
W (σ)
|ΨW i + hΨW | ∂ψ∂w
|σi
X hΨW |Ĥ|ΨW i hσ| ∂w

,
−
σ

hΨW |ΨW i2

where we again used the expansion of the wave function in the σ z -basis. By
W (σ)
introducing Ow (σ) ≡ ψW1(σ) ∂ψ∂w
, we can rewrite Eq. (3.13) as
∗
∗
gw = 2 Re(hĤOw
i − hĤi hOw
i),

(3.14)

where expectation values are with respect to the wave function |ΨW i ( Eq. (3.5)).
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Adaptations to gradient descent The update rule of gradient descent Eq. (3.12)
has known limitations. First, the rule does not necessarily find the global minimum
of the energy landscape, and is bound to get stuck in local minima. This can partially
be circumvented by introducing noise into the optimization, which enables the
model to jump to new and potentially better local minima. A popular way of doing
this is by using few samples to estimate the gradient of Eq. (3.12), thereby we also
decrease the computational burden. In a supervised setting, this corresponds to only
using part of the training set at each update step. This stochastic approximation is
known as the stochastic gradient descent (SGD) method [46]. Secondly, the learning
rate η is fixed, which means that it has to be carefully chosen (see section 2.1.2).
Learning rate schedules adjust the learning rate during training, by e.g. annealing,
i.e., reducing the learning rate according to some schedule. This allows us to
start with a large learning rate, such that the model can explore a broad region of
parameter space. In order to properly converge to a minimum, the learning rate is
decreased at each iteration. Finally, each parameter has the same learning rate. It is
however sensible to stop adjusting parameters (or at least decrease the rate at which
we adjust them) when they have already been extensively fine-tuned. Conversely,
if a feature is rarely present in the samples that are used to estimate the gradients,
we may want to adjust the corresponding parameters considerably whenever the
feature does occur. Also, trenches or valleys in the energy landscape might cause the
optimizer to oscillate. This hinders the model to descend into the valley along the
dimension that actually leads to the minimum.

In order to facilitate the optimization and account for the shortcomings of standard
gradient descent, the adaptive moment estimation (Adam) method can be used.
Adam is said to implement momentum, which means that the updates of previous
steps are taken into account when calculating new updates [47]. The Adam update
rule for parameter w at step t is given by
η
wt+1 = wt − p t
m̂tw ,
v̂w + 

(3.15)

where  is a small value (∼ 10−8 ) to prevent division by zero, and η determines the
overall scale of the updates. The first moment estimate m̂tw and the second moment
t are bias-corrected versions of the unbiased estimators
estimate v̂w
mtw
,
1 − β1t
t
vw
t
v̂w
=
.
1 − β2t

m̂tw =
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(3.16)
(3.17)

The correction is done because mw and vw are initialised as zeros, making them
biased towards zero in the initial steps. In this equation β1 , β2 ∈ [0, 1) are exponential
decay rates that dictate how much the previous moments are taken into account
in the new estimators. Note that β t denotes β to the power t, whereas otherwise
the superscripts t indicate the step (and no mathematical operation). We will use
Adam with the values proposed by the authors of Ref. [47], namely β1 = 0.9 and
β2 = 0.999. The estimators, which are the decaying averages of past (squared)
gradients, are calculated as
t−1
t
mtw = β1 mw
+ (1 − β1 )gw
,
t
vw

=

t−1
β 2 vw

+ (1 −

t2
β2 )gw
.

(3.18)
(3.19)

t are the estimates of the mean (first moment) and variance
The values mtw and vw
(second moment) of the gradients, which explains the name of the method.

t factor, a general ` norm could be used.
Instead of using the `2 norm in the vw
p
Norms for large values of p typically become numerically unstable, but `∞ generally
exhibits stable behaviour. The authors parameterize β2 as β2p , such that
t−1
t ∞
utw = β2∞ vw
+ (1 − β2∞ )|gw
| ,
t−1
t
= max(β2 · vw
, |gw
|),

(3.20)
(3.21)

t . Plugging this into the
where we used utw to denote the infinity norm constrained vw
Adam update rule Eq. (3.15) and removing the now redundant , we get

wt+1 = wt −

η t
m̂ .
utw w

(3.22)

The above equation is known as the Adamax update rule, and we will be using it
with the same default values β1 = 0.9 and β2 = 0.999.

Stochastic reconfiguration The stochastic reconfiguration (SR) scheme takes into
account the change of the wave function when doing an update [48]. Therefore,
it generally outperforms gradient descent algorithms that perform updates in the
direction of steepest descent of the energy landscape [49]. The update rule for a
variational parameter wk looks similar to that of gradient descent, namely
wk0 = wk + η δwk ,

3.1

(3.23)
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with learning rate η > 0 small enough to guarantee convergence. The difference
with the gradient descent rule Eq. (3.12) is that instead of taking the gradient of the
energy ∂E
∂w we now have another measure
δwk =

X

s−1
k,k0 fk0 .

(3.24)

k0
∂E
Here, the generalized forces enter as fk = ∂w
, meaning that if s were the identity
k
matrix we would recover the standard gradient descent rule. Instead, to account
for the dependence between variational parameters and thereby accelerate the
convergence, we use the positive definite matrix s defined by

sk,k0 = hOk Ok0 i − hOk i hOk0 i ,

with

Ow (σ) ≡

1 ∂ψW (σ)
.
ψW (σ) ∂w

(3.25)

Expectation values are again over the variational wave function and can be calculated
according to Eq. (3.8). The matrix s remains positive definite when using a finite
number of samples, but the lowest eigenvalues and corresponding eigenvectors can
be very sensitive to the statistical noise. Therefore, the matrix is regularized by the
modification of its diagonal elements
sk,k = sk,k (1 + ),

(3.26)

where  is a small (∼ 0.1 − 0.001) regularizing term.
The SR scheme can actually be derived from linear approximations to the imaginary
time evolution operator applied to normalized variational wave functions [50].
This shows that the fundamental difference between SR and steepest descent is
the definition of the distance between parameters w0 and w (which should be
P
small to ensure stability). The Cartesian metric ∆W = k |wk0 − wk |2 is namely
replaced in SR with the physical Hilbert space metric of the wave function ∆W =
P
0
0
i,j s̄i,j (wi − wi )(wj − wj ), where s̄j,k = sj,k − sj,0 s0,k . The latter distance is just the
square distance between the two normalized wave functions corresponding to the
sets of parameters {w0 } and {w} [51]. It can perfectly happen that a small change
of the variational parameters leads to a large change of the wave function. The SR
method is advantageous because it takes this effect into account.
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Zero variance property If the variational state |ΨW i coincides with an exact
eigenstate of the Hamiltonian Ĥ such that Ĥ |ΨW i = E(W) |ΨW i, then the local
energy eL (σ) is constant [51]:
eL (σ) =

hσ|Ĥ|ΨW i
hσ|ΨW i
= E(W)
= E(W).
hσ|ΨW i
hσ|ΨW i

(3.27)

This means that the local energy eL (σ), which enters as the random variable in
Eq. (3.5), is independent of the configuration |σi. We can therefore conclude that its
variance is zero and that its mean coincides with the exact eigenvalue. In general, the
closer the variational state |ΨW i is to an exact eigenstate, the smaller the variance of
eL (σ) becomes. Indeed, the average square of the local energy he2L (σ)i corresponds
to the exact quantum average of the Hamiltonian squared
hΨW |Ĥ 2 |ΨW i
=
hΨW |ΨW i

P

σ

hΨW |Ĥ|σi hσ|Ĥ|ΨW i
=
σ hΨW |σi hσ|ΨW i

P

2
2
σ eL (σ)|ψW (σ)|
P
2
σ |ψW (σ)|

P

= he2L i .
(3.28)

Therefore we can write
Var(Ĥ) =

ΨW |(Ĥ − E)2 |ΨW
= Var(eL ).
hΨW |ΨW i

(3.29)

Thus, the closer the variational state is to the exact eigenstate, the smaller the
variance. This reduces the statistical fluctuations, and allows us to use the variance
as a convergence measure. Namely, instead of minimizing the energy, we can
minimize the variance. This is helpful whenever the exact ground-state energy is
unknown, since the variational principle on its own does not allow us to judge
how accurate the representation is. On the contrary, the smallest possible value for
the variance is known (it is zero), therefore the variance is a convenient accuracy
measure. Note, however, that the variance goes to zero whenever the variational
state accurately represents an arbitrary eigenstate of the Hamiltonian, and not only
when it accurately represents the ground state.
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3.2 Recurrent neural networks for modeling
quantum systems
3.2.1 The RNN as variational ansatz
We have introduced the RNN in section 2.3, and showed how it can be used to
approximate classical (i.e. having real and positive valued amplitudes) probability
distributions p(σ). A class of so-called stoquastic many-body Hamiltonians has
ground states |Ψi with real and positive amplitudes in the standard product spin
basis. Those ground states can be readily modeled by the RNN we introduced earlier,
as they have representations in terms of probability distributions. However, a general
P
quantum wave function |Ψi ≡ σ ψ(σ) |σi has complex amplitudes ψ(σ). In order
to generalize to the complex case, we split the wave function in an amplitude p(σ)
and phase φ(σ), as [36]
|Ψi =

X

q

exp(iφ(σ) p(σ) |σi .

(3.30)

σ

Recall that the elementary building block of the RNN, the recurrent cell, generates a
hidden vector state hi for each spin site σi . From this, the conditional probabilities
of the local configurations are (iteratively) calculated as
(1)

p(σi |σi−1 , . . . , σ1 ) = yi

· σi ,

(1)

with yi





= S U (1) hi + c(1) ,

(3.31)

where S is the softmax activation function Eq. (2.15). The probability of the total
Q v
1
configuration is then obtained by multiplying the conditionals, p(σ) = N
i=1 p(σi ).
Similarly, we pass the hidden vector state hi through a softsign layer
(2)

yi





= π softsign U (2) hi + c(2) ,

(3.32)

where the softsign activation function is defined as
softsign(x) =

x
∈ (−1, 1).
1 + |x|

(3.33)

(2)

The phases are then computed as φ(σi ) = yi · σi . Finally, the phase of the total
P v
configuration is given by the sum of the individual phases, φ(σ) = N
i=1 φ(σi ). By
combining the amplitude part with the phase, the RNN can be used as variational
1
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We will from now on use Nv to denote the number of input variables for the RNN, in line with the
notation used for the RBM’s number of visible units Nv .
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Fig. 3.1.: RNN wave function: a) For a given spin configuration σ, the RNN computes the
complex amplitude ψ(σ). The softmax layer (S) and softsign layer (SS) are used
to compute the amplitude and phase, respectively. b) A graphical representation
of autoregressive sampling of spin configurations. Figure adapted from [36].
p

ansatz for quantum wave functions ψW (σ) = exp(iφ(σ) p(σ) ≈ ψ(σ). This is
illustrated in Fig. 3.1.

3.2.2 Autoregressive sampling and RNN optimization
Unlike energy-based methods such as the RBM (see section 3.1), RNN wave functions are normalized by construction. Furthermore, RNNs have the autoregressive
property, which means that the conditional probability p(σi |σi−1 , . . . , σ1 ) depends
only on local configurations σj with j < i. This property allows us to directly sample
successive independent samples in an autoregressive manner, thereby eliminating
the need for a Markov chain and a corresponding sampling scheme.
An autoregressive sampling step consists of generating a total spin configuration σ
by iteratively fixing the local spin states σi , as is illustrated in Fig. 3.1. Given a
hidden vector state hi−1 , the pass through the softmax layer provides us the vector
(1)
yi . Using this vector, we calculate the probability p(σi ) that the spin at site i is in
state σi (Eq. (3.31)). For example, if we were to use the standard basis we would
obtain two probabilities, e.g. 40% probability of spin i being |↑i and 60% probability
of the spin being |↓i. Using a (pseudo-)random number generator, a spin state is
selected according to p(σi ). This new spin state together with the hidden state vector
hi−1 are then processed by the recurrent cell, such that a new hidden state vector hi
is obtained. The process is repeated until Nv local spin states are determined, which
constitutes one sample configuration σ. Note that the sampling time is linear in the
size of the system, and that the sampling procedure can be parallelized.

3.2
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After a chosen number of samples Ns have been generated, expectation values
such as the energy are computed using Eq. (3.8). As described in section 3.1.4,
optimizing a neural network ansatz means minimizing the energy in a variational
Monte Carlo setting. In practice, the gradients (Eq. (3.14)) are calculated using
automatic differentiation [52]. The parameters are subsequently updated using
gradient descent or any alternative update rule. In this work, the RNN is updated
according to the Adam scheme Eq. (3.15) with a scale η declining according to
ηt =

ηt−1
,
1 + 0.1t

(3.34)

with t the optimization step. Since the Adam optimizer keeps track of multiple
learning rates (one for each variational parameter) we refer to the overall scale η
simply as “the learning rate”.

3.3 Implementing SU(2) symmetry in artificial
neural networks
3.3.1 Discrete lattice symmetries
Before we discuss how to construct SU(2) invariant ANNs, we first demonstrate how
discrete lattice symmetries are usually implemented. To this end, suppose that we
are dealing with a one-dimensional spin chain with periodic boundary conditions.
Denoting the translation operator as T̂n , its action is to translate the spins on the
ˆ T̂1 , . . . , T̂Nv −1 } and have that
chain by n shifts to the right. We write T̂ ∈ G = {I,
T̂1n = T̂n , T̂Nv = Iˆ and |G| = Nv . Since an arbitrary spin state (expressed in the
z i = |σ z
z
z
σ̂ z -basis) transforms as T̂n |σ1z , σ2z , . . . , σN
1−n , σ2−n , . . . , σNv −n i, an arbitrary
v
wave function |Ψi transforms as
T̂n |Ψi = T̂n

X

ψ(σ) |σi ,

(3.35)

σ

=

X

z
z
ψ(σ1z , σ2z , . . . , σN
) T̂n |σ1z σ2z . . . σN
i,
v
v

(3.36)

z
z
z
z
ψ(σ1z , σ2z , . . . , σN
) |σ1−n
, σ2−n
, . . . , σN
i,
v
v −n

(3.37)

{σiz }

=

X
{σiz }

z
where we have periodicity over the indices (σN
= σ1z ). If a Hamiltonian Ĥ has
v +1
translational symmetry, i.e. if [T̂ , Ĥ] = 0, its ground state is an eigenvector of the
symmetry transformation T̂ . From the equations above, we see that this holds when
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the complex amplitudes follow ψgs (σ) = ωT̂ ψgs (T̂ [σ]), where ωT̂ is an eigenvalue
with ωT̂ = 1. Since this expression is independent of σ, the transformation
changes the ground state with only a global phase term, and the probability kψgs k2
remains unchanged. This can be implemented in NQSs in either one of two ways.
Approach I. Manipulation of the network structure The first approach is to
directly impose the symmetry by carefully manipulating the network structure. To
illustrate this, consider the RBM, where the complex amplitudes are calculated as in
Eq. (3.4), repeated here for convenience:
!

ψW (σ) = exp

X

ai σiz

×

i

Nh
Y



2 cosh bi +

i=1

Nv
X



wij σjz  .

(3.38)

j

Translational invariance can be implemented by placing constraints upon the variational parameters. For example, it is apparent that the elements of the bias vector ai
all need to be equal — the vector ai is reduced to a scalar a. Now, take the number
of hidden units Nh to be a multiple of the number of visible units Nv , such that the
h
ratio is given by α = N
Nv . The weight matrix wij then takes a rectangular form of
dimension αNv × Nv . We can identify a number α of different blocks of rows, where
the rows in each block follow a particular pattern. Namely, each row is obtained by
shifting the entries of the preceding row, meaning rows are translated copies of each
other. Therefore, only one vector per block is needed to fully determine the weight
(f )
matrix wij . We say that the weight matrix takes the form of feature filters wj , with
f ∈ [0, α], because of its resemblance to the filters in convolutional neural networks.
The bias vector bi is made to only hold α different values, which can be seen as the
biases of the filters. The expression for the translation invariant complex amplitude
has now become
!

ψW (σ) = exp a

X
i

σiz

×

α
Y
f =1



2 cosh bf +

Nv
X



wf Nv ,j σjz  .

(3.39)

j

Note that this approach reduces the number of variational parameters. The bias
vector ai ∈ CNv has been reduced to a scalar, the bias vector bi ∈ CNh ends up with
α entries left, and the dimension of the weight matrix went from αNv2 entries to
only αNv . This strategy is, however, not guaranteed to work for any given neural
network. Furthermore, the loss of variational freedom might result in the network
having difficulties finding the optimal ground state representation.
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Approach II. Linear combinations of amplitudes The second approach leaves
the network structure intact, but includes an extra step in the calculation of complex
amplitudes. Continuing with the case of translational symmetry, define the amplitude
ψW (σ) as a linear combination of the amplitudes corresponding to transformed
configurations T̂ (σ), such that
ψW (σ) =

1 X
ψW (T̂ [σ]).
|G|

(3.40)

T̂ ∈ G

Note that by using this definition, all amplitudes ψW (σ 0 ) with σ 0 = T̂ [σ], are equal.
The complex amplitudes are therefore invariant under translations, and the quantum
P
state |ΨW i = σ ψW (σ) |σi has translational symmetry. This approach works for
any discrete lattice symmetry and is independent of the network structure.

3.3.2 SU(2) symmetry
In contrast to the lattice symmetries discussed above, the SU(2) symmetry group
is continuous (section 1.4.2). There is no straightforward way of imposing this
symmetry by manipulating the network structure of RBMs or RNNs. Recently,
specific networks that directly encode SU(2) symmetry into their structure have
been designed [53]. There is, however, not much freedom left in the form of these
networks, since they are specifically designed for implementing SU(2) symmetry.
Taking linear combinations of transformed amplitudes as in Eq. (3.40) is not a valid
strategy, because SU(2) symmetry is a continuous symmetry. The sum would have
to be generalized to an integral, and an exact treatment (of the symmetry) would
require the calculation of an infinite number of amplitudes.
NQSs in the coupled basis The eigenstates of a Hamiltonian with SU(2) symmetry
are also eigenstates of the SU(2) symmetry operation with well-defined total angular
momentum. The idea is to move from the standard basis which expresses the spins
in terms of the eigenvalues of the σ̂ z -operator (σiz ∈ {+1, −1}), to the coupled basis
in which the states are expressed using intermediate angular momentum eigenvalues
(ji ∈ {0, 12 , 1, ...}) and where we have well-defined total angular momentum J [54]
z
|σi = |σ1z , σ2z , . . . , σN
i
v

w


(3.41)

change to coupled basis

|σi = |j1 , j2 , . . . , jNv −1 ; jNv ≡ Ji
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(e.g. |+1, +1, . . . , −1i) ,




e.g. | 21 , 1, . . . , 0i .

Chapter 3 Artificial neural networks in many-body physics

Unlike the original formulation of the ansatz as in Eq. (3.2), we use the intermediate
degrees of freedom ji as inputs for the NQS
|Ψi =

X

z
z
ψ(σ1z , σ2z , . . . , σN
) |σ1z σ2z . . . σN
i,
v
v

{σiz }

w


|Ψi =

(3.42)

change to coupled basis
X

ψ(j1 , j2 , . . . , jNv −1 ) |j1 , j2 , . . . , jNv −1 ; J MJ i ,

{ji }

where {ji } denotes the summation over all physically allowed configurations. The
representation in terms of basis states |j1 , j2 , . . . , jNv −1 ; J MJ i with a total angular
momentum J forms an irreducible representation (irrep) with respect to SU(2)
symmetry. The irrep is labeled by angular momentum J and has dimension 2J + 1,
since MJ ∈ {−J, −J + 1, . . . , 0, . . . , J}. The action of the SU(2) symmetry operator
Eq. (1.39) leaves the total angular momentum invariant, as it transforms only the
angular momentum projection degrees of freedom MJ . In particular, states with
J = 0 are irreps with dimension 1, meaning these states are manifestly invariant
under SU(2) transformations. We will now discuss how we move to the coupled
basis and show how matrix elements are calculated.
P

Spin coupling We want to represent wave functions with well-defined total angular momentum |J MJ i, which belong to the subspace spanned by states with
quantum numbers J and MJ of the full Hilbert space. We do this by expanding the
wave function in terms of basis states with intermediate angular momentum degrees
of freedom ji , such that
|Ψi =

X

ψ(j1 , j2 , . . . , jNv −1 ) |j1 , j2 , . . . , jNv −1 ; J MJ i .

(3.43)

{ji }

The intermediate angular momenta ji can be obtained using a coupling scheme,
wherein two degrees of freedom are sequentially coupled to a new degree of freedom.
Two angular momenta ĵA and ĵB are coupled to a single angular momentum degree
of freedom ĵAB using Clebsch-Gordan coefficients
|jA jB ; jAB mjAB i =

X

hjA mjA , jB mjB |jAB mjAB i |jA mjA , jB mjB i , (3.44)

mjA , mjB
jAB mj

where CjA mj ,jAB
= hjA mjA , jB mjB |jAB mjAB i is the Clebsch-Gordan (CG) coefm
A B jB
ficient. The CG coefficients are related to Wigner 3j-symbols
jAB mj
CjA mj ,jAB
m
A B jB

−jA +jB −mjAB

= (−1)

3.3

p

2jAB

jA
+1
mjA

jB
mjB

jAB
−mjAB

!

.

(3.45)
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j1 =

j0 = 0
s1 =

1
2

1
2

j3 ∈ { 12 , 32 }

j2 ∈ {0, 1}

s2 =

1
2

s3 =

1
2

s4 =

1
2

...

Fig. 3.2.: An illustration of the coupling of spins along a chain. The spin-1/2 degrees of
freedom si are coupled to intermediate angular momenta ji in a linear fashion.

Equation (3.44) shows the relation between the product states of |jA mjA i and
|jB mjB i, which are basis states of Hilbert spaces H1 and H2 , and the basis states
|jA jB ; jAB mjAB i of the tensor product space H1 ⊗ H2 . The states |jA jB ; jAB mjAB i
are angular momentum eigenstates
2
ĵAB
|jA jB ; jAB mjAB i = jAB (jAB + 1) |jA jB ; jAB mjAB i ,

(3.46)

ĵzAB |jA jB ; jAB mjAB i = mjAB |jA jB ; jAB mjAB i .

(3.47)

The basis states of the coupled basis are orthonormal, as follows from their definition
P
Eq. (3.44) and Iˆ = mj , mj |jA mjA , jB mjB i hjA mjA , jB mjB |. The completeness
A
B
of the coupled basis follows from the completeness of the product basis, and the fact
that the coupled basis has the same number of orthonormal elements.
The Nv spin degrees of freedom of a composite system can be coupled to a total
angular momentum Jˆ by sequentially using the coupling rule defined by Eq. (3.44).
However, we are free to choose which degrees of freedom to couple at each coupling
step, which leads to various coupling schemes. For one-dimensional systems, it is
natural to define the linear coupling along a chain, as illustrated in Fig. 3.2.
Starting with an ancillary angular momentum state |j0 mj0 i = |0 0i that is coupled with the first spin |s1 ms1 i, we obtain |j1 = s1 mj1 = ms1 i. Subsequently,
|j1 = s1 mj1 = ms1 i is coupled with |s2 ms2 i, which gives |j2 , mj2 i where j2 ∈ {0, 1}.
Repeating this process until the end of the chain is reached leads to a state
|jNv ≡ J mjNv ≡ MJ i of total angular momentum J. The intermediate angular
momenta {j1 , j2 , . . . , JNv −1 } are used as input to the neural network quantum state,
such that wave functions are represented as in Eq. (3.43). According to the addition
rules of angular momentum, the values of the angular momentum quantum numbers
satisfy the triangle inequalities
|ji−1 − si | ≤ ji ≤ |ji−1 + si |.

(3.48)

Therefore, the number of possible configurations with given J is limited. For
concreteness, consider a spin-1/2 chain of length Nv = 6, and suppose we restrict
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ourselves to a total angular momentum of J = 0. The possible intermediate
angular momentum states are | 12 0 12 0 12 0i, | 21 0 12 1 12 0i, | 12 1 21 0 12 0i, | 12 1 21 1 12 0i and
| 12 1 23 1 12 0i. The number of possible configurations for a chain of length Nv is

Nv
1 2n
given by the n-th Catalan number 1+n
n , where n = 2 . This number grows
exponentially with system size.

The full basis transformation is obtained by repeatedly applying Eq. (3.45) and can
be written as
|s1 . . . sNv j1 . . . jNv −1 ; J MJ i =
X

Nv
Y

X

p
(−1)−ji−1 +si −mji 2ji + 1

i=1

{msi } {mji }

ji−1
mji−1

si
msi

ji
−mji

!!

|s1 ms1 , s2 ms2 , . . . , sN msN i .
(3.49)
We use the shorthand notation |s1 . . . sNv j1 . . . jNv −1 ; J MJ i ≡ |j1 . . . jNv −1 ; J MJ i.
The orthogonality relation of 3j-symbols is given by
δjNv ,J δmjN

X X
mji−1 msi

ji−1
(2ji + 1)
mji−1

si
msi

ji
mji

!

v

ji−1
mji−1

,MJ

si
msi

ji0
mji0

!

= δji0 ,ji δmj 0 ,mji . (3.50)
i

Using Eq. (3.50) from left to right, the orthonormality of the coupled
basis |j1 . . . jNv −1 ; J MJ i can be shown as
0
hj10 . . . jN
; J MJ |j1 . . . jNv −1 ; J MJ i =
v −1

X

X

X

{msi } {mji } {mj 0 }

Nv
Y

−ji−1 +si −mji

p

0
−ji−1
+si −mj 0
i

q

(−1)

i=1

ji−1
2ji + 2
mji−1

!!

si
msi

ji
−mji

si
m si

ji0
 ,
−mji0

i

Nv
Y

(−1)

i=1



j0
2ji0 + 2  i−1
0
mji−1

= δj1 ,j10 δj2 ,j20 . . . δjNv −1 ,jN0



v −1

(3.51)

.

Moreover, the coupled basis is complete, since the Clebsch-Gordan coefficients
relate the product states of complete bases to a complete basis of the coupled
system. Consecutive coupling using the Clebsch-Gordan coefficients therefore yields
a complete basis. In conclusion, the coupled basis is complete and orthonormal.
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Fig. 3.3.: An illustration of two coupling schemes to couple the spins on a two-dimensional
lattice. The spin-1/2 degrees of freedom si are coupled to intermediate angular momenta ji in a linear fashion. a) The “ZigZag” scheme. b) The “Snake”
scheme. The spin-1/2 degrees of freedom si are coupled to intermediate angular
momenta ji in a linear fashion.

For two-dimensional systems, we define the spin couplings along a one-dimensional
chain. For example, a “Snake” pattern can be used to traverse the two-dimensional
lattice (see Fig. 3.3). This is similar in spirit to how matrix product states (see
section 3.4.2) are used to represent wave functions in two dimensions. Alternatively,
the lattice can be traversed in a “ZigZag” pattern, which is also illustrated in Fig. 3.3.
At first glance, the choice of pattern might look arbitrary. However, as will become
clear in the forthcoming paragraph and in chapter 4, the ZigZag pattern is more
advantageous for certain well-established lattice models. It is worth mentioning that
coupling in a tree-like fashion is also a valid strategy, graphically depicted in Fig. 3.4.
However, this scheme will not be investigated in this work (for reasons discussed in
the forthcoming paragraph).

Fig. 3.4.: An illustration of the coupling in a tree-like fashion. The original spin-1/2 degrees
of freedom si are pairwise coupled, which results in intermediate angular momentum degrees of freedom j1,i which are subsequently coupled together into
degrees of freedom of a second layer j2,i . This is repeated up until the total
angular momentum J is obtained.
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Matrix elements in the coupled basis We have seen in section 3.1.2 that the
expectation value hÔi of some observable Ô is approximated by the mean of local
Ô|ΨW i
estimators OL (σ) = hσ|
hσ|ΨW i , where the configurations σ are sampled according to
p(σ) given by Eq. (3.7). In most cases, the matrix representation of the observable is
specified in the σ z -basis. When the wave function |ΨW i is expanded in the coupled
basis, we need the transformed matrix elements to calculate hσ|Ô|ΨW i.

For example, consider the Hamiltonian Ĥ = i ĥi , which we have written as a direct
sum of terms ĥi . When dealing with systems that have local interactions, the sum in
P
the calculation of the local energy eL = σ0 ψW (σ 0 ) hσ|ĥ|σ 0 i = hσ|ĥ|ΨW i contains
only few non-zero terms (the matrix is sparse). This allows for efficient calculation
of the local energies, and therefore an efficient optimization. We call the states σ 0
that lead to a non-zero contribution hσ|ĥ|σ 0 i the “connected states” of σ (and vice
versa). To preserve the efficiency of the optimization scheme, we require the states
of the coupled basis to have few connected states, such that the matrix elements can
be computed efficiently.
P

The average number of connected states in the coupled basis depends on the coupling
scheme. Some coupling schemes can lead to non-local interactions, such that the
sparse Hamiltonian Ĥ might no longer be sparse in the coupled basis. For this
reason, the coupling along a chain is suboptimal for lattice systems in more than
one dimension — due to the Snake (or ZigZag) pattern that traverses the lattice,
physically neighbouring spins might be well separated on the chain, and their
interaction is therefore non-local in the coupled basis. Periodic boundary conditions
are likewise ill-advised when using the linear chain. Coupling in a tree-like fashion
is more suitable for these kind of systems. A disadvantage of the tree is that local
interactions become less local, even in one-dimensional systems.

For a given state |σi = |j1 , j2 , . . . , jNv −1 ; J MJ i and a term of the Hamiltonian ĥ,
0
the connected states |σ 0 i = |j10 , j20 , . . . , jN
; J MJ i and the corresponding nonv −1
0
zero matrix element hσ |ĥ|σi can be found by writing the operator in terms of a
contraction of Clebsch-Gordan coefficients. That the operator can be written this
way is guaranteed by the Wigner-Eckart theorem [55]. For a detailed and rigorous
discussion of how the matrix elements are found, see Ref. [56]. Here, we will restrict
ourselves to an introduction to the topic. As we will see in the next chapter, we are
interested in spin-spin interactions of the form ĥ = ŝ1 · ŝ2 . This interaction can be
rewritten as
i
1h
ŝ1 · ŝ2 =
(ŝ1 + ŝ2 )2 − ŝ21 − ŝ22 .
(3.52)
2
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A state |s1 ms1 , s2 ms2 i can be related to states of the coupled basis using the ClebschGordan coefficients (inverse transformation of Eq. (3.44))
|s1 ms1 , s2 ms2 i =

X

hj mj |s1 ms1 , s2 ms2 i |j mj i ,

(3.53)

j,mj

where j ∈ {0, 1}. We can explicitly write out the sum
1
ŝ1 · ŝ2 |s1 ms1 , s2 ms2 i =
2

P

j

and apply Eq. (3.52)


3 3 X
0− −
h0 mj |s1 ms1 , s2 ms2 i |0 mj i
4 4 mj




3 3 X
+ 2− −
h1 mj |s1 ms1 , s2 ms2 i |1 mj i
4 4 mj


!

.

(3.54)
To calculate the matrix element
· ŝ2 |s1 ms1 , s2 ms2 i, we rewrite the
0
0
hs1 ms1 , s2 ms2 | using Eq. (3.53) and take the overlap with Eq. (3.54)
hs1 m0s1 , s2 m0s2 |ŝ1

hs1 m0s1 , s2 m0s2 |ŝ1 · ŝ2 |s1 ms1 , s2 ms2 i =
3 X X
h0 mj |s1 ms1 , s2 ms2 i hs1 m0s1 , s2 m0s2 |j 0 mj 0 i hj 0 mj 0 |0 mj i
−
4 j 0 ,m mj
j0

+

(3.55)

1 X X
h1 mj |s1 ms1 , s2 ms2 i hs1 m0s1 , s2 m0s2 |j 0 mj 0 i hj 0 mj 0 |1 mj i .
4 j 0 ,m mj
j0

We have hj 0 mj 0 |0 mj i = δj 0 ,0 δmj 0 ,mj and hj 0 mj 0 |1 mj i = δj 0 ,1 δmj 0 ,mj . Therefore, we
set j 0 = 0 in the first term of Eq. (3.55) and j 0 = 1 in the second term. The sums
P
j 0 ,mj 0 disappear (mj 0 = mj ) to give
hs1 m0s1 , s2 m0s2 |ŝ1 · ŝ2 |s1 ms1 , s2 ms2 i =
3X
−
h0 mj |s1 ms1 , s2 ms2 i hs1 m0s1 , s2 m0s2 |0 mj i
4 mj
+

(3.56)

1X
h1 mj |s1 ms1 , s2 ms2 i hs1 m0s1 , s2 m0s2 |1 mj i .
4 mj

We now use a diagrammatic notation of CG coefficients, defined by
jA
hjA mjA , jB mjB |jAB mjAB i =

jAB
jB

.

(3.57)

The two incoming arrows are coupled to the outgoing arrow. We can build networks
using these diagrams. An edge between two nodes is interpreted as a sum over the
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projection of the corresponding angular momentum. The products of CG coefficients
in Eq. (3.56) can be written using the diagrammatic notation of Eq. (3.57)
3
1
hs1 m0s1 , s2 m0s2 |ĥ|s1 ms1 , s2 ms2 i = hs1 m0s1 , s2 m0s2 | − ĥ0 + ĥ1 |s1 ms1 , s2 ms2 i
4
4

=−

3
4

+

1
4

.

(3.58)
This expression is for a system consisting of two spins. Of course, the systems we will
be considering involve more spins. To ease the notation of the diagrams, we perform
the calculation for a system of 4 spins, i.e. |σi = |j1 j2 j3 ; J MJ i, and observe at the
end of the calculation that this has no influence on the matrix elements. We focus
on the first term of the matrix element for ĥ = ŝ2 · ŝ3 , and write the overlap as

hσ 0 |ĥ0 |σi =

.

(3.59)

Using the orthogonality relations of CG coefficients, we obtain

hσ 0 |ĥ0 |σi =

.

(3.60)

In the next step, we recouple the coefficients using 6j-symbols. This is called an
F−move, and the factors that enter are the F−factors. The recoupling is given by

=

X

,jAB
FjjCBC
,jB ,jA ,jABC

,

jBC

(3.61)
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with the F−factor defined as
(

hσ 0 |ĥ0 |σi =

jC +jB +jA +jABC

XX

q

jC
jB
+ 1)
jA jABC

)

jBC
= (−1)
(2jBC + 1)(2jAB
,
jAB
(3.62)
where the curly brackets indicate the 6j-symbols, which are closely related to the
3j-symbols. By applying the recoupling, Eq. (3.60) is rewritten as
,jAB
FjjCBC
,jB ,jA ,jABC

j ,j 0

Fsj3A,s,j22,j1 ,j3 Fs3B,s22,j1 ,j3

.

jA jB

(3.63)
The sum vanishes due to the orthogonality relations, giving jA = jB = 0. This yields
the diagram

0,j 0

2
hσ 0 |ĥ0 |σi = Fs0,j
F 2
3 ,s2 ,j1 ,j3 s3 ,s2 ,j1 ,j3

.

(3.64)

Again using the orthogonality relations of Clebsch-Gordan coefficients, the diagram
can be fully contracted to unity. The result is an overlap given by
0,j 0

2
hj1 j20 j3 ; J MJ |ĥ0 |j1 j2 j3 ; J MJ i = Fs0,j
F 2
.
3 ,s2 ,j1 ,j3 s3 ,s2 ,j1 ,j3

(3.65)

The second part of the matrix element in Eq. (3.58) can be calculated in a similar
fashion. We observe that the matrix elements of an interaction in the coupled basis
depend only on the angular momentum which couples the physical spins, and the
neighbours of this angular momentum. Due to the symmetries of 6j-symbols, the
precalculated F−factors can be efficiently stored [57]. Furthermore, the momenta
entering in the 6j-symbols have to fulfill four triangle relations.
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3.4 Other methods
There are many methods to approximate quantum many-body wave functions,
especially for the ground state and the low-lying excited states. Most of these
methods rely on finding an efficient ansatz for the wave function (or rather its complex coefficients), similar to the NQS approach introduced in sections 3.1 and 3.2.
We focus here on two important methods, the first being exact diagonalization (ED),
which lies closest to the original formulation of the problem (solving the Schrödinger
equation Eq. (1.22)). This technique will be used as a reference, i.e., to verify the
accuracy of the NQS approach, as it is exact. It is, however, only tractable for small
systems, which is why new and more efficient strategies are constantly being developed. Afterwards, we will briefly discuss the formalism of tensor networks, which
have been central in most of the recent literature about quantum many-body systems.
Finally, we discuss the density matrix renormalization group (DMRG) method, the
state-of-the-art for approximating ground-state wave functions for one-dimensional
lattices. In the forthcoming chapter, we will simulate systems that are too large for
ED, and as a consequence, we compare our results to what is obtained using DMRG.

3.4.1 Exact diagonalization
The spectrum of a time-independent Hamiltonian Ĥ can be found by solving the
time-independent Schrödinger equation Eq. (1.22). This is an eigenvalue problem,
i.e., the eigenvectors |Ψn i and eigenvalues En can be found by diagonalization of
the matrix Ĥ. However, standard diagonalization techniques (such as the LAPACK
routine [58]) require a disk space ∼ D2 and their CPU-time increases as D3 , where D
is the size of the Hilbert space. In general, the Hilbert space increases exponentially
in the size of the system Nv (e.g. D = DNv with D = 2 for spin-1/2). Accordingly,
full exact diagonalization is unfeasible for systems that are big or have a large local
Hilbert space D.
Lanczos algorithm Often, one is interested in the low-lying states of a sparse
Hamiltonian Ĥ. When resorting to diagonalization of Ĥ, the Lanczos algorithm [59]
is especially useful in these cases, as it provides a considerable speed-up when
compared to standard methods. It is a general procedure that transforms a symmetric
D × D matrix into a symmetric M × M tridiagonal matrix, thereby reducing the
dimension M < D. The starting point is a random normalized state |φ0 i, which we
assume not to be orthogonal to the ground state. The matrix operator Ĥ is applied
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to |φ0 i, and the resulting vector is split into a component parallel to |φ0 i and an
orthogonal component |φ1 i
Ĥ |φ0 i = a0 |φ0 i + b1 |φ1 i ,

(3.66)

where a0 = hφ0 |Ĥ|φ0 i and b1 = hφ1 |Ĥ|φ0 i. From Eq. (3.66) we also find
b21 = hφ0 |(Ĥ − a0 )(Ĥ − a0 )|φ0 i = hφ0 |Ĥ 2 |φ0 i − a20 ,

(3.67)

and thus b1 is the mean square energy deviation of |φ0 i. In the next step Ĥ is applied
to |φ1 i, which gives
Ĥ |φ1 i = b01 |φ0 i + a1 |φ1 i + b2 |φ2 i ,

(3.68)

where |φ2 i is orthogonal to both |φ0 i and |φ1 i, which implies
hφ1 |φ2 i = 0 ⇐⇒ a1 = hφ1 |Ĥ|φ1 i ,

(3.69)

hφ1 |φ2 i = 0 ⇐⇒ hφ0 |Ĥ|φ1 i − b01 = 0 ⇐⇒ b01 = b1 .

(3.70)

Also, |φ2 i being normalized leads to b2 = hφ3 |Ĥ|φ1 i. Reiterating the above, we get
in i steps
Ĥ |φi i = bi |φi−1 i + ai |φi i + bi+1 |φi+1 i , 1 ≤ i ≤ M,
(3.71)
where we note that there are, by construction, no terms involving |φi−2 i etc. This is
an important point: at each Lanczos step, we need to orthogonalize the vector only
to the previous two vectors, the orthogonality to the rest of the vectors is automatic
(up to numerical rounding error). If we stop the algorithm at iteration i = M and
set bM +1 = 0, the Hamiltonian can be represented in the basis of orthogonal Lanczos
functions |φi i as


a0 b1 0
...
0


b
0 
 1 a1 b2


.. 
..
..


.
.
ĤM =  0 b2
(3.72)
. ,


 ..

.
.
..
..
.
bM −1 


0 0 . . . bM −1 aM
which is a tridiagonal symmetric matrix. These kinds of matrices can be efficiently
diagonalized using standard techniques, mostly based around the so-called QR
algorithm [60] or the divide-and-conquer method [61]. Specialized algorithms
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allow the determination of the eigenvalues in O(M log M ) operations [62]. Thus,
we finally obtain approximations to the eigenvectors
|Ψj i =

M
X

cji |φi i ,

(3.73)

j = 0, 1, . . . , M ,

i=0

with the corresponding eigenvalues Ej . The Lanczos algorithm is known to converge
fast for lower and upper eigenvalues [63]. The number of steps needed to obtain
a given accuracy depends on the Hamiltonian (typically M ∼ 102 ). The Lanczos
approach is efficient for sparse Hamiltonians, since the number of operations is
proportional to nCS M D, where nCS << D is the number of connected states for
each basis state. The memory requirements scale as M D, but for the evaluation of
the eigenvalues alone, only three |φi i vectors are successively required, meaning
the scaling reduces to 3D. An additional memory ∼ nCS D is needed if the matrix
elements are precalculated and stored instead of being calculated on the fly.

3.4.2 Tensor networks
As discussed in section 1.2, a quantum state can be expanded in a basis (Eq. (1.20)).
The number of expansion coefficients D scales exponentially with the system size,
and becomes cumbersome for large systems. This is exactly why we introduced
the NQS ansatz in the previous sections: the NQS is a parameterization of the
wave function, and, since the number of parameters of the NQS is much lower
than D (and information can be efficiently extracted from the representation), the
NQS representation is efficient. This is the major motivation for using an ansatz
in many-body quantum physics, and this methodology is certainly not restricted
to NQSs.
General idea behind tensor networks The complex coefficients
ψ(σ) = ψ(σ1 σ2 . . . σNv ) = Cσ1 ,σ2 ,...,σNv ,

(3.74)

can be interpreted as the entries of a tensor C of rank Nv , where each index σi can
take up to D different values. The idea behind Tensor Networks (TN) is to reduce
the complexity (the number of parameters) by replacing the tensor C by a network
of tensors of smaller rank [64]. The total number of parameters npar, tot is given by
P
npar, tot = t npar (t), where npar (t) is the number of parameters of tensor t in the
TN and the sum runs over all tensors in the network. A practical TN has that the
number of tensors Nt = O(poly(Nv )).
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Fig. 3.5.: Diagrammatic notation of tensors: a) scalar; b) vector; c) matrix; d) rank-3 tensor.

For a given tensor t, the number of parameters is


rank(t)

Y

npar (t) = O 



B(αt ) ,

(3.75)

αt =1

where αt denotes the different indices of the tensor and B(αt ) is the different
rank(t)
possible values of index αt . Taking Bt = max(B(αt )), we have npar (t) = O(Bt
).
We thus find the total number of parameters to be
npar, tot =

Nt
X



rank(t)

O Bt



= O(poly(Nv )poly(B)),

(3.76)

t=1

where the bond dimension B = max(Bt ) is the maximum of Bt over all tensors.
To sketch how this works in practice, we will consider the class of Matrix Product
States (MPS). At this point, it is convenient to introduce a diagrammatic notation
in which a tensor is represented by a circle with a number of outgoing lines, as
illustrated in Fig. 3.5. The lines correspond to the indices of the tensor. If a line
connects two tensors, this means that the corresponding indices are contracted. The
diagrammatic notation of a general MPS with periodic boundary conditions is shown
in Fig. 3.6. The corresponding formula is given by [65]
|ΨMPS i =

X X

σ

Aσα10 α1 (1)Aσα21 α2 (2) . . . AαNNvv −1 αNv (Nv ) |σ1 σ2 . . . σNv i ,

(3.77)

{σn } {αn }

=

X

Tr[Aσ1 (1)Aσ2 (2) . . . AσNv (Nv )] |σ1 σ2 . . . σNv i ,

(3.78)

{σn }

where the trace reflects the periodic boundary conditions α0 = αNv , and the range
of summation αi = 1, . . . , Bi can be different for the various indices. The result of
the contraction can be seen as a tensor of rank Nv , where each index σi runs over D
different values. The tensor represents the D = DNv coefficients, but they are (necessarily) not independent — structure is introduced by the contraction of a given TN.
For a practical discussion on tensor networks which includes the implementation of
symmetries and the calculation of expectation values, we refer to Ref. [66].
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Fig. 3.6.: Examples of tensor networks. Lines connected on both ends indicate the contraction of the corresponding indices. Open indices typically coincide with the
physical degrees of freedom. a) matrix product state (MPS) of 5 spins with
periodic boundary conditions b) projected entangled pair state (PEPS) of a 3 × 3
spin system with open boundary conditions.

Entanglement entropy and relation to RBMs The interconnected indices have a
physical meaning: they represent the structure of the entanglement in the quantum
state, and the number of different values they can adopt is a measure of the amount
of quantum correlations in the wave function [64]. Increasing these amounts, the
so-called bond dimensions, increases the complexity of the TN. The relation between
the connected indices and the entanglement properties can be made explicit by
considering the two-dimensional generalization of an MPS, namely the projected
entangled pair state (PEPS), see Fig 3.6. For simplicity, assume that all indices have
bond dimension D. We can split the system in two complementary regions, say, the
inner region “in” of size L × L and the outer region “out”. Define the combined
index ᾱ = {α1 α2 . . . α4L } of all indices across the boundary of the inner region.
We have that ᾱ can take up to D4L different values. Writing the state in terms of
unnormalized kets we get
|ΨPEPS i =

4L
D
X

|in(ᾱi ⊗ |out(ᾱ)i .

(3.79)

ᾱ=1

The reduced density matrix of the inner part is
ρ̂in =

X

Xᾱᾱ0 |in(ᾱ)i hin(ᾱ0 )| ,

(3.80)

ᾱ,ᾱ0

with Xᾱᾱ0 ≡ hout(ᾱ0 )|out(ᾱ)i. The entanglement entropy of the inner region is
Se (L) = − Tr(ρ̂in log ρ̂in ),

(3.81)

and it is upper bounded by the logarithm of the rank of ρ̂in , which is at most D4L .
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We therefore obtain
Se (L) ≤ 4L log D,

(3.82)

which is an upper-bound of the area law for the entanglement entropy. We would
have obtained the same result if we had considered the outer region “out”. Note that
if D = 1 we have Se (L) = 0, i.e., there is no entanglement and the TN is a product
state. For D > 1 the ansatz has area law entanglement entropy, and the entropy
scales as the size of the boundary between the two regions (in this example the
size of the boundary is 4L). Increasing D does not change this scaling, this would
require a change in geometry, i.e., the way the indices are connected. We emphasize
that this does not imply that tensor networks, e.g. MPS, can only approximate states
that follow an area law. To the contrary, MPS are universal approximators, i.e. an
MPS can represent any state — but it does so at the cost of a bond dimension which
scales exponentially with the system size.
At first sight, the area-law entanglement entropy (3.82) might seem as a restriction
of the TN ansatz. If we were to pick a random state out of the total Hilbert space, it
would have volume law entanglement entropy, meaning the amount of entanglement
between two regions scales according to their volumes [67]. Furthermore, classical
thermal entropy is an extensive property. However, it has been proven that an
important class of local gapped Hamiltonians (gapped meaning there is an energy
difference between the ground state and the first excited state) follows area-law
entanglement entropy [68]. The area-law relation can thus be seen as a feature of
TNs, since by construction they represent states in the relevant corner of the Hilbert
space, and they do so very efficiently.
One might ask if neural networks, such as the RBM (section 3.1), are also restricted
to some part of the total Hilbert space, or are in some way related to TNs. It has
been shown in Ref. [69] that general (long-range) RBM states exhibit volume-law
entanglement, yet live in a restricted subspace of the Hilbert space. Short-range
RBMs, meaning the hidden units are connected only to visible units within a certain
range, show area-law entanglement. The area-law scaling with respect to the
number of parameters is however not identical, and it was found that RBMs can
represent highly entangled systems more efficiently than MPS. Another study [70]
made the relation between RBMs and tensor networks more explicit. It showed that
short-range RBMs are entangled plaquette states (EPS) [71] and that fully-connected
RBMs are string-bond states (SBS) [72].
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Fig. 3.7.: An illustration of the steps in infinite-size DMRG. New spins are added to the two
blocks A and B. The blocks are combined into a superblock, and its ground state
is calculated. The reduced density matrices of the subsystems are diagonalized,
their eigenvectors are ordered, and the K most important ones are kept. The
Hamiltonian is transformed to the basis defined by the K states per block. The
process is repeated until the desired size is reached. Figure from Ref. [67].

Density matrix renormalization group (DMRG) Tensor networks are optimized
using a variety of techniques, mostly based on either a variational (Monte Carlo)
optimization procedure or imaginary time evolution [64]. Interestingly, Steve
White’s paper on density matrix renormalization group [45], a very powerful method
to find the ground state of one-dimensional quantum chains, appeared in 1992. The
same year, a paper on “finitely correlated states on quantum spin chains” [73] was
published, regarding states that are nowadays known as translation invariant matrix
product states. It was later realised that DMRG implicitly represents the state of the
system as a matrix product state [74]. Now, it is customary to formulate DMRG as a
variational optimization over the set of matrix product states.

The DMRG algorithm has been continually refined and reformulated, as such it has
been described in various forms [67]. The general idea is to start with a small system
and iteratively increase its size. At each step, we construct a transformed basis and
order the states according to their importance. Only the K most important states
are kept, the rest is discarded.2 The system size is increased by adding two new
spins, and the procedure is repeated until the desired system size is obtained. This
is the essence of infinite-size DMRG, graphically depicted in Fig. 3.7.

2

These steps have a certain resemblance to what is done in PCA, see section 2.3.1.
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The infinite-size DMRG algorithm is outlined as follows [75]:

1. Start with a small system and perform exact diagonalization (e.g. the Lanczos
procedure of section 3.4.1).
2. Divide the system equally in two blocks A and B, and add a new spin to each
block. Denoting the basis states of block A (B) by |ΛA i (|ΛB i) and the basis
states of the spin added to block A (B) by |λA i (|λB i), states of the full system
(the superblock (SB)) can be written as
|ΨSB i =

X

ψ(ΛA , ΛB , λA , λB ) |ΛA i |ΛB i |λA i |λB i .

(3.83)

ΛA ,ΛB ,λA ,λB

Diagonalize the full Hamiltonian, which gives the ground state |ΨSB
gs i.
3. Calculate the reduced density matrices of each block and diagonalize them.
For example, the reduced density matrix of block A is ρ̂A = TrB (ρ̂ΨSP
). Afgs
ter diagonalization, keep only those K eigenvectors that have the largest
eigenvalues.
4. Transform the Hamiltonian into the new bases of K states per block by using
two K × KD rotation matrices.
5. Repeat steps 2-4 until the desired system size is reached.

In step 3, only the K most important eigenstates are kept. Therefore, the number
of basis states remains constant instead of increasing exponentially with block size.
The infinite-size DMRG algorithm is usually followed by finite-size DMRG, for which
we refer to Refs. [67, 75] as it involves almost the same operations as infinite-size
DMRG. A lot can be said about the reason why renormalization group methods work
for quantum many-body problems, or why DMRG leads to the class of MPSs. For
this, we refer to Refs. [64, 65, 67, 74].
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Model systems and results

4

In this chapter, we introduce two prototypical spin systems for quantum magnetism:
i) the antiferromagnetic Heisenberg model (AFH) and ii) the J1 − J2 model. The
interacting particles live on a lattice, i.e., fermionic motion is frozen. The corresponding Hamiltonians adopt a simple form and only nearest (AFH) and next-to-nearest
neighbour (J1 − J2 ) interactions are present. However, these “toy-models” exhibit
many of the (quantum) phenomena we are interested in: quantum phase transitions,
frustration effects, entanglement, etc. Because of these features, the models provide
insight into exotic quantum behaviour. Their (apparent) simplicity makes them ideal
for testing the limits of new methods. We examine the RBM and RNN as neural
network quantum states (introduced in sections 3.1 and 3.2), and investigate our
implementation of SU(2) symmetry (section 3.3).

4.1 Antiferromagnetic Heisenberg model
The antiferromagnetic Heisenberg (AFH) model is defined by the Hamiltonian
ĤAF H =

X

σ̂i · σ̂j ,

(4.1)

hi,ji

where pairs hi, ji in the sum denote nearest neighbours, and σ̂i = (σx , σy , σz )i acts
on site i. The operators σx,y,z are the Pauli matrices. The Hamiltonian is sometimes
stated in terms of spin operators ŝi = ~2 σ̂i , where one usually takes ~ = 1. This is
a rescaling of the Hamiltonian by a factor 4 and does not change the physics. The
interaction σ̂i · σ̂j is called an exchange interaction due to its origin [11, 76].
We also need to specify the geometry of the system. For one-dimensional systems,
the lattice reduces to a chain. We restrict ourselves to bipartite lattices when
considering higher dimensions. In a bipartite lattice, the sites can be divided in two
sets A and B, such that the sites of A only interact with sites from set B and vice
versa, as illustrated in Fig. 4.1. There is no geometric frustration when dealing with
bipartite lattices. Geometric frustration means that the lattice geometry gives rise
to competing interactions that try to minimize the energy in such a way that it is

67

Fig. 4.1.: Examples of lattice geometries. a) bipartite lattice: the lattice sites can be
divided in two sets A and B, such that each site interacts only with sites from
the other set. b) geometric frustration: in a triangular lattice geometry, it is
impossible to minimize all antiferromagnetic interaction terms simultaneously. As
a consequence, the ground state is highly degenerate.

impossible to find a unique ground state. In other words, sets of interaction terms
cannot be minimized simultaneously. This type of frustration is entirely classical,
and can be found in e.g. the triangular lattice, also shown in Fig. 4.1.

4.1.1 Background theory
For bipartite lattices, the classical ground state of antiferromagnetic systems corresponds to the Néel state, i.e. a state where interacting spins point in opposite
directions (also called staggered magnetization). Expressing the local spin configurations in the sz -basis and denoting the states with eigenvalue +1 as spin-up (↑) and
those with eigenvalue −1 as spin-down (↓), the Néel state is conveniently written as
|↑↓↑ . . . ↑↓i. The interaction terms can be rewritten as
1
1
ŝi · ŝj = [(ŝi + ŝj )2 − ŝ2i − ŝ2j ] = [(ŝi + ŝj )2 − 2s(s + 1)].
2
2

(4.2)

If two interacting spins are combined into a singlet (ŝi + ŝj = 0), the corresponding
energy term is minimized and contributes −s(s + 1) to the total energy. However, it
is impossible to minimize every term individually: if two spins are combined into a
singlet, they are maximally entangled, and can no longer be entangled with a third
spin. It is said that entanglement is monogamous [11]. This leads to frustration at
the quantum level.
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The Hamiltonian of Eq. (4.1) commutes with the total spin operator ŝtot =

P

i ŝi

(4.3)

[ĤAF H , ŝtot ] = 0.

Because the orbital degrees of freedom are frozen, the total spin operator ŝtot is
equivalent to the total angular momentum operator Jˆ. It follows that the Hamiltonian also commutes with the SU(2) symmetry operator defined in Eq. (1.39).
The system thus has global SU(2) spin-rotation symmetry. This means that the
eigenstates of ĤAF M can be labeled by the total angular momentum eigenvalue J
(of the operator Jˆ2 ) and its projection MJ (of the operator Jˆz ).
There is an exact result for the ground state of the AFH model that is interesting
from a theoretical perspective but also used in numerical simulations. A statement
known as Marshall’s sign rule1 states that the ground state can be written as [77]
|Ψgs i =

X

(−1)MA ψ(σ) |σi ,

with ψ(σ) ≥ 0,

(4.4)

σ

where MA is the total number of up spins in set A of the bipartite lattice. That
is, when expanding the wave function in the standard sz -basis, the signs of the
complex coefficients follow a strict rule. Combining this information with the full
spin rotation symmetry leads to Marshall’s theorem: the ground state of the AFH
model is a singlet J = 0 and is unique.
An important notion in the classification of quantum phases is
that of gapped phases of matter, see Fig. 4.2. A system is in a
gapped phase if one can define the ground-state subspace of
energy eigenstates in a certain window of size , separated from
the lowest lying excitations by a gap lower bounded by some
constant ∆ independently of the system size Nv [11]. The number
of states in the ground-state subspace must remain constant in
the thermodynamic limit Nv → ∞. Two Hamiltonians Ĥ1 and Ĥ2
are said to be in the same phase if we can continuously transform
one into the other along a path of Hamiltonians which are gapped.
When moving between Hamiltonians in a different phase, one
passes a quantum phase transition, which is a point along the
path where the Hamiltonian becomes gapless.

Fig. 4.2.: Illustration of the energy spectrum of
gapped phases of
matter (see main
The Lieb-Schultz-Mattis theorem [78] states that the spin-1/2 AFH text). Taken from
chain cannot have a unique ground state with an energy gap in Ref. [11].

the thermodynamic limit, and in combination with Marshall’s
1

This is also called the Marshall-Peierls sign rule.
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theorem, it follows that the spin-1/2 AFH chain is gapless. The same is true for the
two-dimensional spin-1/2 AFH model with an odd number of sites in the cross section
[79, 80]. As stated by the Mermin-Wagner-Hohenberg-Coleman theorem [81–83],
continuous symmetry breaking is not possible for classical systems in one or two
dimensions. It follows from the quantum-classical correspondence (section 1.3.2)
that there is no continuous symmetry breaking in the ground state of the onedimensional AFH chain.2 As a result, there can be no long-range order. However,
the system realizes a state of quasi long-range order, i.e., the spin-spin correlation
function hŝi · ŝi+n i goes to zero as a power law3
lim hŝi · ŝi+n i =

n→∞

(−1)n
,
|n|γ

(4.5)

for some exponent γ. The two-dimensional AFH model on a square lattice has
long-range Néel order, although it is less pronounced than in the classical case due
to quantum fluctuations [84]. Finally, we note that the one-dimensional AFH model
is exactly solvable using the Bethe ansatz [85].

4.1.2 Results
Sign structure initialization and translational symmetry As discussed in section 4.1.1, the AFH ground state on a bipartite lattice follows Marshall’s sign rule
Eq. (4.4). Both the RBM and the RNN have complex valued expansion coefficients,
such that in principle, the models can learn the sign rule during the variational
optimization. However, recent literature has shown that optimization is challenging
if the sign structure is not imposed [86]. This means that, in order to have an
appropriate optimization, the variational ansatz takes the form of Eq. (4.4) with
positive expansion coefficients ψ(σ).
We now illustrate the need for an appropriate sing structure initialization. To this
end, we use the RBM ansatz in the standard sz -basis to find the ground state of the
1D AFH model with periodic boundary conditions and Nv = 22. Two optimizations
are performed, one with and one without the sign structure imposed. The RBM
has a hidden unit density α = 1. Additionally, we train an RBM with translational
symmetry (TRBM), where the symmetry is implemented by placing constraints on
the network weights (section 3.3). For the TRBM, several hidden unit densities
2

For the one-dimensional AFH model, we can derive this from the previous theorems. Symmetry
breaking necessarily requires a ground state degeneracy. However, Marshall’s theorem states that
the ground state is unique.
3
If there is no long-range order at all, the spin-spin correlation function decays exponentially.
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α ∈ {1, 10, 20} are tested. Optimal values for the remaining hyperparameters are
found by performing a hyperparameter sweep, see Appendix A.1. The selected
values are summarized in table A.1 (Appendix A.2). In this table, one can find all
the hyperparameters used in this section.
To assess the performance of the models, we use the relative energy error of the
ground state
E0 − E0,exact
,
(4.6)
∆E0 =
E0,exact
where E0,exact is the exact ground-state energy obtained using Lanczos diagonalization (section 3.4.1) and E0 is the energy of the NQS after convergence. At the end
of each simulation, we use 106 samples to evaluate E0 and other expectation values
according to Eq. (3.8). However, the number of samples used to estimate gradients
during optimization Ns ∈ [200, 2000] depends on the experiment.
In figure 4.3, we show the relative energy error of the ground state ∆E0 obtained
by the RBM and the TRBM. Note that if the sign structure is not imposed, the RBM
failes to approximate the ground state accurately, with a relative energy error ∆E0
greater than 10%. However, an accurate representation with ∆E0 ≈ 10−4 is obtained
if the sign structure is implemented. The TRBM with α ∈ {1, 10} has a relative
energy error ∆E0 ∈ [10−1 , 10−2 ] even if the sign structure is properly initialized.
This reflects that the symmetrization procedure (section 3.3) lowers the variational
freedom of the RBM, and that this needs to be compensated by a higher number
of hidden units. The number of variational parameters of our models reveals that
this is indeed the case: the RBM with α = 1 has a number of parameters npar = 505,
and the TRBM with α = (1, 10, 20) has npar = (24, 231, 461). The results illustrate
that it is challenging to find a good representation of the ground-state wave function
in terms of a TRBM with only [24, 231] variational parameters. On the other hand,
a relatively high accuracy is obtained using the TRBM with α = 20, which has a
total of 461 variational parameters. Even though this is approximately 10% less
parameters than the RBM with α = 1, a similar relative energy error is reached
∆E0 ∼ O(10−4 ). Note that also for the TRBM, the accuracy is extremely dependent
on the initialization of the sign structure.
In the hyperparameter runs of Appendix A.1 and in all the forthcoming experiments,
the sign structure Eq. (4.4) is imposed when using the standard sz -basis, unless
stated otherwise. No such initialization is performed for the coupled basis.
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Fig. 4.3.: The relative energy error ∆E0 of the 1D AFH ground state of size Nv = 22 with
respect to the training iteration for i) the RBM with hidden unit density α = 1 and
ii) the TRBM that has translational symmetry with α ∈ {1, 10, 20}. We investigate
the importance of initializing the networks according to Marshall’s sign rule. The
TRBM α = 20 has approximately 10% less parameters than the RBM α = 1.

Expressivity and the coupled basis The number of variational parameters of the
RBM is controlled by the hidden unit density α = Nh /Nv (section 3.1). For the
RNN, this number depends on the hidden vector size dh (also called the number of
memory units) and the number of layers nl (section 3.2). We investigate the relative
energy error of the ground state ∆E0 (Eq. (4.6)) and the Hamiltonian variance
Var(Ĥ) (Eq. (3.29)) when increasing the number of variational parameters. In this
context, we demonstrate the advantage of using the coupled basis.
We treat a system of size Nv = 22 with open boundary conditions and compare
our results with those of Ref. [54]. The results of the RBM are shown in figure 4.4.
We see that both the energy error and the variance systematically decrease with
increasing network complexity. In the sz -basis, the energy error decreases from
∆E0 ∼ O(10−2 ) (α = 0.5) down to ∆E0 ∼ O(10−5 ) (α = 4) and then starts to settle.
Moreover, the RBM in the coupled basis consistently outperforms the RBM in the
standard sz -basis, especially for low network complexities. The smallest network
in the coupled basis has a relative energy error ∆E0 ∼ O(10−4 ) (α = 0.5), and the
obtained energies are more accurate throughout the entire range of α ∈ [0.5, 1, 2, 4].
Similar trends are observed for the Hamiltonian variance Var(Ĥ). The obtained
energies and variances are comparable to those obtained in the reference study [54].
These results indicate that the implementation of SU(2) symmetry is advantageous
for obtaining accurate ground states, especially if the network complexity is low.
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Fig. 4.4.: Relative energy errors ∆E0 and Hamiltonian variances Var(Ĥ) of the 1D AFH
ground state with Nv = 22 lattice sites and open boundary conditions. The
expressivity of the RBM can be systematically increased by increasing the hidden
unit density α. The accuracy measures are consistently better when using the
coupled basis. Results are comparable to those in Ref. [54].

The RNN has previously been used to study quantum many-body problems [36], and
it was shown that the RNN represents ground states faithfully. Here, we combine
the RNN with the coupled basis and investigate the expressivity. We again focus on
the AFH chain of length Nv = 22 with open boundary conditions.
The results of the RNN are shown in Fig. 4.5. We start by fixing the number of
layers nl = 1 (Fig. 4.5(a)), and observe that increasing the number of memory units
from dh = 16 to dh = 32 leads to an increase in accuracy from ∆E0 ∼ O(10−5 )
to ∆E0 ∼ O(10−6 ). Further increasing dh has a minor effect on the ground-state
energy and the Hamiltonian variance. This indicates that relatively small RNN
networks (concerning npar ) are sufficiently complex to represent the AFH ground
state accurately. This result is desirable, since complex networks are harder to
optimize and require more computational resources. Next, we fix the number of
memory units dh = 32 and vary the number of layers nl ∈ [1, 4] (Fig. 4.5(b)).
Surprisingly, increasing the number of layers does not increase the ground-state
accuracy. The measures even become worse for the network with nl = 4, which
shows that an increase in network complexity does not necessarily lead to a better
ground-state accuracy. This indicates that relatively simple (or rather shallow)
networks are sufficiently complex to capture (most of) the correlations in the wave
function. A further increase in network complexity unnecessarily complicates the
parameter space, making it harder for the optimizer to find the optimal solution.
Another explanation is that the additional parameters do not capture new relevant
information, and therefore contribute mainly in the form of noise.
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Fig. 4.5.: The relative energy error ∆E0 and Hamiltonian variance Var(Ĥ) of the 1D AFH
ground state using the RNN in the coupled basis. (a) Increasing the number
of memory units dh systematically increases the expressivity of the RNN. (b)
Increasing the number of layers nl does not increase the accuracy measures.

It should be noted that in Ref. [36], a graph similar to Fig. 4.5(b) was obtained for
the Hamiltonian variance with respect to number of layers. However, the authors
of [36] fixed the total number of variational parameters npar by decreasing dh
when increasing nl . From their results, one could conclude that the way in which
additional parameters are added to the RNN (increasing dh versus increasing nl ) is
irrelevant, one finds the same gain in expressivity. This fixing of npar was not done
in our analysis, so we reach very different conclusions and should be skeptical of
our results. To ensure that our roughly constant accuracy is not due to numerical
precision, the runs were redone with the float64 format. The obtained energies were
almost identical, with differences of order 10−6 or less.
Note that the relative energy errors obtained by the RNN ∆E0 ∼ O(10−6 ) are substantially lower than those obtained by the RBM ∆E0 ∼ O(10−5 ). The Hamiltonian
variances are likewise roughly one order of magnitude lower. This illustrates the
expressive power of RNNs, especially when combined with the coupled basis. It
has been shown [86] that the total spin is not conserved when using the standard
sz -basis, whereas the coupled basis ensures this by construction. As will be discussed
in section 4.2.2, spin-spin correlation functions are intrinsically unbiased in the
coupled basis [54].
The number of variational parameters of the RNN is independent of system size,
which is not the case for the RBM. Another advantage of the RNN is its autoregressive
property, which allows for autoregressive sampling (section 3.2.2). Therefore, the
sampling time of the RNN scales linearly with system size, hence obtaining samples
is no bottleneck when considering large systems (Nv ≈ 100). This is in contrast
to the Markov chain approach used for energy-based methods such as the RBM
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Fig. 4.6.: Average sampling time per sample for the RNN (dh = 32 and nl = 1) and the
RBM (α = 1) approximating the 1D AFH ground state in the coupled basis. The
RNN sampling time increases linearly (red fit: 0.0261Nv − 0.0894) because of
its autoregressive sampling property and the fact that its number of variational
parameters is independent of system size. The RBM does not have these properties.
Here, the average sampling time is fitted to a power law (blue fit: 0.008Nv2.193 −
0.351).

(section 3.1.3). In figure 4.6 we show the average sampling time per sample of the
RNN (dh = 32 and nl = 1) and RBM (α = 1) for system sizes Nv ∈ [12, 40] in the
coupled basis. For the RNN, the sampling time per sample is of order 10−5 seconds
for the smallest system Nv = 12 and increases to O(10−4 ) seconds for the largest
system Nv = 40. We see that the sampling time scales linearly with system size.
The RBM sampling times are non-linear and become prohibitively large systems.
Here, the average sampling time per sample is of order 10−4 seconds for Nv = 12
and increases to 2.5 × 10−3 seconds for Nv = 40. However, it should be noted that
the majority of the CPU-time is used for the calculation of energy gradients in the
variational Monte Carlo setting (Eqs. 3.14 and 3.25).
Basis cut-off and big systems In the coupled basis, the intermediate angular momenta ji∈{1,2,...,Nv −1} take values ji ∈ {0, 1/2, 1, . . . } that satisfy the triangle relations
Eq. (3.48). Since we restrict ourselves to the singlet sector J = 0, the triangle
relations impose a maximal value jmax on the intermediate angular momenta. For
example, for a system of Nv = 4 spins and J = 0, the highest intermediate momentum is obtained by the state |1/2 1 1/2 0i with the highest value jmax = 1. This
value jmax is proportional with system size Nv . Both for the RBM and the RNN, the
number of variational parameters increases linearly with jmax . In section 4.1.1, we
showed that the lowest energy eigenstate of an individual term of ĤAF H is the state
where the two spins couple to a singlet. Therefore, it is expected that the low-energy
eigenstates of the AFH model involve coupling of spins to low angular momenta.
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This motivates the use of a cut-off jcut , which is the (self-imposed) maximal value of
the intermediate angular momenta ji . In essence, the introduction of jcut is a Hilbert
space truncation, which simultaneously influences the model’s complexity. Using
exact diagonalization, Ref. [54] showed that jcut = 3 settles the relative energy
error to machine precision. Moreover, the result was largely independent of the
investigated system sizes Nv ∈ [10, 22]. We do a similar analysis for the J1 − J2
model in section 4.2.

In the next experiment, we approximate the AFH ground state of a relatively large
system Nv = 100 using the RNN in the coupled basis. The RNN has a hidden
vector size dh = 32 and a single layer nl = 1, and we use Ns = 1000 samples
per iteration. We investigate the dependence of the relative energy error ∆E0
and the Hamiltonian variance Var(Ĥ) on the cut-off jcut . We see in figure 4.7(b)
that the RNN can adequately approximate the AFH ground state with Nv = 100
for jcut = 2. This is shown by the relative energy error ∆E0 ∼ O(10−4 ) and the
Hamiltonian variance Var(Ĥ) ∼ O(10−6 ). The differences in accuracy are relatively
small throughout the entire range jcut ∈ [2, 10], with an outlier at jcut = 6. This
outlier is an excellent example of the model getting stuck in a local minimum during
optimization. This minimum is expected to correspond to an excited state. Namely,
the Hamiltonian variance is lower than those of the other data points, yet the relative
energy error is significantly higher. This behaviour can also be seen in the training
history (Fig. 4.7(a)): the energy error decreases up to a given point (≈ iteration
1500), suddenly Var(Ĥ) drops from 3 × 10−4 to 10−6 and the energy error fluctuates
around ∆E0 ≈ 5 × 10−3 . A training history with smooth convergence looks like the
one in Fig. 4.7(c). The fluctuations are due to the stochastic nature of the variational
Monte Carlo approach Eq. (3.8).

The result that the accuracy measures are largely independent of jcut is highly desirable. This indicates that: i) the states with high intermediate angular momentum
(ji ≥ 2) contribute little to the AFH ground state, and the Hilbert space can thus
be truncated without losing too much information and; ii) the network complexity
of the RNN can be controlled when probing different system sizes Nv , since we fix
jmax = jcut . The relative energy error ∆E0 ≈ 2 × 10−4 is acceptable, also for the
lowest value jcut = 2. Since a relatively small network was chosen for these experiments, we find that the RNN can represent the ground state efficiently, using 4074
variational parameters for jcut = 2. The results are in line with previous conclusions
that the performance of the network does not necessarily increase with increasing
network complexity.
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Fig. 4.7.: The RNN with a number of memory units dh = 32 and a single layer nl = 1
approximating the 1D AFH ground state with system size Nv = 100 in the coupled
basis. We investigate the relative energy error ∆E0 and Hamiltonian variance
Var(Ĥ) and their dependence on the angular momentum cut-off jcut . (a) The
RNN gets stuck in a local minimum for jcut = 6. (b) Increasing the cut-off
jcut does not increase the accuracy measures: the relative energy errors remain
around ∆E0 ≈ 2 × 10−4 . (c) A smooth convergence in the training for jcut = 2.

Excited states and energy gap Up until now, we have used the coupled basis to
approximate the ground state of the 1D AFH model by optimizing the variational
ansätze in the subspace defined by |J = 0 MJ = 0i. The first excited state of the AFH
model is in the subspace |J = 1 MJ ∈ {−1, 0, 1}i. This state can thus be targeted
in the coupled basis, which enables us to compute the energy gap Egap = E1 − E0 ,
where E1 is the energy of the first excited state. We note that the first excited state
can be approximated by NQSs without making use of SU(2) symmetry [87]. Since
the 1D AFH model is gapless (section 4.1.1), the gap vanishes as Egap ∝ Nv−1 for
Nv → ∞. We construct the ground state and first excited state for system sizes
Nv ∈ [12, 40], compute Egap at each size, and compare our results to Refs. [54, 87].
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In figure 4.8, we show the relative energy errors of the ground state ∆E0 and the
first excited state ∆E1 for system sizes Nv ∈ [12, 40]. The Lanczos diagonalization
algorithm (section 3.4.1) becomes intractable for Nv ≥ 30. We compare our energies
with those obtained by the density matrix renormalization group method (DMRG,
section 3.4.2). We find that both the RBM (α = 1) and the RNN (dh = 32 and
nl = 1) can adequately reproduce the gap Egap in the entire range, apart from a
few outliers. Considering the RBM, the relative energy error of the ground state
is ∆E0 ∼ O(10−5 ), and the error becomes larger when increasing the system size
Nv . Different behaviour is observed for the RNN: the error ∆E0 ∼ O(10−5 ) for
Nv ∈ [14, 20], and it then decreases ∆E0 ∈ [10−7 , 10−6 ] for sizes Nv ≥ 26. The
relative energy error of the first excited state ∆E1 ∼ O(10−5 ) − O(10−4 ) is generally
higher than ∆E0 , and increases with increasing system size for both models. The
trend of ∆E1 is seemingly more stable than that of ∆E0 . We conclude that both
models can adequately reproduce the ground state and first excited states for small
systems. The RNN is has smaller errors when considering systems of size Nv ≥ 20.

Fig. 4.8.: The energy gap Egap = E1 − E0 between the first excited state and the ground
state of the 1D AFH model for various system sizes Nv and open boundary
conditions (a-b), together with the relative energy errors ∆E0 and ∆E1 (c-d):
(a) and (c) RBM (α = 1) results; (b) and (d) RNN (dh = 32, nl = 1) results. We
compare the RBM and RNN energies with those obtained by exact diagonalization
(ED) and density matrix renormalization group methods (DMRG).
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The results obtained here are almost identical to those of Ref. [54], where the gap
was likewise calculated using the coupled basis. Although the authors of Ref. [87]
also used an RBM, they obtained the gap using a different strategy. There, a
superposition of two networks (in the standard sz -basis) is used to represent a state
orthogonal to the ground state. The authors obtained relative errors ∆E1 . 3 × 10−4
for the 1D AFH of size Nv ∈ [8, 36] with periodic boundary conditions. As can be
seen in Fig. 4.8, we obtain similar results using the RBM. The relative error ∆E1 of
the RNN does not exceed 10−4 in the entire range Nv ∈ [12, 40].
It is worth mentioning the outliers in Fig. 4.8 and their nature. Generally speaking,
optimizing neural networks can be tricky. Some aspects of the optimization can be
controlled by carefully selecting hyperparameters, or by properly initializing the
weights (section 2.3.3). Even with these precautions, the model might get stuck in a
local minimum of the parameter space (for example an excited state, as was the case
in Fig. 4.7(a)). Often, repeating the simulation with a different seed for the random
number generators makes the simulation find the proper minimum. However, this
can be time-consuming and requires extra computational resources. A way to
partially circumvent this is by intermittently storing the model. After completion of
the simulation, one finds at which iteration of the optimization the model got stuck.
Retraining one of the earlier stored models normally does the trick.
In general, the RNN required few interventions, whereas the RBM was prone to
difficulties. Also, the RNN is more likely to get stuck in local minima if the system
size is small. These findings are reflected by the results of Fig. 4.8, where each of the
data points was obtained by doing a single simulation. By retraining the models we
expect the outliers to disappear, i.e., there is nothing physically distinct about these
points (e.g. the RBM point Nv = 24 in Fig. 4.8). This is not always the case: the
accuracy at a critical point is expected to be relatively low compared to non-critical
points (for NQSs this is illustrated in [86]).

Wave function structure An accurate variational energy is an indicator for a good
wave function representation. However, it is highly desirable that the expectation
values of other observables (e.g. spin-spin correlation functions) can also be predicted accurately. For this reason, we are interested in the structure of the wave
function. The structure is investigated by looking at the importance of the basis
states. The importance of a state with index j is measured by the squared modulus
of its expansion coefficient |ψj |2 , relative to the largest squared modulus |ψ0 |2 . The
importance of state j is thus |ψj |2 / |ψ0 |2 .
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We inspect the ability of NQSs to reproduce the wave function structure as follows.
An RBM and RNN are optimized to represent the ground state of the 1D AFH chain
of length Nv = 22 with open boundary conditions. This is done in the coupled basis
with jcut = 2. The exact ground state is calculated using the Lanczos algorithm
(section 3.4.1). We thus have to our disposal the (exact) complex coefficients ψj and
the corresponding basis states. Then, we calculate the squared modulus |ψj |2 and
sort them from largest to smallest, such that |ψ0 |2 ≥ |ψ1 |2 ≥ . . . . Subsequently, we
normalize the squared modulus by dividing each of them by the largest one |ψ0 |2 .
This is repeated for the squared modulus of the RBM and the RNN.

The 11 most important configurations |j1 , j2 , . . . , jNv −1 ; J = 0 MJ = 0i of the 1D
AFH ground state are shown in figure 4.9. The importance measure |ψj |2 / |ψ0 |2 is
also given. By recoupling the spins, we see that the most important configuration
|σi0 = |j0 = 0, j1 = 1/2, j3 = 0, . . .i is a resonating valence bond state [88], where
every two neighbouring spins are coupled to a singlet. The 10 following states have
a background of singlets as before, but with two neighbouring singlets excited to
triplets, which couple together to form a singlet. The most important excitations
are located near the middle of the chain due to the open boundary conditions.
The exact diagonalization result shows that we have reflection symmetry about the
center of the chain. This symmetry is not implemented in the neural networks,
which gives rise to small discrepancies in the squared modulus. Apart from these
discrepancies, the results match well, and the states are correctly ordered according
to their importance.

We can also order the states according to the squared modulus of exact diagonalization and subsequently compute the corresponding squared modulus of the
NQSs (without ordering them independently). Thus, for a given state, we calculate
the squared modulus of the RBM and the RNN, and compare to the exact result.
The importance measure |ψj |2 / |ψ0 |2 with respect to ordered index j is shown in
figure 4.10. Both the RBM and the RNN approximate the most important ≈ 2000
expansion coefficients accurately, as there is an excellent agreement with exact
diagonalization (note the logarithmic scale). The relative deviations become more
pronounced for the less important (|ψj |2 / |ψ0 |2 . 10−6 ) squared moduli. In general,
the squared moduli of the RBM are less accurate than those of the RNN.
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Fig. 4.9.: The 11 most important configurations of the ground state of the 1D AFH chain
of length Nv = 22 with open boundary conditions. We compare the relative
2
2
squared modulus |ψj | / |ψ0 | obtained by exact diagonalization (black), the RBM
(orange), and the RNN (blue). The squared modulus of the wave functions
are ordered according to their importance, and the corresponding states with
intermediate angular momenta ji are shown.
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Fig. 4.10.: The squared modulus relative to the largest squared modulus |ψj | / |ψ0 | of
the 1D AFH ground state with Nv = 22 (coupled basis). The basis states are
ordered in descending fashion according to the squared modulus obtained by
exact diagonalization (ED). The inset shows the 30 most important states.

4.2 The J1 − J2 model
The J1 − J2 model adds to the AFH model (section 4.1.1) next-to-nearest neighbour
interactions. The model is defined by the Hamiltonian
ĤJ1 −J2 = J1

X
hi,ji

σ̂i · σ̂j + J2

X

σ̂i · σ̂j ,

(4.7)

hhi,jii

where nearest neighbours hi, ji interact with interaction strength J1 and next-tonearest neighbours hhi, jii interact with strength J2 . We restrict ourselves to antiferromagnetic interactions, i.e. J1 > 0 and J2 > 0. It is customary to put J1 = 1, such
that the value of J2 reflects the ratio J2 /J1 . We consider the case of spin-1/2.
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4.2.1 Background theory
The J1 − J2 model reduces to the AFH model (section 4.1.1) for J2 = 0. The model
has SU(2) symmetry and the ground state is known to have J = 0. The introduction
of the next-to-nearest neighbour interaction leads to frustration at the quantum level
(on top of the frustration due to the non-commutativity of operators σ̂i ). Frustrated
systems are widely studied in modern literature, as the exact phase diagram of the
2D J1 − J2 model is unknown (although numerical results have been found [84, 86,
89–95]). Also of interest is the case of lattice geometries that additionally involve
geometric frustration, e.g. the triangular lattice [93].
For the square lattice, a tensor network approach using the entangled-plaquette
state (EPS) ansatz indicates Néel order for J2 . 0.5 and stripe order for J2 & 0.6
[90]. These findings have already been reproduced by NQS ansätze [86, 91]. For
0.5 . J2 . 0.6, numerical simulations point towards a spin liquid phase [90],
a phase which does not break any symmetries (neither spin rotation nor lattice
symmetries). The neural network approach of [91] showed that the system realizes
a valence bond solid in this region, which does break lattice symmetry. The model
has also been studied with a cylindrical geometry [89]. Due to this geometry, socalled topological sectors arise, which come with a splitting of the energy levels. The
splitting vanishes exponentially with increasing perimeter of the cylinder.
The 1D J1 − J2 chain is gapless up to a critical point J2,c ≈ 0.241, and is gapped
for J2 > J2,c [92, 94]. At the particular point J2 = 0.5 the chain is known as the
Majumdar-Ghosh model (1970), which is exactly solvable [96]. The ground state
takes the form of valence bond states (also called dimer states), a superposition of
the two possible ways to completely cover the chain by nearest neighbour singlets
(this requires periodic boundary conditions and an even number of sites Nv ). The
dimer phase remains present over the whole gapped region J2 & 0.241. Beyond the
Majumdar-Ghosh point J2 > 0.5, the (short-range) Néel order seizes to exist,4 and
the system shows short-ranged incommensurate spin (“spiral”) correlations, also
called the frustrated regime [92]. Further increasing the next-to-nearest neighbour
interaction strength such that J2  J1 leads to two decoupled spin chains [95].
The Marshall’s sign rule (section 4.1.1, Eq. (4.4)) is preserved for J2 < 0 < J1
(requires a bipartite lattice). However, for positive J1 and J2 it is not generally
true. For 1D, studies suggest that the breakdown occurs near the Heisenberg point
J2 ≈ 0.032 (when J1 = 1) [84]. Finite-size lattice calculations have shown that the
two-dimensional J1 − J2 model may preserve the sign rule up to 0.2 . J2 . 0.3 [84].
4

Recall that long-range order in the limit Nv → ∞ cannot exist (even at T = 0) in 1D (sec. 4.1.1).
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4.2.2 Results
The angular momentum cut-off revisited We start with the J1 − J2 chain, i.e.
the one-dimensional model. Before we do any optimizations with the RBM or RNN
ansätze, we investigate the basis cut-off by exact diagonalization. Since the nextto-nearest neighbour interactions introduce frustration, we expect that the wave
function structure of the ground state strongly depends on the interaction strength
J2 . Therefore, we investigate jcut as follows. For a given range of interaction
strengths J2 ∈ [0, 2.0] and Nv = 22, we calculate the exact ground-state energy by
exact diagonalization (section 3.4.1) using i) the complete basis which gives Eexact
and ii) the truncated basis with a selected jcut ∈ [1, 5], which gives an energy Ecut .
The accuracy measure is defined by
∆Ecut (J2 , jcut ) =

Eexact (J2 ) − Ecut (J2 , jcut )
,
Eexact (J2 )

(4.8)

where all energies are of the ground state. In this way, one can find the dependencies between the energy Ecut , the interaction strength J2 , and the cut-off angular
momentum jcut . Note that the relative errors ∆Ecut (J2 , jcut ) are entirely due to a
Hilbert space truncation.
The results of this analysis are visualized in figure 4.11. First, we observe that for
J2 = 0 (the AFH point) a cut-off jcut = 3 is indeed sufficient to reach numerical
precision, as was shown in [54]. The cut-off we used in our experiments of the AFH
chain (section 4.1.2), namely jcut = 2, leads to an exact diagonalization error of
order 10−8 . This is more accurate than what we expect to obtain by the NQS ansätze
for any jcut . In other words, the Hilbert space truncation error ∆Ecut ∼ O(10−8 ) is
negligible compared to the variational error ∆E0 ∼ O(10−6 ). Thus, it was indeed
justified to use jcut = 2 in our experiments of the AFH chain.
Interestingly, the accuracy ∆Ecut (J2 |jcut ) at any given jcut increases with increasing
J2 in the range J2 ∈ [0, 0.5]. At the Majumdar-Ghosh point J2 = 0.5, the exact
diagonalization ground-state energy at any cut-off jcut ∈ [1, 5] reaches numerical
precision. This reflects the nature of the valence bond ground state at this particular
point. When neighbouring spins couple to singlets, the largest intermediate angular
momentum in the coupled basis is jmax,M G = 1/2. There is thus no error due to
Hilbert space truncation for jcut ≥ 1/2. Beyond the Majumdar-Ghosh point, i.e.
if J2 > 0.5, the accuracy ∆Ecut decreases with increasing J2 . This can also be
interpreted physically: because of the frustration, spins are less inclined to form
singlets with their neighbours, leading to an increased importance of states with
higher intermediate angular momentum ji . This effect becomes more pronounced
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Fig. 4.11.: The truncation error ∆Ecut (J2 | jcut ) = |(Eexact (J2 ) − Ecut (J2 , jcut ))/Eexact (J2 )|
versus angular momentum cut-off jcut for various next-to-nearest neighbour
interaction strengths J2 of the J1 − J2 chain of length Nv = 22. Numerical
precision is obtained for jcut = 3 in the range J2 ∈ [0, 1].

for larger J2 . Note that the most interesting region to explore is J2 ∈ [0, 1]. An
adequate trade-off between Hilbert space truncation and network complexity is
provided for jcut = 3.
Ground-state energy We now investigate the ability of the NQSs to represent
the ground state of the J1 − J2 model for J2 /J1 ∈ [0, 1]. Two important questions
are posed: i) for which values of J2 is the sign structure initialization Eq. (4.4)
advantageous, knowing that the sign rule breaks down near the Heisenberg point
J2 ≈ 0.032; ii) does the higher accuracy in the coupled basis persist throughout the
range J2 ∈ [0, 1]. We answer these questions by optimizing the RBM in the sz -basis
with and without the sign rule initialization. The ground-state energies of these
optimizations are then compared to the those obtained by the RBM and RNN in the
coupled basis with jcut = 3.
Figure 4.12 shows the ground-state energy E0 and the relative energy error ∆E0 for
the J1 − J2 chain of length Nv = 22 with open boundary conditions. The groundstate energy becomes higher with increasing J2 for J2 . 0.5, after which it decreases.
To answer our first question i): the results suggest that the sign rule initialization
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Fig. 4.12.: Comparison of different NQS ansätze for the ground state representation for
various J2 of the J1 − J2 chain of length Nv = 22 with open boundary conditions.
The RBM in the standard sz -basis is tested with and without the sign rule
initialization. The RBM and RNN are used as ansatz in the coupled basis. We use
the exact diagonalization (ED) result as reference. (a) The ground-state energy
E0 with respect to J2 . (b) The relative energy error ∆E0 with respect to J2 .

is required for adequate optimization throughout the entire range J2 ∈ [0, 1]. For
all of the selected values of J2 , the relative energy error without using the sign rule
initialization is ∆E0 ≈ 10−1 (10%). Notable exceptions are the Heisenberg point
J2 = 0 at which ∆E0 ≈ 2 × 10−3 , and the point J2 = 0.9 with ∆E0 ≈ 8 × 10−3 .
The energies we obtain with a sign rule initialization are remarkably better: in the
range J2 ∈ [0, 0.5[ the relative energy errors are of order ∆E0 ≈ 10−4 . However, the
variational optimization is clearly more challenging in the frustrated regime, where
we have errors ∆E0 ∈ [10−3 , 10−2 ]. Considering that the sign rule breaks down
close to the Heisenberg point, these findings are surprising. One may argue that the
sign rule applies approximately for J2 ≈ 0, and that for J2 ≈ 1 the model is able to
learn the correct signs more easily if the sign structure of Eq. (4.4) is imposed, even
though this initial structure is not entirely correct.
We can learn more by looking at how the relative energy error ∆E0 progresses
during training. In figure 4.13, we show the training histories of the points J2 = 0.4
and J2 = 0.9, both with and without the sign rule initialization Eq. (4.4). The
first observation is that the convergence takes more iterations when the system
is in the frustrated phase, i.e. the RBM needs more training steps to converge
for J2 = 0.9 (≈ 7500 steps) than for J2 = 0.4 (≈ 1500 steps). The appearance
of a steady variational energy with high relative error (∆E0 ≈ 10−1 ) shows that
it is indeed challenging for the RBM ansatz to learn the ground state if the sign
structure is not manually imposed. However, something unexpected happens for
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Fig. 4.13.: The relative energy error of the ground state ∆E0 with respect to training
iteration for the RBM in the standard sz -basis with and without sign rule initialization. The system under consideration is a J1 − J2 chain of length Nv = 22
with open boundary conditions. The training histories are plotted for the two
points J2 = 0.4 and J2 = 0.9.

J2 = 0.9: the energy remains steady during steps 5000 − 17500, but then suddenly
decreases. This implies that the RBM without a proper sign initialization can in
practice learn the correct sign structure (which in principle is made possible by the
complex amplitudes in the RBM ansatz Eq. (2.6)). Since J2 = 0.9 is the only J2 -point
at which this transition occurs, we speculate that this transition is highly unlikely.
Perhaps the most important information to extract from figure 4.12 is that the
relative energy error ∆E0 can be multiple orders of magnitude lower in the coupled
basis. Focusing on the RBMs, the ground-state energies in the ordered phase J2 < 0.5
are comparable, although lower in the coupled basis. The difference becomes more
significant in the frustrated regime J2 > 0.5, with the sz -basis having relative
energy errors ∆E0 ∼ O(10−2 ) − O(10−3 ), compared to the coupled basis with
∆E0 ∼ O(10−3 ) − O(10−4 ). This indicates the importance of SU(2) invariance in the
frustrated phase of the J1 − J2 chain. Moreover, the Majumdar-Ghosh point J2 = 0.5
is represented exactly in the coupled basis (∆E0 ≈ 10−16 for RBM and ∆E0 = 0 for
RNN). The RNN performs even better than the RBM, with relative energy errors
of up to almost two orders of magnitude lower ∆E0 ∼ O(10−4 ) − O(10−6 ) in the
coupled basis.
One might now ask whether similar accuracy gains can be realized by imposing lattice
symmetries. We illustrate that, by considering an RBM with translational symmetry
(TRBM), this is not necessarily the case. In figure 4.14, we show the relative energy
error ∆E0 with respect to J2 for Nv = 22 with periodic boundary conditions. The
variational optimization is done using an RBM (α = 1, npar = 505) and a translation
invariant TRBM (α = 20, npar = 461), both in the sz -basis. The TRBM does not
necessarily obtain lower ground-state energies than the standard RBM. A possible
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Fig. 4.14.: Results obtained by a standard RBM (α = 1) and an RBM with translational
symmetry (TRBM) (α = 20) for the J1 −J2 chain of length Nv = 22 with periodic
boundary conditions. Both ansätze are in the standard sz -basis. (a) The relative
energy error ∆E0 with respect to the training iteration for J2 = 0.7. (b) E0 with
respect to J2 ∈ [0, 1].

explanation is that the RBM learns the translation invariance accurately, such that
the symmetry does not need to be implemented in an exact fashion. This is in
line with the relatively small deviations of reflection symmetry found in Fig. 4.9.
However, symmetries are often implemented to accelerate the convergence. We find
that such a speed-up is not guaranteed: at the point J2 = 0.7, the TRBM seems to be
stuck in a local minimum between training iterations 4000 − 9000. After ≈ 10000
training steps the TRBM overtakes the RBM, but this did not happen for other J2
(e.g. J2 = 0.6). Even if the TRBM converges to a lower energy than the RBM,
the error is relatively high ∆E0 ≈ 10−2 in the frustrated regime J2 > 0.5. These
results indicate that the implementation of SU(2) symmetry is more relevant than
the implementation of translational lattice symmetry, at least in the range J2 ∈ [0, 1].
To verify that this is the case, a logical next step is to repeat the simulations with the
RNN in the sz -basis.

Spin-spin correlation function Perhaps the most relevant observable for studying
many-body quantum wave functions is the spin-spin correlation function
C(i, j) = hŝi · sˆj i, whose components are defined as
Cξ,ζ (i, j) = hŝξi ŝζi i ,

(4.9)

with ξ, ζ ∈ {x, y, z} the directions of the spin operator ŝ. For systems that satisfy
SU(2) symmetry, the components of the correlation function with ξ = ζ are equal.
Thus, in a system with SU(2) symmetry we have that
C(i, j) = Cx,x (i, j) = Cy,y (i, j) = Cz,z (i, j),
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(4.10)

where each component is equal to a third of the scalar product ŝi · ŝj . In the coupled
basis, this principle Eq. (4.10) holds by construction, which can be proven using the
Wigner-Eckart theorem [54, 55]. For antiferromagnetic systems, it is customary to
define the correlation function with an additional prefactor (−1)i−j .
We first consider the correlation function at the Heisenberg point J2 = 0. We
use the optimized models of Fig. 4.12, and are dealing with a chain of length
Nv = 22 and open boundary conditions. For the RBM (α = 1) and RNN (dh =
50, nl = 1) in the coupled basis, the correlation function C(i, j) of Eq. (4.10) is
computed. For the RBM (α = 1) in the standard sz -basis, we compute separately
sz (i, j) and the transverse C sz (i, j) = (C sz (i, j) +
the longitudinal Cksz (i, j) = Cz,z
x,x
⊥
s
z
Cx,x (i, j))/2 correlation functions. There is no translational symmetry because of
the open boundary conditions. Therefore, the correlation function for a given
distance |i − j| is obtained by choosing the (i − j)-pair such that both sites i and j
are equally distant from the center of the chain.
The correlation functions of the NQSs are compared to exact diagonalization in
figure 4.15. The power law fit in Fig. 4.15(a) matches the expected quasi long-range
order of Eq. (4.5) with an exponent γ = 1.165, although relatively large deviations
appear due to the fact that we consider small distances |i − j|, the open boundary
conditions, and finite-size effects. The absolute errors of the correlation functions
(Fig. 4.15(b)) indicate that the RBM in the sz -basis is biased towards the longitudinal
component Cksz . It has been shown that this bias is more significant when the
network complexity is lower (α = 0.5) [54]. The RBM in the coupled basis leads
to a correlation function C(i, j) that is inherently unbiased, and generally it shows
smaller errors ∼ O(10−4 ). Surprisingly, apart from the distances |i − j| ∈ {8, 12},
the RNN in the coupled basis performed worse than the RBM, with typical errors of
order 10−3 and higher.
Since the RNN has lower variational energies than the RBM (Fig. 4.12, both NQSs
in the coupled basis), the results of Fig. 4.15 are unexpected. To explain the inferior
correlation functions of the RNN, we calculate the weight  of excited states in the
wave function. The variational wave function can be written as
|ΨW i =

p

1 − 2 |Ψgs i +  |Ψ⊥ i ,

(4.11)

where |Ψgs i is the exact ground-state wave function and |Ψ⊥ i is a normalized state
orthogonal to |Ψgs i. The weight  is a measure for the accuracy of the variational
ansatz. Even if there is spurious content in the variational ground state, the corresponding energy may be close to the exact one. This is expected for small energy
gaps. When dealing with systems of varying energy gaps, the weight  is the more
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Fig. 4.15.: The antiferromagnetic spin-spin correlation function C(i, j) versus |i − j| at
the Heisenberg point J2 = 0 for Nv = 22 with open boundary conditions. We
compare the longitudinal Cksz and transverse Cksz correlation functions of the
RBM in the sz -basis with the symmetric correlation function C SU(2) (i, j) obtained
by the RBM and RNN in the coupled basis. The exact diagonalization (ED) result
C(i, j)exact is taken as reference. (a) The correlation functions C(i, j) versus
distance between spins |i − j|. The fit is a power law y = 0.168x−1.165 . (b) The
absolute error of the correlation functions for several distances |i − j|.

appropriate accuracy measure. This is also true when one is unsure about the size of
the energy gap, since ∆E0 might give false impressions for small energy gaps. Since
we have calculated the exact diagonalization, the weight  can be computed exactly
√
by the overlap hΨgs |ΨW i = 1 − 2 .
The weight of excited states  with respect to the next-to-nearest interaction strength
J2 are shown in Fig. 4.16. We see that the RNN has more spurious content in its wave
function than does the RBM (at J2 = 0), even though the RNN has a lower variational
energy (∆E0 ≈ 10−6 ) than the RBM (∆E0 ≈ 10−5 ). A possible explanation for these
findings is that the RNN does not use stochastic reconfiguration for its variational
optimization (section 3.1.4), whereas the RBM does use it. Although the difference
in  is relatively small, this might in part explain the observations of Fig. 4.15.
The weight of excited states  is close to 1% in the region J2 < 0.5, whereas it is
higher  ≈ 3% in the frustrated phase J2 > 0.5. In general, the RNN has less spurious
content in its wave function than the RBM, except for J2 = 0 and j2 = 0.6 (Fig. 4.16).
Because of the RNNs better overlap at J2 = 1.0, we expect the correlation function
of the RNN to be more accurate than the RBM one. The correlation functions at
J2 = 1.0 are plotted in figure 4.17. We indeed find that the RNN performs equally
well or better than the RBM, but this is only true for small distances |i − j| < 6. For
J2 = 1.0, the system is in the frustrated phase, and the antiferromagnetic (quasi)
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Fig. 4.16.: The weight of excited states  in the variational ground-state wave function
|ΨW i versus J2 of the J1 − J2 chain of length Nv = 22 with open boundary
conditions. The weights  are shown for the optimized RBM and RNN in the
coupled basis.

Fig. 4.17.: The spin-spin correlation function C(i, j) for various distances |i − j| for a
J1 − J2 chain of length Nv = 22 with open boundary conditions at J2 = 1.0. We
compare the longitudinal Cksz and transverse Cksz correlation functions of the
RBM in the sz -basis with the symmetric correlation function C(i, j) obtained by
the RBM and RNN in the coupled basis. The exact diagonalization (ED) result
C(i, j)exact is taken as reference. (a) The correlation functions C(i, j) versus
distance between spins |i − j|. (b) The absolute error of the correlation functions
at several distances |i − j|.

long-range order is no longer expected. Therefore, we did not use the prefactor
(1)i−j , since the sign of the correlation function for subsequent distances |i − j| is
no longer guaranteed to alternate. Indeed, the structure is different from what was
obtained at the Heisenberg point J2 = 0 (Fig. 4.15). Again, the RBM in the sz -basis
is biased towards the longitudinal component Cksz .
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It is actually more common to identify the magnetic structure by measuring the
spin-spin correlation structure factor defined by
S 2 (~q ) =

X
1
hŝi · ŝj i ei~q·(~ri −~rj ) ,
Nv (Nv + 2) i,j

(4.12)

where ~q is the pitch vector and ~ri is the direction vector of lattice site i. Magnetic
structure is identified by a peak of S 2 (~q ) at a certain pitch vector ~q. For example,
it has been found that on a square lattice the J1 − J2 model exhibits Néel order
for J2 . 0.5 (section 4.2.1), which corresponds to a peak at ~q = (π, π). The stripe
order for J2 & 0.6 corresponds to a peak at pitch vector ~q = (π, 0) or (0, π). For onedimensional systems, the vectors reduce to scalars. Néel order is then identified by a
peak of S 2 (q) at pitch q = π, corresponding to the prefactor eiq(i−j) = (−1)i−j .
The implementation of SU(2) symmetry by using the coupled basis has a downside.
Note the summation over all pairs of sites in Eq. (4.12), which includes large intersite distances. Due to the way the matrix elements for an operator of type ŝi · ŝj
are calculated in the coupled basis (section 3.3), the number of connected states in
Eq. (3.6) increases exponentially with distance |i − j|. This leaves the calculation of
the structure factor Eq. (4.12) computationally intractable, even for modest system
sizes such as Nv = 22. Also, these calculations need to be repeated over a range
of interaction strengths J2 and for varying pitch q. Experiments with exact diagonalization showed that the truncation of (i − j)-pairs with a large distance |i − j| is
unjustified. Therefore, the calculation of structure factors could not be done.
Energy gap with respect to J2 In section 4.1.2, we discussed how the coupled
basis allows us to determine the first excited state of the AFH model. We computed
the energy gap Egap = E1 − E0 between the first excited state with energy E1 and
the ground-state energy E0 for different system sizes Nv . Now, we investigate the
energy gap Egap (J2 ) for different interaction strengths J2 ∈ [0, 1] of the J1 − J2 chain
of fixed length Nv = 22 with open boundary conditions.
The energy gap Egap of an RNN (dh = 50, nl = 1) in the coupled basis is compared to
the exact diagonalization result in figure 4.18. The RNN accurately reproduces the
gap in the region J2 < 0.5, with relative energy errors ∆E0 ∼ O(10−6 ) − O(10−5 )
and ∆E1 ∼ O(10−5 ) − O(10−4 ). At the Majumdar-Ghosh point J2 = 0.5, the groundstate energy is essentially exact, whereas the first excited state has an error of
∆E1 ≈ 10−3 . The representation is less accurate in the frustrated regime J2 > 0.5,
where we find ∆E0 ≈ 10−4 and ∆E1 ∈ [10−3 , 10−2 ]. The analysis allows us to
identify J2 -points of interest: the energy gap Egap decreases up to the critical point
J2,c ≈ 0.241 (see section 4.2.1) and then becomes larger for increasing interaction
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Fig. 4.18.: The energy gap Egap = E1 − E0 between the first exited and the ground state
of the J1 − J2 chain of length Nv = 22 with open boundary conditions. The
results of an RNN (dh = 50, nl = 1) in the coupled basis are compared to exact
diagonalization (ED). (a) The energy gap Egap versus J2 . (b) The relative energy
error of the ground state ∆E0 and the first excited state ∆E1 versus J2 .

strength J2 . There is a notable increase in the energy gap when going to the
frustrated phase J2 > 0.5. For J2 & 0.7 the energy gap shrinks.

Cylindrical systems Consider the two-dimensional J1 − J2 model on a rectangular
lattice of size Nv,x ×Nv,y , where Nv,x(y) denotes the number of sites in the x-direction
(y-direction). By having periodic boundary conditions only in the y-direction, the
geometry is that of a cylinder with length Nv,x and circumference Nv,y . An analysis
of jcut (similar to Fig. 4.11) for relatively small systems Nv < 30 shows that the
truncation error ∆Ecut is largely independent of Nv,x , and that the error increases
slowly for increasing Nv,y . We also find that using periodic boundary conditions
in the y-direction decreases the error at given jcut . Moreover, the truncation error
∆Ecut is independent of the coupling scheme (Snake or ZigZag) which dictates in
what order the spins are coupled (Fig. 3.3). For all upcoming experiments, we use
jcut = 4 such that ∆Ecut < 10−7 .
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Since we are interested in the efficiency of the variational optimization, we investigate the average number of connected states hnCS i (see section 3.3) with respect to
the lattice properties. In particular, we search for the relation between the number
of connected states and the lattice size. We also want to know whether the periodic
boundary conditions lead to an efficiency loss. Therefore, the number of spins in the
x-direction is fixed to Nv,x = 10 whereas we vary Nv,y ∈ [2, 6]. The calculation of
the average number of connected states hnCS i is repeated for both coupling schemes
(Snake and ZigZag, see Fig. 3.3), for rectangular and cylindrical lattices, and in the
standard sz -basis for comparison.

A plot of the average number of connected states hnCS i versus the number of lattice
sites in the y-direction Nv,y is shown in figure 4.19. Note that hnCS i is lower in the
sz -basis compared to the coupled basis, and that this is the case for all considered
lattice geometries and both J2 = 0 and J2 = 1.0. This originates from the way
matrix elements are calculated in the coupled basis (section 3.3), and it proves to
be the major disadvantage of using the coupled basis when dealing with a system
of dimension higher than one. Two spins that are close on the physical lattice and
interact with each other by a (next-to-)nearest neighbour interaction can be far
away in the coupling chain (Snake or ZigZag). In the coupled basis, the number of
connected states due to an interaction scales exponentially with the distance (along
the chain) between the interacting spins. Therefore, the coupled basis becomes
inefficient when dealing with AFH-type Hamiltonians in two or more dimensions.

Fig. 4.19.: The average number of connected states versus the number of spins in the ydirection for the 2D J1 − J2 model with periodic boundary conditions only in the
y-direction (cylindrical) or open boundary conditions in both dimension (plane).
The Snake and ZigZag coupling schemes of the coupled basis are compared
with the standard sz -basis. (a) The results for the Heisenberg point J2 = 0.
The fit (in red) approximates the case of a cylinder with ZigZag scheme and
corresponds to y = 17.58e0.71Nv,y − 39.75. (b) The results for non-zero nextto-nearest neighbour interaction strength J2 = 1.0. The fit (in red, again for
cylindrical geometry with ZigZag coupling scheme) is y = 27.74e0.89Nv,y − 64.84.
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In the coupled basis, we try to minimize hnCS i by choosing an appropriate coupling
scheme. As can be seen in Fig. 4.19, the ZigZag scheme is more efficient than the
Snake for all considered lattice geometries. This is explained by the fact that the
ZigZag scheme has a lower maximal distance (along the chain) between interacting
spins than does the ZigZag scheme. The number of connected states associated to
larger distances, which can be be interpreted as the importance or weight of these
distances, is exponentially higher than that of smaller distances. Thus, even though
the minimal distance between interacting spins occurs more often when using the
Snake, the ZigZag is more efficient because its maximal distance between interacting
spins is smaller.
The average number of connected states hnCS i scales exponentially with the number
of spins in the y-direction Nv,y , as shown by the fits in Fig. 4.19. The increase of
hnCS i by going from open boundary conditions to a cylindrical geometry is more
significant away from the Heisenberg point J2 = 0.
Approximating the ground-state wave function of a two-dimensional AFH model by
the variational optimization of an RNN is challenging. The generation and storage
of the connected states that are used to estimate the energy gradients Eq. (3.14) at
each training iteration becomes intractable for large lattices. Furthermore, we expect
the optimization to be slower than for small (Nv ≈ 22) 1D systems, i.e. a larger
number of iterations is needed to reach convergence. But even then, we find that
the RNN has a tendency to get stuck in local minima when searching for the ground
state of the 2D cylindrical AFH model. For example, the optimization of an RNN
(dh = 50, nl = 1) with Ns = 500 and 20000 training iterations took approximately
38 CPU-hours and led to a relative energy error ∆E0 > 100% for the 8 × 4 AFH
model, which is clearly unacceptable.
We adapt the strategy proposed in Ref. [97], called iterative retraining: an RNN
is optimized to represent the ground state of a small lattice system, after which
the lattice size is progressively increased by “growing” new spin sites on top of the
previous lattice. When a larger system is presented, the previously trained RNN is
retrained until the energy is sufficiently converged. The growing and retraining is
repeated until the desired system size is reached. The idea is that the RNN learns the
most important features by approximating the small system, and then progressively
extrapolates to systems of greater size. The RNN is retrained on the larger lattice
to capture the most important new features, which are mostly related to the edge
effects. In this way, the majority of the training is offloaded to small lattices. This
retraining strategy is possible because the number of variational parameters of the
RNN is independent of the lattice size.
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We now use iterative retraining for the variational optimization of an RNN
(dh = 50, nl = 1). The goal is to represent the ground state of the 2D AFH model
(J2 = 0) with a cylindrical geometry. We start with a 4 × 4 lattice and optimize the
RNN using 500 samples for 20000 training iterations. The learning rate is set to the
default value η = 10−3 . The resulting model is retrained on a lattice of size 6 × 4,
i.e. with Nv,x = 6 and Nv,y = 4, using 200 samples and for 10000 iterations. For the
retraining steps, we employ a smaller learning rate η = 10−4 . Hereafter, the model
is fine-tuned on the same lattice by using Ns = 2000 for only 500 training iterations
and with an even smaller learning rate η = 5 × 10−5 . The model is retrained for
Nv,x = 8, with Ns = 1000 and for 2000 training iterations. All of these runs together
took a total time of approximately 18 CPU-hours, which is half the time we needed
for the (failed) direct optimization of the 8 × 4 lattice. Furthermore, the relative
energy error is acceptable ∆E0 ≈ 7 × 10−4 . We continue the iterative retraining
procedure until a lattice of size 20 × 4 is obtained. The used hyperparameters can
be found in table A.3. The chosen values are anything but arbitrary — a lot of
experimentation was needed to find working combinations of hyperparameters.
In figure 4.20, we show the relative energy error ∆E0 with respect to the training
iteration for each of the iterative retraining steps. The converged ground-state
energies, which are estimated only once using 106 samples, are also displayed. As
expected, the majority of the training is offloaded to the small lattices of size 4 × 4
and the retraining to a lattice of size 6 × 4 (Fig. 4.20(b)). The relative energy
error ∆E0 at the beginning of a retraining iteration is generally lower for the larger
lattices (later in the retraining procedure, e.g. 4.20(c)), which indicates that the
RNN accurately extrapolates the learned features. The training histories show large
fluctuations, especially when retraining on large lattices. This is due to the low
number of samples Ns ∈ [200, 500] used to estimate the energy in these iterative
retraining steps. Possibly related, ∆E0 seems to not really decrease during the
training of the latest steps (Fig. 4.20(d)). To see if there is anything new being
learned during these steps, one could estimate the energy with enough samples (e.g.
106 ) once at the beginning of the training, and once at the end of the training. The
converged energies (Fig. 4.20(a)) show a trend of increasing relative energy error
∆E0 with increasing lattice size. The smallest error ∆E0 ≈ 3 × 10−4 is obtained
for the initial lattice of size 4 × 4, whereas the largest error ∆E0 ≈ 5 × 10−3 occurs
for the final lattice of size 20 × 4. In conclusion, iterative retraining allows us to
approximate the ground state of the 2D AFH model with a cylindrical geometry (in
the coupled basis) with ∆E0 smaller than 1% for lattice sizes up to 20 × 4.
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Fig. 4.20.: Iterative retraining of an RNN (in the coupled basis) for the 2D AFH model with
a cylindrical geometry. The RNN is progressively retrained, starting with a 4 × 4
lattice and going up to 20 × 4. (b-d) The relative energy error ∆E0 with respect
to the training iteration for each of iterative retraining steps. (a) The converged
values obtained at the end of each step. The asterisk ∗ indicates that the lattice
size stays the same in the iterative retraining step: the step corresponds to a
fine-tuning of the model. The data is smoothed for visualization purposes.

Finally, we note that a natural extension of the RNN is to make its architecture
inherently two-dimensional [36]. However, we found that the relative energy errors
of 2D RNNs (∆E0 ∼ O(10−2 ) for a 4 × 4 lattice) do not compete with those of the
regular 1D architecture used in this work (∆E0 ∼ O(10−4 )). A possible explanation
for these findings is that the 2D RNN is suboptimal in the coupled basis. In the
sz -basis, the cell obtains additional information that is approachable in the same
way as the information propagated in 1D architectures (i.e. processed spin up/down
information). In the coupled basis, the additional information is obtained using the
intermediate angular momentum on a site that is far away along the coupling chain.
This information has to be processed differently than the information of adjacent
spins on the chain. The coupling chain breaks the inherent symmetry of 2D RNN
architectures, which encourages the use of other coupling schemes.

4.2 The J1 − J2 model

97

Conclusion & Outlook

5

5.1 Conclusion
In this thesis, we investigated the scientific potential of recently introduced variational neural network ansätze, so-called neural network quantum states (NQS). In
particular, we explored the restricted Boltzmann machine (RBM) and the recurrent
neural network (RNN) as approximate wave functions of established lattice systems:
the antiferromagnetic Heisenberg (AFH) model and the J1 − J2 model. The pioneering work by Carleo et al. [10] (introduction of NQS with RBMs) and Hibat-Allah
et al. [36] (introduction of RNNs as NQSs) demonstrated the effectiveness of these
wave functions, but also pointed towards a crucial working point. Namely, the
original formulation of the NQSs does not preserve SU(2) symmetry. Therefore, total
spin is not conserved. This source of error is eliminated by applying the in-house
SU(2) invariant strategy of Vieijra et al. [54]. Among other things, we extended the
strategy to RNNs and two-dimensional lattices. The quality of the obtained wave
functions is comparable to what is found in the literature. We can substantiate that
NQSs are competitive ansätze and promising candidates for future development.
In chapters 1−2, we introduced many-body physics and machine learning. This
was followed by a detailed discussion of how neural networks are used to represent
quantum wave functions in chapter 3. We also explained in detail how SU(2)
symmetry can be implemented in NQSs — a method independent of the form of the
variational state and extendable to other non-abelian symmetries. This allowed us to
study the AFH and J1 − J2 models in chapter 4. The main results are as follows:
• In the standard sz -basis, an appropriate sign rule initialization is needed.
• The expressivity of both the RBM and the RNN can be systematically increased,
in agreement with the variational principle and the universal approximation
theorem. The RNN generally outperformed the RBM, and efficiently represented ground states accurately of systems consisting of up to 100 spins.
• In general, SU(2) invariant NQSs represent the ground state of both ordered
and disordered quantum phases of matter better than their non-invariant
counterparts. Translational symmetry seemed less important.
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• The coupled basis allows us to accurately represent excited states and the
energy gap can be computed. This allows the verification of scaling relations
and the discovery of points of interest.
• The coupled basis provides profound insight into the structure of the wave
function, e.g. the quantification of resonating valence bond state contributions.
• The spin-spin correlation function allows us to deduce the phase of the system;
the correlations are intrinsically unbiased in the coupled basis. For some unclear reason, the RNN yielded suboptimal correlation functions. This indicates
that an accurate estimate of the ground-state energy does not necessarily imply
that the wave function is represented optimally.
• Our study revealed the main disadvantages of the SU(2) symmetry implementation: the efficiency of the method drops considerably when considering
higher dimensional lattices. The computation of structure factors is intractable.
• Using iterative retraining [97], we studied the cylindrical AFH model with
SU(2) symmetry on a lattice of size 20 × 4. The relative energy error remained
below 1%. The majority of the “learning” can be offloaded to small systems.
To come to these conclusions, we compared our results to those in recent literature
and made reference calculations using exact diagonalization (ED) and the density
matrix renormalization group (DMRG) method. Furthermore, we discussed optimal
hyperparameters, the consistency of the variational optimization (occurrence of
outliers), and we proposed methods to improve the NQS approach.
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5.2 Outlook
A logical continuation of this work substantiates our findings by: i) repeating the
simulations with the RNN in the standard sz -basis; ii) exploring new optimization
schemes and a broader range of hyperparameters and; iii) test the limits of the coupled basis by investigating new coupling schemes, e.g. hierarchical trees or reflection
symmetric cluster approaches. Furthermore, the efficiency of the RNN training can
be drastically increased by taking advantage of GPUs. This may push the limits of the
proposed SU(2) invariance scheme towards large scale two-dimensional lattice problems. The techniques illustrated in this work, for example the investigation of the
wave function structure, can be repeated for frustrated phases and two-dimensional
models to shed light on the underlying mechanisms. The implementation of SU(2)
symmetry can be readily reconciled with lattice symmetries of the system.
Although preliminary tests with 2D RNNs indicated that the 2D architecture is
suboptimal with the current implemented scheme of SU(2) symmetry (a linear chain
of coupled spins), an in depth analysis with other coupling schemes may prove
worthwhile. In this regard, an interesting idea is to traverse the lattice with more
than one coupling chain and then construct the symmetric wave function similar
to how it is usually done for the lattice symmetries (see for example Ref. [91]).
Investigating the internal state of the NQSs by examining the variational parameters
is deemed a fruitful direction for future consideration. This may hint towards
appropriate modifications of the RBM and RNN architectures and their internal
workings to be more suitable when working in the coupled basis. Of course, entirely
different models can also be examined. With a focus on a fully symmetric state (both
internal and lattice symmetries), we refer to the recently developed construction in
Ref. [53]. Given the rapidly evolving nature of machine learning, we expect that the
class of neural network quantum states will provide increasingly relevant tools for
studying the quantum many-body problem.

5.2

Outlook
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Appendix

A

A.1 Hyperparameter sweeps
Both the RBM (section 3.1) and the RNN (section 3.2) possess hyperparameters that
impact their performance. For the RBM, the most prominent hyperparameters are:
the learning rate η, the optimizer (e.g. Adamax or SGD, with or without stochastic
reconfiguration (section 3.1.4)), the number of samples used to estimate gradients
at each step Ns , the standard deviation σ for initializing the variational parameters,
and the number of hidden units Nh . It is in practice impossible to run simulations for
all possible combinations of hyperparameters. Fortunately, many of the hyperparameters are almost independent. We start with a set of well-chosen simulations to find
suitable values for the hyperparameters of the models. We illustrate this for the RBM,
and afterwards summarize the results of the RNN. For these simulations, we keep
the system size relatively small Nv ∈ {10, 22} and use open boundary conditions.
The RBM’s hidden unit density is fixed α = Nh /Nv = 1. Sets of hyperparameters are
selected and the ground state is approximated. Subsequently, dependencies between
the parameters are investigated.
The most notable results of the hyperparameter sweep can be found in Fig. A.1.
We show either SGD or Adamax as optimizer, a learning rate η ∈ [0.1, 0.001] and a
standard deviation of the initial parameters σ ∈ [0.1, 0.01]. This was done both in
the sz -basis and the coupled basis. All runs made use of stochastic reconfiguration
(section 3.1.4), ran for a total of 5000 training iterations, and used Ns = 1000
samples per iteration to estimate expectation values and gradients (Eqs. (3.8) and
(3.25)). The results show the importance of choosing appropriate hyperparameters,
since the obtained accuracy varies greatly throughout the explored regions. In the
sz -basis, the SGD optimizer performs best for small learning rates η ≈ 0.1. The
opposite is true for the coupled basis, where we find that η ≈ 0.01 generally yields
the lowest energies. The Adamax optimizer obtains the lowest energies for the
smallest learning rate η = 0.001, but the results depend on the system size Nv ,
especially in the coupled basis. In the rest of this work, we only use the Adamax
optimizer for the RBM. The standard deviation σ shows no clear trend regarding the
ground state accuracy, and is fixed to σ = 0.1 in all experiments.
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Fig. A.1.: The relative energy errors ∆E0 of a hyperparameter sweep for the RBM with
α = 1 and using stochastic reconfiguration. The results are for the AFH chain,
and two system sizes with open boundary conditions are investigated: (a) and
(b) SGD optimizer; (c) and (d) Adamax optimizer; (a) and (c) sz -basis; (b) and
(d) coupled basis.

For the RNN, the lowest relative energy errors ∆E0 are obtained using the Adam
optimizer (section 3.1.4) with a learning rate decaying according to Eq. (3.34) and
initialized to η ∈ [10−4 , 5 × 10−3 ], depending on the system size and the network
complexity. The variational parameters are Xavier initialized (section 2.3.3).
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A.2 Tables of hyperparameters
Tab. A.1.: A summary of the hyperparameters that are used in section 4.1.2. For the RBM
architecture, we specify the hidden unit density α. For the RNN architecture, the
number of memory units dh and the number of layers nl are given. Additional
information can be found in Appendix A.1.

Figure

Fig. 4.3

Fig. 4.4

Hyperparameter
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture

Fig. 4.5

Fig. 4.6

Fig. 4.7

Fig. 4.8

Fig. 4.9
&
Fig. 4.10

Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis

Value
RBM
RNN
α = 1, 10, 20
Ns = 2000
η = 0.001
N/A
20000
sz -basis
α = 0.5, 1, 2, 4
Ns = 1000
η = 0.001
N/A
20000
sz - and coupled basis
dh = 16, 32, 64, 128
nl = 1, 2, 3, 4
Ns = 1000
N/A
η = 0.001
20000
coupled basis
α=1
dh = 32, nl = 1
Ns = 1000
Ns = 1000
η = 0.001
η = 0.001
20000
20000
coupled basis
coupled basis
dh = 32, nl = 1
Ns = 1000
N/A
η = 0.001
10000
coupled basis
α=1
dh = 32, nl = 1
Ns = 1000
Ns = 1000
η = 0.001
η = 0.001
20000
20000
coupled basis
coupled basis
α=1
dh = 32, nl = 1
Ns = 1000
Ns = 1000
η = 0.001
η = 0.001
20000
20000
coupled basis
coupled basis
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Tab. A.2.: A summary of the hyperparameters that are used in section 4.2.2. For the RBM
architecture, we specify the hidden unit density α. For the RNN architecture, the
number of memory units dh and the number of layers nl are given. Additional
information can be found in Appendix A.1.

Figure

Fig. 4.12

Fig. 4.13

Hyperparameter
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture

Fig. 4.14

Fig. 4.15
&
Fig. 4.17

Figs. 4.16

Figs. 4.18

126

Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis
Architecture
Number of samples
Learning rate
Training iterations
Basis

Appendix A Appendix

Value
RBM
RNN
α=1
dh = 50, nl = 1
Ns = 2000
Ns = 2000
η = 0.001
η = 0.001
20000
20000
sz - and coupled basis coupled basis
α=1
Ns = 2000
η = 0.001
N/A
20000
sz -basis
α = 1 (RBM),
α = 20 (TRBM)
Ns = 2000
η = 0.001
N/A
20000
sz -basis
α=1
dh = 50, nl = 1
Ns = 2000
Ns = 2000
η = 0.001
η = 0.001
20000
20000
sz - and coupled basis coupled basis
α=1
dh = 50, nl = 1
Ns = 2000
Ns = 2000
η = 0.001
η = 0.001
20000
20000
coupled basis
coupled basis
dh = 50, nl = 1
Ns = 2000
N/A
η = 0.001
20000
coupled basis

Tab. A.3.: A summary of the hyperparameters that are used during the iterative retraining
of an RNN in section 4.2.2, Fig. 4.20. The RNN expresses the wave function
in the coupled basis, and it has a number of memory units dh = 50 and a
single layer nl = 1. Additional information can be found in Appendix A.1. The
asterisk ∗ indicates a fine-tuning step.

Iterative retraining step
start → 4 × 4

4×4→6×4

6 × 4 → 6 × 4∗

6×4→8×4
8 × 4 → 10 × 4
10 × 4 → 12 × 4
12 × 4 → 14 × 4
14 × 4 → 16 × 4
16 × 4 → 18 × 4
18 × 4 → 20 × 4
20 × 4 → 20 × 4 ∗

Hyperparameter
Number of samples
Learning rate
Training iterations
Number of samples
Learning rate
Training iterations
Number of samples
Learning rate
Training iterations
Number of samples
Learning rate
Training iterations
Number of samples
Learning rate
Training iterations
Number of samples
Learning rate
Training iterations
Number of samples
Learning rate
Training iterations
Number of samples
Learning rate
Training iterations

Value
Ns = 500
η = 10−3
10000
Ns = 200
η = 10−4
10000
Ns = 2000
η = 5 × 10−5
500
Ns = 1000
η = 10−4
2000
Ns = 1000
η = 10−4
500
Ns = 500
η = 10−4
500
Ns = 200
η = 10−4
2000
Ns = 500
η = 5 × 10−5
200

A.2 Tables of hyperparameters

127

Colophon
This thesis was typeset with LATEX 2ε . It uses the Clean Thesis style developed by
Ricardo Langner. The design of the Clean Thesis style is inspired by user guide
documents from Apple Inc.
Download the Clean Thesis style at http://cleanthesis.der-ric.de/.

