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Chapter 1

Introduction

1.1 The hadron spectrum

1.1.1 Introduction

The purpose of hadron spectroscopy is to understand how matter is built up from the

fundamental constituents. The recent discovery of the Higgs boson [8] resolves the long-

standing question of how the mass of fundamental particles is generated. The Brout-

Englert-Higgs (BEH) mechanism, however, is almost irrelevant when it comes to un-

derstanding more than 98% of the visible mass. Figuring out how the major part of

all visible mass is generated, requires solving Quantum Chromodynamics (QCD), which

is the well-accepted fundamental theory of strong interactions. For example, the BEH

mechanism does not provide an answer to the question of why the mass of the pion mass

is only about 15% of the nucleon mass.

One can experimentally access the microscopic dynamics of a system by exciting it. For

example, mapping the nucleon’s excitation spectrum forms a window to understanding

how nucleons are built up from quarks and gluons. A nice analogy is that the hydrogen

excitation spectrum unveils how an electron and proton bind into orbital structures to

form a hydrogen atom.

A profound understanding of the hadron spectrum is hindered by the non-perturbative

nature of QCD in the low-energy regime (∼ 1 GeV). Our inability to solve QCD has

motivated the development of heuristic tools, in the hope of finding rules, which obey

both the symmetries of QCD and the experimentally observed features. Understanding

these rules from a fundamental point of view is the central goal of hadron spectroscopy.

Quark models use constituent quarks as the effective degrees of freedom to explain the
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properties of hadrons, such as masses and quantum numbers. These models are quite

powerful, and draw an intuitive picture of the internal dynamics of hadrons. The first

robust calculations of the meson and baryon spectra were carried out in the 80s in

Refs. [9, 10]. Effective quark models can only provide a coarse view of the structure

of hadrons. A deeper form of insight must be obtained from QCD itself. This is a

theoretical challenge, which cannot be tackled with full rigor at the moment. Presently,

the only available theoretical tool which allows for a non-perturbative computation of

hadron observables from QCD is Lattice QCD (LQCD).

1.1.2 QCD

The QCD Lagrangian looks fairly simple

LQCD =
∑

f

ψ̄f (iγµ∂µ −mf + gsγ
µAµ)ψf −

1

4
FAµνF

Aµν , (1.1)

but remains unsolved. In the above expression, the summation runs over the different

quark flavors (u, d, s, c, t, b). Further, the γµ are the Dirac matrices and ψf are the

fermion fields of quark flavor f with mass mf . The third term in LQCD determines the

interaction of quarks and anti-quarks with the gluon field. The last term specifies how

gluons interact with gluons. One can decompose the gluon fields Aµ = tCACµ , where C

runs over the 8 possible gluons. The tC are the 3×3 generators of the SU(3) group. The

quarks are said to be in the fundamental representation of the SU(3) color group. The

field tensors are defined as

FAµν = ∂µA
A
ν − ∂νAAµ + gsfABCA

B
µA

C
ν , (1.2)

with fABC the structure constants of the SU(3) group.

The color of quarks and gluons is the analogue of electric charge in Quantum Electro-

dynamics (QED), the relativistic quantum field theory of electrodynamics. The gauge

boson of QED, i.e. the photon, does not have an electric charge, and hence cannot inter-

act with other photons. The main difference with QCD is that the gluons do have color.

Remarkably, we do not observe the isolated quarks, anti-quarks or gluons of Eq. (1.1).

The observable particles are hadrons, which are color singlets, or in other words, color

neutrals. The parameters of the QCD Lagrangian are the coupling gs ≡
√

4παs and the

quark masses mf . The αs is a scale dependent quantity, and varies with the interac-

tion energy Q (or renormalization scale) as shown in Fig. 1.1. At high Q, αs becomes

small, which reflects asymptotic freedom. At low Q, the coupling becomes large, such
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that perturbative expansions in αs become impossible. In other words, when the reac-

tion amplitudes of a scattering process are expanded in the coupling constant αs, the

higher-order expansion terms cannot be neglected as in QED. The latter feature of QCD

complicates matters when scales of the order of hadron masses (∼ 1 GeV) are considered.

The last term in the Lagrangian (1.2) (gluon-gluon interactions) lies at the origin of these

difficulties.

9. Quantum chromodynamics 39

They are well within the uncertainty of the overall world average quoted above. Note,
however, that the average excluding the lattice result is no longer as close to the value
obtained from lattice alone as was the case in the 2013 Review, but is now smaller by
almost one standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each of the sub-fields
summarised in this Review, the wealth of available results provides a rather precise and
reasonably stable world average value of αs(M

2
Z), as well as a clear signature and proof of

the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q

2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  

0.1

0.2

0.3

αs (Q2)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2016

τ decays (N3LO)

1000

 (NLO
pp –> tt (NNLO)

)(–)

Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).

♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [381],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.

January 6, 2017 18:42

Figure 1.1: Overview of the measured αs(Q2) as a function of the energy scale Q in the MS (modified
minimal subtraction) renormalization scheme. Figure from Ref. [11].

1.1.3 Quark models and beyond

In the constituent quark model, hadrons are modeled as a combination of quarks (q):

qqq for baryons and qq for mesons. Building mesons from fermion–anti-fermion pairs

grouped into SU(N) flavor multiplets restricts the quantum numbers of the manifesta-

tions. Indeed, considering that the qq pair can couple into a state with total intrinsic

spin S = 0, 1, and orbital angular momentum L, one can construct pairs with quantum

numbers

P = (−1)L+1 , (1.3)

C = (−1)L+S , (1.4)

where P is the parity and C the C-parity of the hadron. These rules give rise to the

following combinations

JPC = 0−+, 0++, 1−−, 1+−, 1++, 2−−, 2−+, 2++, ... (1.5)
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Here, J is the total angular momentum of the qq̄ pair. The G-parity is restricted to

G = (−1)L+S+I , where I is the isospin of the system.

The meson quantum numbers that cannot be formed within the qq̄ quark model are

JPC = 0−−, 0+−, 1−+, 2+−, ... (1.6)

These JPC are known as exotic quantum numbers. One can go beyond the simple qq

picture of mesons, and expand the state space. This allows one to generate hadrons with

exotic quantum numbers. For example, it cannot be excluded that gluons contribute to

the quantum numbers of the system due to the possibility of self-interaction of gluons in

QCD. Such mesons are known as glueballs, when they consist solely of gluons without

valence quarks and hybrid mesons when the qq pair exists in combination with an excited

gluonic system. In the case of hybrid mesons, the qq̄ pair couples into a color octet state

rather than into a singlet state as for the conventional mesons with a valence qq̄ pair.

The gluonic excitation neutralizes the qq̄g system to a color singlet state. Furthermore,

higher order states such as multiquark states qq̄qq̄ can be constructed in theory. Higher

excitations naturally correspond to higher masses. States with unusual properties but

conventional quark-model quantum numbers are sometimes referred to as crypto-exotic

states.

Exotic mesons can be experimentally identified by carrying out a partial-wave analysis.

For baryons, non-pure qqq states (such as hybrid baryons qqqg) have identical quantum

numbers JPC to regular qqq states, which complicates the discrimination between con-

ventional and exotic configurations. Since a partial-wave analysis does not allow for a

separation of both classes of states, one must fully understand the spectrum of conven-

tional qqq states and eliminate their contributions from experimental data, in order to

isolate the unconventional hybrid baryons.

1.1.4 Experimental evidence

Experimental evidence for the above-mentioned exotic states1 have been accumulating in

the last few years, mainly in the heavy meson spectrum. Consider for example the recent

observation of the Pc pentaquark resonances in the J/ψ p subsystem of the Λ0
b → J/ψK−p

decay [12]. Since these resonances decay strongly to J/ψ p, they can be seen as baryons

with ccuud quark content as shown in Fig. 1.2. For a recent review on the observed

non-qqq and non-qq̄ states, see Ref. [11].

In the light-quark sector, one commonly produces mesonic resonances in peripheral or

1For a short review on the naming scheme for hadrons, we refer to the review by the Particle Data
Group at http://pdg.lbl.gov/2016/reviews/rpp2016-rev-naming-scheme-hadrons.pdf.

http://pdg.lbl.gov/2016/reviews/rpp2016-rev-naming-scheme-hadrons.pdf
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Introduction and summary

The prospect of hadrons with more than the minimal quark content (qq or qqq) was
proposed by Gell-Mann in 1964 [1] and Zweig [2], followed by a quantitativemodel for two
quarksplus twoantiquarksdeveloped by J affein 1976[3]. Theideawasexpanded upon [4]
to includebaryons composed of four quarks plus oneantiquark; thenamepentaquark was
coined by Lipkin [5]. Past claimed observations of pentaquark states havebeen shown to
bespurious [6], although there is at least oneviable tetraquark candidate, theZ(4430)+

observed in B0→ ψ�K −π+ decays [7–9], implying that theexistenceof pentaquark baryon
stateswould not besurprising. States that decay into charmoniummay haveparticularly
distinctivesignatures [10].

Largeyields of Λ0
b → J /ψK −pdecays areavailableat LHCb and havebeen used for

theprecisemeasurement of theΛ0
b lifetime[11]. (In this Letter mention of a particular

mode implies useof its chargeconjugateaswell.) This decay can proceed by thediagram
shown in Fig. 1(a), and is expected to bedominated by Λ∗→ K −p resonances, as are
evident in our data shown in Fig. 2(a). It could alsohaveexotic contributions, as indicated
by thediagram in Fig. 1(b), that could result in resonant structures in the J /ψpmass
spectrumshown in Fig. 2(b).

Figure 1: Feynman diagrams for (a) Λ0
b→ J/ψΛ∗ and (b) Λ0b→ P+

c K
− decay.
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Figure 2: Invariant mass of (a) K−p and (b) J/ψp combinations from Λ0b → J/ψK−p decays.
The solid (red) curve is the expectation from phase space. The background has been subtracted.

1

Figure 1.2: Quark diagram of a subprocess of the Λb → K−J/ψ p decay, which suggests the presence of
pentaquark resonances P+

c in the J/ψ p system. Figure from Ref. [12].

“slow”

“fast”

rapidity gap
target

beam

reggeon

Figure 1.3: Illustration of factorization of peripheral meson production. Diffractive events are typically
characterized by a gap in the rapidity distribution of the produced particles. The yellow produced system
is referred to as the mesonic system, since it is relevant for meson excitation studies. The blue decay
products provide mainly information on the baryon excitation spectrum. Figure adapted from Ref. [13].

diffractive scattering processes, as illustrated in Fig. 1.3. These processes refer to the

production of resonances by dissociation of the beam. In a high-energy collision, this can

be separated kinematically from dissociation of the target due to a large rapidity gap.

Indeed, diffractive events are typically characterized by a gap in the velocity distribution

of the produced particles (see Fig. 1.3). Hereby, we consider processes where the mesonic

system is produced at very forward scattering angles, and at high center-of-mass energies

of the beam-target system.

The lightest light-quark hybrid meson candidate is expected to have a mass around

1.9 GeV with exotic quantum numbers JPC = 1−+ (named π1) [14–16]. The exotic

quantum numbers allow for an unambiguous separation from ordinary resonances in the

data analysis. Nonetheless, the manifestation of this state remains heavily disputed.

Three possible candidates have been seen. The π1(1400) was observed by E852 [17],
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VES [18] and Crystal Barrel [19, 20] in the ηπ system. The π1(1600) was observed by

E852 and VES in the ρπ [21–23], η′π [24, 25], f1(1285)π [26, 27] and b1(1235)π [27–

29] system. More recently, COMPASS confirmed the presence of the π1(1600) in an

analysis of the ρπ system [30]. A third state π1(2000) was observed by E852 in the

b1(1235)π and f1(1235)π system [26, 28]. The observation of these states in different

experiments, and more importantly different channels is necessary. For example, the

existence of a resonant state π1(1400) is disputed due the fact that a similar resonant-

like behavior can be generated by background terms (i.e. Deck effect [30]). An additional

method for disambiguation is to look for the claimed exotic state in a different production

process. The brand-new GlueX [31] and upgraded CLAS12 [32] detectors at Jefferson Lab

(JLab) are expected to shed light onto these issues by producing the above-mentioned

mesonic systems with photon beams. The dedicated spectroscopy programs are expected

to provide high-quality data on the light meson spectrum in the near future, and will allow

us to investigate this sector in more detail [33]. Clearly, knowing the production process

of these states is crucial to carry out a robust partial-wave analysis of the produced

mesonic system. Models for the production process are the focus of Chapter 3, while

Chapter 4 details the techniques of amplitude analysis of the produced mesonic system.

The CLAS12 collaboration has a dedicated program to study hybrid baryons [34]. Since

these are masked with conventional quantum numbers, it is the internal structure, or

form factors, which allow one to experimentally separate them from the traditional qqq

systems. Before carrying out electroproduction experiments to map the form factors, a

robust analysis of the hadron spectrum obtained from photoproduction experiments is

required. This is the focus of Chapter 2.

1.1.5 Lattice QCD

As mentioned, the non-perturbative character of QCD avoids getting a full grasp on

the dynamics at energies of the order of the hadronic mass scale. Indeed, traditional

theoretical tools become intractable at low mass scales. Lattice QCD tackles this problem

by handling QCD in a non-perturbative way. Indeed, the core idea of LQCD is to solve

the QCD path integral numerically by sampling field configurations. This can be done by

discretizing space-time and considering the field configurations on a hypercubic lattice.

One samples a large number of gluon field configurations on a discrete grid, and weighs

them with a probability dictated by the QCD action. Elaborating on the seminal idea

of Wilson [35], the fermion fields live on the lattice sites, while the links correspond to

the gluon fields. To make this more formal, consider the QCD path integral in Euclidean
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space-time

Z =

∫
DU

∏

f

DψfDψ̄fe−S(ψf ,ψ̄f ,U) . (1.7)

The integral runs over all possible quark ψ, anti-quark ψ̄ and gauge field U configurations

(the latter are related to the Aµ in Eq. (1.1)). In a discretized space-time, a single sample

of U contains a matrix of the SU(3) group at each gauge link. The S(ψf , ψ̄f , U) =

Sg(U) +
∑
f ψ̄f (D(U) +mf )ψf corresponds to the Euclidean QCD action. The D(U) is

a lattice Dirac operator. The mf is the quark mass of flavor f in lattice units. Since the

quark masses are not given by QCD, the mf serve as input parameters in the calculations.

The quark and anti-quark fields can be integrated out, which yields the form

Z =

∫
DUe−Sg(U)

∏

f

det (D(U) +mf ) . (1.8)

More interestingly, one can probe the expectation function of various gauge-invariant

operators or correlation functions

〈O〉 =
1

Z

∫
DU

∏

f

DψfDψ̄fO(U,ψf , ψ̄f )e−S(ψf ,ψ̄f ,U) . (1.9)

When the operator depends on the quark and anti-quark fields, integrating the fermion

fields yields the determinant and additional propagators (D(U) + mf )−1. It is mainly

the computation of the fermion determinant which forms a bottleneck for lattice calcu-

lations. For Ns sites per spatial dimension and Nt in the time dimension, evaluating the

fermionic integration requires O((N3
s ×Nt)3) computations. In early calculations, or in

exploratory studies, one often puts the determinant to 1. This quenched approximation

simply neglects quark loop effects. Upon including these dynamics, one rewrites the

determinant in terms of an integral over so-called pseudofermion fields. The details of

such an approach are not relevant here, but it is worth mentioning that this recasting

of the fermionic part introduces a different action for the pseudofermionic fields, which

depends on an inverted Dirac operator (D(U) + mf )−1. Hence, the main part of the

computational time is spent on inverting (D(U) + mf ), in order to evaluate the pseud-

ofermionic action. The smallest eigenvalue of (D(U) + mf ) obviously depends on the

value of mf . This is the main reason why lattice QCD calculations usually carry out the

computations at higher quark (or equivalently pion) masses.

Putting the fields on a finite and discrete lattice clearly introduces a number of issues: (i)

the rotational symmetry is lost, (ii) the volume of the system is finite, and (iii) the lattice
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spacing a is non-zero. The breaking of rotational symmetry complicates the underlying

algebra. The rotational symmetry in three dimensions reduces to the symmetry group of

a cube, i.e. the cubic symmetry group. In the continuum, there is an infinite number of

irreducible representations, each corresponding to a given spin J . To relate the contin-

uum properties to the lattice space-time properties, one must connect their irreducible

representations. The finiteness of the volume introduces systematic errors in the compu-

tation. Usually, periodic boundary conditions are imposed on the fields, both in space

and time dimensions. Limiting the temporal dimension to T introduces errors which are

exponentially suppressed, given that mπT � 1. The finite spatial dimension is crucial

to extract scattering amplitudes from the lattice through the application of the Lüscher

formula (see discussion below). However, the combination of periodic boundary condi-

tions with limited spatial volume L also introduces systematic errors. These are again

exponentially suppressed according to e−mπL. In other words, as long as mπL� 1, these

errors become negligible. These effects are intuitive, since light pion masses generate long

range effects. A more problematic approximation is the effect of finite lattice spacing.

This effect is traditionally reduced by carrying out the computations for decreasing a,

and extrapolating the results. 11

500

1000

1500

2000

2500

3000

FIG. 11: Isoscalar (green/black) and isovector (blue) meson spectrum on the mπ = 391 MeV, 243 × 128 lattice. The vertical
height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-lying
states having dominant overlap with operators featuring a chromomagnetic construction – their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.

extrapolation might be the complex resonance pole posi-
tion, but we do not obtain this in our simple calculations
using only “single-hadron” operators.

We discuss the specific case of the 0−+ and 1−− sys-
tems in the next subsections.

E. The low-lying pseudoscalars: π, η, η�

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the π and η mesons are exactly stable and η�

is rendered stable since its isospin conserving ηππ decay
mode is kinematically closed. Because of this, many of
the caveats presented in Section III B do not apply. Fig-
ure 17 shows the quality of the principal correlators from
which we extract the meson masses, in the form of an
effective mass,

meff =
1

δt
log

λ(t)

λ(t + δt)
, (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.

Figure 18 indicates the detailed quark mass and vol-
ume dependence of the η and η� mesons. We have already
commented on the unexplained sensitivity of the η� mass

to the spatial volume at mπ = 391MeV, and we note that
since only a 163 volume was used at mπ = 524MeV, the
mass shown there may be an underestimate.

Figure 19 shows the octet-singlet basis mixing angle,
θ = α − 54.74◦, which by definition must be zero at the
SU(3)F point4 . While we have no particularly well mo-
tivated form to describe the quark mass dependence, it
is notable that the trend is for the data to approach a
phenomenologically reasonable value ∼ −10◦ [1, 45–47].

F. The low-lying vector mesons: ρ,ω,φ

Figure 20 shows the effective masses of ω,φ and ρ prin-
cipal correlators on the mπ = 391MeV, 243 ×128 lattice.
The splitting between the ρ and ω is small but statisti-
cally significant, reflecting the small disconnected contri-
bution at large times in this channel. At the pion masses
presented in this paper, the ω and φ mesons are kine-
matically stable against decay into their lowest thresh-
old channels, πππ and KK. In Figure 21 we show the
quark mass and volume dependence of the low lying vec-
tor mesons along with the relevant threshold energies.

4 Here we are using a convention where |η� = cos θ|8� − sin θ|1�,
|η�� = sin θ|8�+ cos θ|1� with 8,1 having the sign conventions in
Eqn 5.

Figure 1.4: Lattice QCD results for the light-quark meson spectrum. Each column corresponds to a given
JPC . The calculations are performed with mπ = 392 MeV, and 24 lattice sites per spatial dimension
and 128 temporal spaces. In the right-most panel (last three columns), states with exotic quantum
numbers are shown. They require excitation of the gluon field. Figure adapted from Ref. [16].

First estimates on the mesonic excitation spectrum were obtained by defining correlation

functions between a basis of hermitian creation and annihilation operators O, which
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correspond to definite J , P and C in the continuum

Cij(t) = 〈0|Oi(t)Oj(0)|0〉 . (1.10)

The Cij(t) correlation functions are obtained by appropriate operators of the form ψ̄Γψ

where the form of Γ determines the quantum numbers of the mesonic system under study.

For example, Γ = γ5 generates pion-like states. In general, the operators Oi are built

from a combination of γ matrices and covariant derivatives, as explained in detail in

Refs. [16, 36, 37]. The i and j in Eq. (1.10) typically label different operators in the

same cubic irrep. Of course, since the creation operators are of the qq̄ form, all hadronic

states with the corresponding quantum numbers are generated. For increasing Euclidean

times, higher mass states will become less important. The various mass states in the

spectrum are obtained by solving a generalized eigenvalue problem for the correlators

in Eq. (1.10), where the masses determine the time dependence of the eigenvalues. By

mapping the time dependence, the mass of the states can be extracted. The results of

such a spectrum calculation are shown in Fig. 1.4. Since the contribution of the operator

underlying each of these states is known, one can quantify the gluonic content of the

states. Indeed, states having significant overlap with the commutator of two derivatives

(i.e. the gluonic field tensor) can be identified as hybrid mesons with non-exotic quantum

numbers. Similar LQCD studies have been carried out for the baryon spectrum [38]. The

results are depicted in Fig. 1.5.

realization of the symmetry above (e.g., [26,27]). For the

purposes of these comparisons, it is helpful to introduce a

spectroscopic notation: X2Sþ1L�J
P, where X is the

Nucleon N or the Delta �, S is the Dirac spin, L ¼
S; P;D; . . . denotes the combined angular momentum of

the derivatives, � ¼ S, M, or A is the permutational sym-

metry of the derivative, and JP is the total angular momen-

tum and parity. This notation also is used in Table IV,

which we discuss now.
In the negative-parity N� spectrum, there is a pattern of

five low-lying levels, consisting of two N1
2
� levels, two

N3
2
� levels, and one N5

2
� level. The triplet of higher levels

in this group of five is nearly degenerate with a pair of �1
2
�

and �3
2
� levels. This pattern of Nucleon and Delta levels is

consistent with an L ¼ 1� P-wave spatial structure with
mixed symmetry, PM . As shown in Table IV, the same
numbers of states are obtained in the SUð6Þ �Oð3Þ classi-
fication for the negative-parity Nucleon and Delta states

constructed from the ‘‘nonrelativistic’’ Pauli spinors as we
find in the lattice spectra. The lowest two N�� states are
dominated by operators constructed in the notation of
Eq. (13) as NM � ðS ¼ 1

2
þÞM � ðL ¼ 1�ÞM ! JP ¼ 1

2
�

and 3
2
�, while the three higher N�� levels are dominated

by operators constructed according to NM � ðS ¼ 3
2
þÞS �

ðL ¼ 1�ÞM with JP ¼ 1
2
�, 3

2
� and 5

2
�. Similarly, the low-

lying Delta levels are consistent with a �1
2
� and �3

2
�

assignment. There are no low-lying negative-parity S ¼ 3
2

Delta states since a totally symmetric state (up to antisym-
metry in color) cannot be formed. Consequently, there is no
low-lying �5

2
�, which agrees with the lattice spectrum. In

the nonrelativistic quark model [26], a hyperfine contact
term is introduced to split the doublet and quartet states up
and down, respectively, compared to unperturbed levels
and the tensor part of the interaction provides some addi-
tional splitting. The result is that the doublet Delta states
are nearly degenerate with the quartet Nucleon states as is

0.6
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1.0

1.2

1.4

1.6

1.8

2.0

FIG. 11 (color online). Spin-identified spectrum of Nucleons and Deltas from the lattices at m� ¼ 524 MeV, in units of the
calculated � mass.
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FIG. 12 (color online). Spin-identified spectrum of Nucleons and Deltas from the lattices at m� ¼ 396 MeV, in units of the
calculated � mass.

EDWARDS et al. PHYSICAL REVIEW D 84, 074508 (2011)

074508-12

Figure 1.5: Lattice QCD results for the light-quark baryon spectrum of Nucleon and Delta resonances,
using mπ = 396 MeV. Each column corresponds to a given JP . The baryon masses are given relative
to the calculated mass of the Ω baryon. Figure from Ref. [38].

A consistent pattern follows from LQCD: hybrid mesons tend to be 1.3 GeV heavier than

the lightest JPC = 1−− meson [33]. Also, the gluonic field contribution to hybrids has
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quantum numbers JPC = 1+− [37]. Note that this is a new rule that follows directly from

QCD, rather than from experimental observations. Tests of this rule are directly forging

links between between QCD and experiment. Matching all hadronic states from LQCD

and quark models with the ones obtained from analyses of data has generated a puzzle in

the field of spectroscopy. Some of the predicted states cannot be found in experiments,

and for many of them, the reason remains yet unclear. This puzzle is commonly referred

to as the missing resonance problem, which is the focus of Chapter 2.

Since recently, hadronic resonances are being extracted in a more realistic and rigorous

way from Lattice QCD. In the studies mentioned before, the spectrum is obtained by

considering single-particle operators of the form ψ̄Γψ, and considering the energy levels.

The fact that the spectrum is discrete is a result from considering the Hamiltonian on

the finite volume of the lattice. A more rigorous definition is that physical QCD states

correspond to poles of the S-matrix. Two types of states can be distinguished. Bound

states are poles on the physical sheet, and resonances lie in the complex plane on the

unphysical sheets of the S-matrix. Lattice QCD research is shifting towards computing

hadronic scattering on the lattice, as a method of extracting QCD states. In this case, the

basis of operators is extended with two-particle operators (meson-meson like) of the form
∑

p1,p2
C(p1,p2)Ω†(p1)Ω†(p2), where Ω†(p) is a combination of single-meson operators,

and C are generalized Clebsch-Gordan coefficients which ensure well-defined behavior

under rotation and parity. For the two-particle operators, the finite-volume effects are no

longer exponentially suppressed. The power-order suppressed finite-volument effects can

no longer be neglected. However, in this approach, the restriction of LQCD calculations

to finite volumes is a key ingredient. The Lüscher method connects the discrete finite-

volume energy spectrum to the infinite-volume scattering amplitude [39].

By varying the volume of the system, one generates a partial-wave scattering amplitude

with finite resolution, at a given set of discrete energies. The extraction of pole positions

of QCD states requires an analytic continuation of the amplitude to the unphysical

Riemann sheets, taking into account the complex multi-valued structure of the scattering

amplitude in terms of the Mandelstam variables (see Section 1.2). This requires the same

set of phenomenological tools as in an analysis of experimental data. As a very recent

example, meson scattering on the lattice has shed light onto the nature of the σ meson,

using ππ, ηη, KK̄ coupled channel scattering on the lattice [40]. In the near future, the

number of channels will be increased, as well as an extension to the baryon sector. Even

multi-hadron scattering is feasible [41].
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Figure 1.6: Illustration of the s-, t-, and u-channel definitions. The overline indicates that the charge-
conjugated particle is considered.

1.2 S-matrix theory

Before going into detail on how phenomenological models are built to analyze data, we

summarize here the relevant conventions.

1.2.1 Conventions

In this work we consider 2 → 2 scattering processes where all external particle are

(quasi)on-shell. For the s-channel scattering process 1 + 2 → 3 + 4 with four momenta

pµi=1,2,3,4 (see Fig. 1.6) and spins si, we define the standard Mandelstam variables

s = (p1 + p2)2 , (1.11)

t = (p1 − p3)2 , (1.12)

u = (p1 − p4)2 . (1.13)

In baryon spectroscopy, it is common to introduce W =
√
s, which is the invariant s-

channel mass. The variable t is often referred to as the transverse momentum transfer.

Only two of the Mandelstam variables are independent since for on-shell kinematics one

has s + t + u = Σ =
∑
im

2
i , where mi are the external particle masses. In the s-

channel center-of-mass frame (COM) one has p1 = −p2 and p3 = −p4. The energies

and momenta of the particles in the s-channel COM read

Ei =
s+m2

i −m2
j

2
√
s

, (1.14)

|pi| =
λ1/2(s,m2

i ,m
2
j )

2
√
s

, (1.15)
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where we introduced the function

λ(s,m2
i ,m

2
j ) = (s− (mi +mj)

2)(s− (mi −mj)
2) (1.16)

Here, i and j are particles in an s-channel pair, i.e. (i, j) = (1, 2) or (3, 4). The kinematics

s± = (mi ±mj)
2 , (1.17)

are referred to as the (pseudo)threshold. The indices i and j will always be clear from

the context, and hence are absorbed in the definition of s±. It is often useful to introduce

the crossing variable

ν =
s− u
4MN

, (1.18)

where MN is the nucleon mass. Assume a coordinate frame where the positive z-axis

points into the direction of the beam momentum, as shown in Fig. 1.7. The direction of

the x-axis is such that the x-component of the particle 3 momentum is positive. The xz

plane defines the scattering plane. In this frame, we have

pµ1 = (E1, 0, 0, p)
µ , (1.19)

pµ2 = (E2, 0, 0,−p)µ , (1.20)

pµ3 = (E3, q sin θs, 0, q cos θs)
µ , (1.21)

pµ4 = (E4,−q sin θs, 0,−q cos θs)
µ , (1.22)

where we introduced p = |p1| and q = |p3| and the scattering angle θs. The latter is

related to the Mandelstam variables for on-shell kinematics via

zs ≡ cos θs =
s2 + s(2t− Σ) + (m2

1 −m2
2)(m2

3 −m2
4)

4sqp
(1.23)

=
s(t− u) + (m2

1 −m2
2)(m2

3 −m2
4)

4sqp
. (1.24)

The beam energy in the lab frame Elab is defined by

s = m2
1 +m2

2 + 2m1Elab . (1.25)

In S-matrix theory, one assumes that all of the things that change the asymptotic states

(the interactions) happen in a finite time interval. The S-matrix contains all the infor-

mation about the time-evolution of the initial asymptotic (i) to the final asymptotic (f)
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Figure 20: Kinematics for the s−channel reaction a+ b ! c+ d in the center of mass.
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Figure 21: Kinematics for the t−channel reaction a+ c̄ ! b̄+ d in the center of mass.

They are contained in the half-angle factors ⇠⇢0⇢(✓) since dJ⇢0⇢(cos ✓) / ⇠⇢0⇢(✓). We isolate those
factor and define

T s
µ0µ(s, t) = bT s

µ0µ(s, t) ⇠µ0µ(✓s) (92)

T t
λ0λ(s, t) = bT t

λ0λ(s, t) ⇠λ0λ(✓t) (93)

⇠⇢0⇢(✓) = (cos ✓/2)|⇢
0
+⇢| (sin ✓/2)|⇢

0
−⇢| (94)

For a Reggeon, the naturality is defined as ⌘ = P (−1)J . A Reggeon will then contribute to amplitude
with its corresponding naturality. The helicity amplitudes are not invariant under the parity operator
and we form the t−channel parity conserving helicity amplitudes (PCHA) free of s singularities as

T̂ ⌘

λ0λ
= T̂λ0λ + ⌘ ⌘13(−1)λ

0
+M T̂ ⌘

λ0
−λ

, (95)

with ⌘ij = ⌘i⌘j(−1)si+sj−v. v = 1

2
(0) for an odd (even) number of fermions. Note that we could

have flip the final helicities (λ0
! −λ0) in the PCHA.

Parity invariance provides the relations

T s
µ3µ4,µ1µ3

= ⌘
s
p(−1)µ

0
−µ T s

−µ3−µ4,−µ1−µ3
(96)

T t
λ2λ4,λ1λ3

= ⌘
t
p(−1)λ

0
−λ T t

−λ2−λ4,−λ1−λ3
(97)

29

Figure 1.7: Kinematics for the s-channel reaction 1 + 2→ 3 + 4 in the COM frame.

states. In the Heisenberg picture, one has

Sfi = 〈f |S|i〉 . (1.26)

In principle, quantum field theories provide all the details of the time evolution. Often,

computing the S-matrix boils down to a perturbative expansion in a well-selected small

parameter. Since we consider spectroscopy, which describes the non-perturbative scales

of QCD, one cannot rely on QCD to provide the details of the time evolution.

Since the time-evolution can include non-interacting particles, one can decompose the

S-matrix via

S ≡ 1 + iT , (1.27)

where T is the transfer matrix which describes the interaction. Since the total four-

momentum must be conserved, one can rewrite this via

T = (2π)4δ(4)(p1 + p2 − p3 − p4)M . (1.28)

The relevant part of the S-matrix is determined by the matrix element Mfi = 〈f |M|i〉.
Consider again the 1 + 2 → 3 + 4 process where the particles have s-channel COM

helicity µi=1,2,3,4. The latter are defined as the projection of spin on the direction of

three-momentum in the COM frame2. The net helicity of the initial and final state is

denoted by µ = µ1 − µ2 and µ′ = µ3 − µ4. The scattering amplitudeM which describes

2A more rigorous definition of the helicity states and the helicity partial-wave decomposition is given
in Section 4.2.2.
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the above interactions, can be decomposed into an infinite series of partial waves 3

Aµ4µ3µ2µ1
(s, t) =

∞∑

J=max{|µ|,|µ′|}
(2J + 1)AJµ4µ3µ2µ1

(s)dJµµ′(zs) , (1.29)

where dJ are the small Wigner d-functions [42]. We will often use the shorter notation

AHs(s, t) ≡ Aµ4µ3µ2µ1(s, t) with Hs = {µ4, µ3, µ2, µ1}. In the case where all external

particles are spinless, the d-functions reduce to the Legendre polynomials PJ(zs). In

general, the partial waves are defined by

AJHs(s) =
1

2

∫ 1

−1

AHs(s, t(s, zs))d
J
µµ′(zs)dzs . (1.30)

For the sake of future derivations, the d-functions can be rewritten as

dJµµ′(zs) = ξµµ′(zs)d̂
J
µµ′(zs) , (1.31)

where d̂ is polynomial in zs. The so-called half-angle factors are given by

ξµµ′(zs) =

(
1− zs

2

)|µ−µ′|/2(1 + zs
2

)|µ+µ′|/2
, (1.32)

and contain branch point singularities in zs = ±1. These are of kinematic nature, and are

related to the spin of the particles involved. The singularities impose the conservation

of projection of the total angular momentum in the forward and backward direction

(zs = ±1).

Similarly to Eq. (1.30), one can consider the helicity amplitudes in the t-channel process

1+3̄→ 2̄+4, as shown in Fig. 1.6. We use the notation Ht = {λ4, λ2, λ3, λ1}, where λi are

the t-channel helicities. In the t-channel COM frame, the t-channel helicity partial-wave

expansion reads

AHt(s, t) =

∞∑

J=max{|λ|,|λ′|}
(2J + 1)AJHt(t)d

J
λλ′(zt) , (1.33)

where λ = λ1 − λ3 and λ′ = λ2 − λ4, and

AJHt(t) =
1

2

∫ 1

−1

AHt(s(t, zt), t)d
J
λλ′(zt)dzt . (1.34)

3We use A to denote amplitudes in the helicity basis: Aµ4µ3µ2µ1 ≡ 〈µ4µ3|M|µ2µ1〉.
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The t-channel COM scattering angle θt is related to the Mandelstam variables through

zt ≡ cos θt =
t2 + t(2s− Σ) + (m2

1 −m2
3)(m2

2 −m2
4)

4tptqt

=
t(s− u) + (m2

1 −m2
3)(m2

2 −m2
4)

4tptqt
, (1.35)

where qt (pt) is the magnitude of the final (initial) state three-momentum in the t-channel

COM frame.

1.2.2 Unitarity, analyticity and crossing symmetry

The S-matrix of Eq. (1.26) obeys a number of general principles. First, the probability

of going from an initial state to any final state is 1. Hence, conservation of probability

requires that

1 =
∑

f

Pfi =
∑

f

|〈f |S|i〉|2 = 〈i|S†S|i〉 , (1.36)

i.e. S is a unitary matrix. In terms of the matrix elements Mfi, one obtains [43]

Mfi −M†fi = i
∑

n

∫
dΦ(n)(2π)4δ(4)(

∑
pn − p1 − p2)M†fnMni , (1.37)

where dΦ(n) is the phase space of the intermediate multi-particle state n. For two-body

final states n, one finds in the s-channel COM frame,

Mfi −M†fi = 2i
∑

n

θ(s− st,n)

∫
dΩn
4π
M†fnρ2,nMni , (1.38)

where ρ2n(s) = |kn| /(8π
√
s), and st,n is the threshold for the two-particle state n to be

on-shell. Here, kn is the momentum of the internal particles. We will drop the Heaviside

function θ below for shortness of notation. For the partial waves we find

AJfi(s)−AJfi(s)† = 2i
∑

n

AJ†fn(s)ρ2,n(s)AJni(s) . (1.39)

Since ρ2,n is a multi-valued function, a new branch point occurs at each threshold for

on-shell intermediate particles. Hence, the partial waves obtain two Riemann sheets for

each threshold.

Consider a process of the type ππ → ππ and restrict
∑
n in Eq. (1.39) to the two-pion

cut ρ2 = ρ2,ππ. In Eq. (1.39) all s are implicitly assumed to be s + iε, where ε > 0 is
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small. Unitarity fixes the phase of the scattering amplitude. It describes the location

of the singularities (branch points) in the complex plane and describes the discontinuity

across the unitarity cut. Indeed, using the Schwarz reflection principle f(z∗) = f∗(z),

one finds that

2iIm AJ(s+ iε) = AJ(s+ iε)−AJ(s− iε) = 2iAJ(s− iε)ρ2(s+ iε)AJ(s+ iε) (1.40)

This expression can be cast into the form

Im [AJ(s+ iε)]−1 = −ρ2(s+ iε) . (1.41)

The amplitude can now be analytically continued to the second Riemann sheet of the

ππ branch cut, by defining a function with an opposite jump across the cut, which is

smoothly connected to the first Riemann sheet on the real axis

AJ,II(s) =
AJ(s)

1 + 2iρ2(s)AJ(s)
. (1.42)

Here the RHS is evaluated on the first Riemann sheet. The above can be rewritten as

[
AJ,II(s)

]−1
=
[
AJ(s)

]−1
+ 2iρ2(s) . (1.43)

Causality, i.e. an event cannot precede its cause in time, implies analyticity of the scatter-

ing amplitude in the complex plane [44]. Hence, if any singularities exist (e.g. resonance

poles), they must be either on the real axis or on the unphysical Riemann sheets.

Consider a narrow isolated resonance pole far from threshold and close to the real axis.

In this approximation, the effect on the real axis can be approximated by a Breit-Wigner

resonance with mass m and width Γ

AJ(s) =
mΓ

m2 − s− iΓmρ2(s)
. (1.44)

The first and second Riemann sheet of this resonance are depicted in Fig. 1.8. Reflection

poles occur for Im s > 0 on the second Riemann sheet. Since physics is defined at s+ iε,

the reflection pole (see rightmost figure in Fig. 1.8) is often neglected.

Crossing symmetry relates the amplitude for the creation of particles to the one for the

annihilation of anti-particles. For example, the scattering process 1 + 2→ 3 + 4 and the

decay process 1→ 2̄ + 3 + 4 must be described by the same amplitude. In other words,

the amplitudes of both processes are related by an analytic continuation of the scattering

amplitude to negative energies for particle 2. This relates the four scattering channels
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Figure 1.8: Imaginary part of the first (green) and second (red) Riemann sheet of a Breit-Wigner
resonance (1.44) with (m2,Γ) = (5, 0.3) and st = 1. We assume that ρ2(s) =

√
s− st.
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in Fig. 1.6, meaning that all channels are described by the same scattering amplitude,

evaluated in different regimes of the Mandelstam variables.

We now focus on the question of which singularities can be expected for the amplitudes.

Analyticity of the amplitude implies that there are no singularities in the complex energy

plane. The principle of s-channel unitarity (1.39) states that the amplitude has singular-

ities (branch cuts) on the real axis. Unitarity in the u channel in Fig. 1.6 introduces cuts

on the real axis of the u-channel amplitude. If crossing symmetry holds, the u-channel

amplitude is the same as the one that describes the s-channel. Therefore, at fixed t,

unitarity cuts of both the s and u channel are present in the amplitude. The s-channel

cut starts at the lowest s-channel threshold and points to positive values of s, extending

up to infinity. This is referred to as the right-hand cut (RHC). Since s = −u + Σ − t,
the u-channel cut forms a left-hand cut (LHC) in the complex s plane.

1.3 Overview

The outline of this work is schematically represented in Fig. 1.9.

Chapter 2 is devoted to theoretical work connected with baryon spectroscopy, in par-

ticular the search for extracting physics information from strangeness photoproduction

experiments. We develop statistical methods for optimizing the analysis and interpreta-

tion of polarization experiments. This includes both tools for estimating the impact of

novel, upcoming, experiments and for extracting resonance content from data. In par-

ticular, we present a case study of amplitude extraction from complete experiments in

γp→ K+Λ.

In Chapter 3, we exploit analyticity to provide predictions for high-energy experiments,

based on low-energy input. High-energy data above the resonance region are produced

copiously at Jefferson Lab. We discuss how these methods can be used to constrain

Partial-Wave Analyses (PWA) in the low-energy regime using the available high-energy

data.

Techniques for PWA and resonance-pole hunting are discussed in Chapter 4. In par-

ticular, various formalisms to analyse decay chains are reviewed. We also discuss the

extraction of tensor resonances from recent COMPASS data.
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Figure 1.9: Outline of this work. In Chapter 2, the current status of γp → K+Λ data is discussed
and analyzed. These data shed light onto the s-channel nucleon excitation resonances. In Chapter 3,
the high energy regime is considered, where cross-channel exchanges are the dominant dynamics. The
depicted detectors are the CLAS (yellow) and novel GlueX (green) detector.





Chapter 2

Complete experiments for

pseudoscalar-meson

photoproduction off a nucleon

2.1 Introduction

The reaction amplitudes introduced in Eq. (1.28) are not observable quantities. In order

to access the amplitudes, various polarization observables are constructed. A reaction

1+2→ 3+4, with polarization states µi=1,2,3,4 in a given spin quantization basis, can be

described by a set of reaction amplitudes {Mµ4µ3,µ2µ1}. These amplitudes are connected

to the (polarized) differential cross section in the COM frame via

dσ

dΩ
(s, t; {µi}) =

1

64π2s

q

p

∑
|Mµ4µ3,µ2µ1

(s, t)|2 , (2.1)

where Ω refers to the solid angle of the final-state particles. Alternatively, this can be

rewritten with t as the differential quantity

dσ

dt
(s, t; {µi}) =

1

64πsp2

∑
|Mµ4µ3,µ2µ1(s, t)|2 . (2.2)

The
∑

refers to the sum (average) over the polarization states µi of the unpolarized

particles in the final (initial) state. The p and q are the COM momenta of the initial and

final state particles, as introduced in Section 1.2.1. In the case of photoproduction of a

pseudoscalar meson M (denoted by N(γ,M)X), the complete set of amplitudes is given
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Figure 2.1: Overview of the idea of complete experiments: determine the reaction amplitudes Mfi in
Eq. (1.28) directly from the experimental observables O (i.e. cross sections (2.1) and asymmetries (2.7))
at given kinematics (s, t). Note that there is no intermediate model required.

by four polarization states: the photon γ, initial (N) and final fermion (X = Y,N), all

have two possible polarization states, which reduces to four independent combinations

because of parity invariance of the strong interaction [42].

In a complete experiment, one is able to extract a complete set of reaction amplitudes

directly from data at a single kinematic point (s, t), without the use of any model, as

shown in Fig. (2.1). This is in principle possible up to an inaccessible global phase. In

the case of pseudoscalar meson photoproduction, it has been illustrated by Chiang and

Tabakin [45] that a complete set of observables consists of a set of eight well-chosen

observables. Indeed, not all combinations of eight observables yield a complete set, since

they can provide similar phase information. Recent advances in the field of experimental

physics has made it possible, in principle, to measure such a complete set of observables.

At Jefferson Lab, a polarized photon beam is available, in combination with a polarized

hydrogen target. When K+Λ photoproduction is considered, the decay products of the

Λ allow one to obtain its polarization information. Therefore, γp→ K+Λ has been put

forward as a possible candidate for a first complete experiment. In practice, it is a priori

unclear whether real experiments, which come with finite uncertainties, can constitute

complete experiments. We have shown that complete experiments, as defined by Chiang

and Tabakin [45], are in practice incomplete when realistic error bars are taken into

account [46]. By practically incomplete sets of observables, we mean that the induced

posterior distribution in amplitude space is not unimodal.

Any N(γ,M)X observable (where X has spin 1/2) can be written in terms of bilinear

products of four amplitudes {M1,M2,M3,M4}. The choices made with regard to the

spin-quantization axis for the N, γ and X determine the representation of the reaction

amplitudes. Many representations are available in literature and a detailed review is

given in Ref. [47]. Note that most of the world data is on unpolarized cross sections.

Many single-polarization measurements have been carried out as well, yet, the amount

of double-polarization information is very limited, as shown in Table 2.1. The hierarchy

of data availability makes the transversity amplitudes advantageous in the process of
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extracting the amplitudes from the data, as explained below. We use the reference frame

defined in Section 1.2.1. An alternate coordinate frame that is often used is the x′y′z′-

frame, with y ′ ≡ y and the z′-axis pointing in the meson’s three-momentum direction.

The transversity amplitudes (TA) bi express the Mi in terms of the spinors |±〉y with

a quantization axis perpendicular to the reaction plane, and linear photon polarizations

along the x-axis or y-axis. The corresponding current operators are denoted by Jx and

Jy. One has

b1 = y 〈+| Jy |+〉y , b2 = y 〈−| Jy |−〉y ,
b3 = y 〈+| Jx |−〉y , b4 = y 〈−| Jx |+〉y , (2.3)

with 〈±| (|±〉) the recoil particle X (target nucleon N).

2.2 Observables

For the particular case of pseudoscalar-meson photoproduction γN →MX, the differen-

tial cross section for a given beam, target and recoil polarization B, T and R is denoted

as
dσ

dΩ

(B,T ,R)

. (2.4)

The notation “B = 0” refers to a measurement with an unpolarized beam and implies

averaging over the two polarization states. Similar definitions are adopted for the target

and the recoil baryon. The unpolarized differential cross section is given by

dσ

dΩ
=

dσ

dΩ

(B=0,T=0,R=0)

=
K

4

4∑

i=1

|bi|2 , (2.5)

with K = q/(64π2sp) the kinematical factor in Eq. (2.1).

The normalized transversity amplitudes (NTA) [48] are defined in the following way:

ai ≡
bi√∑i=4
i=1 |bi|

2
. (2.6)

The NTA provide complete information about the N(γ,M)X transversity amplitudes

{b1, b2, b3, b4} after measuring the unpolarized differential cross section at given kine-

matics (s, t). All polarization observables can be expressed in terms of linear and non-

linear equations of bilinear products of the ai. For given kinematics (s, t), the NTA

ak ≡ rk exp (iαk) are fully determined by six real numbers conveniently expressed
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as three real moduli rk=1,2,3

(
r4 =

√
1−∑k=3

k=1 r
2
k

)
and three real relative phases

δk=1,2,3 ≡ αk=1,2,3 − α4. Only three phases are relevant as all N(γ,M)X observables

are invariant under a transformation of the type αk=1,2,3,4 → αk=1,2,3,4 + β, with β ∈ R
an arbitrary overall phase. Note that the global phase is in principle determined by

unitarity (1.38). However, this requires solving the unitarity equation, which calls for

a model-dependent approach. In this chapter, the constraints imposed by unitarity are

therefore not considered. A theoretical complete experiment boils down to measuring a

minimal set of well-selected observables which allow one to determine the three indepen-

dent normalized moduli and three relative phases.

The single- and double-polarization asymmetries A can be expressed as a ratio of cross

sections:

A =
dσ
dΩ

(B1,T1,R1) − dσ
dΩ

(B2,T2,R2)

dσ
dΩ

(B1,T1,R1)
+ dσ

dΩ

(B2,T2,R2)
. (2.7)

There are three single-polarization observables: the beam asymmetry Σ (B 6= 0, T =

0,R = 0), the target asymmetry T (B = 0, T 6= 0,R = 0), and the recoil asymmetry P

(B = 0, T = 0,R 6= 0). A double asymmetry, involves two polarized and one unpolarized

particle. There are three types of double asymmetries: the target-recoil asymmetries

“T R” (B1 = B2 = 0), the beam-recoil “BR” asymmetries (T1 = T2 = 0), and the beam-

target “BT ” asymmetries (R1 = R2 = 0). The definitions of the double asymmetries

are also contained in Table 2.2. The double asymmetries involving a recoil polarization

(denoted as ‘A{x,z}’) are often expressed in the x′y′z′-frame (denoted as ‘A{x′,z′}’). The

A{x′,z′} and A{x,z} are related through a simple rotation over the COM angle θs

Ax′ = Ax cos θs −Az sin θs,

Az′ = Ax sin θs +Az cos θs.

The available data contains abundant information on the unpolarized cross section and

single-polarization observables. A smaller set of double-polarization observables of the

BR type have been measured. A nice feature of the NTA amplitudes, is that the single-

polarization observables are fully determined by the NTA moduli ri (see Table 2.2), which

makes the NTA most useful for analyses of the current data set.

The polarization asymmetries, as defined above, are in practice not measured in isolation

in experiments. The above-mentioned observables are defined for definite polarizations

in the COM frame. However, obervables are extracted from measurements in the LAB

frame. This introduces difficulties, which are best illustrated with an example. Consider

a practical measurement of the beam asymmetry: one polarizes the beam perpendicularly

and parallel to the floor of the experimental hall. For each event, the invariant mass W
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and scattering angle θs are determined in the s-channel COM frame. This means that for

each event the linearly polarized beam is polarized according to the azimutal mismatch

of the COM and LAB reference frame. By relating the COM and LAB frame variables,

one can derive the cross section for any polarization, that depends on the azimutal angle

of the scattering plane [47, 49]

dσ

dΩ

(B,T ,R)

=
dσ

dΩ

(0,0,0)

×
[
1− P γl PTy PRy′ cos(2φγ)

+ Σ
(
−P γl cos(2φγ) + PTy P

R
y′
)

+ T
(
PTy − P γl PRy′ cos(2φγ)

)

+ P
(
PRy′ − P γl PTy cos(2φγ)

)

+ E
(
−P γc PTz + P γl P

T
x P

R
y′ sin(2φγ)

)

+G
(
P γl P

T
z sin(2φγ) + P γc P

T
x P

R
y′
)

+ F
(
P γc P

T
x + P γl P

T
z P

R
y′ sin(2φγ)

)

+H
(
P γl P

T
x sin(2φγ)− P γc PTz PRy′

)

+ Cx′
(
P γc P

R
x′ − P γl PTy PRz′ sin(2φγ)

)

+ Cz′
(
P γc P

R
z′ + P γl P

T
y P

R
x′ sin(2φγ)

)

+Ox′
(
P γl P

R
x′ sin(2φγ) + P γc P

T
y P

R
z′
)

+Oz′
(
P γl P

R
z′ sin(2φγ)− P γc PTy PRx′

)

+ Lx′
(
PTz P

R
x′ + P γl P

T
x P

R
z′ cos(2φγ)

)

+ Lz′
(
PTz P

R
z′ − P γl PTx PRx′ cos(2φγ)

)

+ Tx′
(
PTx P

R
x′ − P γl PTz PRz′ cos(2φγ)

)

+ Tz′
(
PTx P

R
z′ + P γl P

T
z P

R
x′ cos(2φγ)

)]
. (2.8)

The above equation is fully expressed in terms of COM variables: the P γc,l are the cir-

cular and linear components of the Stokes vector, the PTx,y,z are the target polarization

components in the xyz frame and the PRx′,y′,z′ are the recoil polarization components in

x′y′z′ frame. The φγ is the azimutal angle of the photon polarization in the COM basis

(i.e. the ‘event basis’ in Ref. [49]). For most experimental setups, many of the terms

above vanish. For example, consider the linearly polarized beam setup of GlueX. The

reduced cross section now reads

dσ

dΩ

(B,T ,R)

=
dσ

dΩ

(0,0,0)

[1− ΣP γl cos(2φγ)] . (2.9)
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In other words, the beam asymmetry is extracted as a coefficient of cos(2φγ) in the

photon polarization distribution. For more complex setups, one is able to extract mul-

tiple polarization asymmetries from a single setup. Note for example that, due to the

term proportional to ΣPTy P
R
y′ in Eq. (2.8), the beam asymmetry can also be obtained

from a polarization experiment with an unpolarized beam, using a polarized target and

reconstructed recoil polarization information.
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Table 2.1: Overview of the published experimental data for the reaction p(γ,K+)Λ.

Observable # data Experiment Year Reference

dσ0 56 SLAC 1969 Boyarski et al. [50]
720 SAPHIR 2004 Glander et al. [51]
1377 CLAS 2006 Bradford et al. [52]
12 LEPS 2007 Hicks et al. [53]

2066 CLAS 2010 McCracken et al. [54]

Σ 9 SLAC 1979 Quinn et al. [55]
45 LEPS 2003 Zegers et al. [56]
54 LEPS 2006 Sumihama et al. [57]
4 LEPS 2007 Hicks et al. [53]
66 GRAAL 2007 Lleres et al. [58]

1570 CLAS 2016 Paterson et al. [59]
T 3 BONN 1978 Althoff et al. [60]

66 GRAAL 2009 Lleres et al. [61]
1570 CLAS 2016 Paterson et al. [59]

P 7 DESY 1972 Vogel et al. [62]
233 CLAS 2004 McNabb et al. [63]
66 GRAAL 2007 Lleres et al. [58]

1707 CLAS 2010 McCracken et al. [54]

Cx, Cz 320 CLAS 2007 Bradford et al. [64]
Ox, Oz 132 GRAAL 2009 Lleres et al. [61]

1570 CLAS 2016 Paterson et al. [59]



Table 2.2: The connection between the N(γ,M)X asymmetries of Eq. (2.7) and the normalized transversity amplitudes ak = rk exp (iαk). For the photon
beam we adopt the following conventions: The B = + (B = −) refers to a circularly polarized beam with positive (negative) photon helicity. The B = ±π

4
refers to oblique polarization, or photons which are linearly polarized along an axis tilted over an angle ±π

4
with respect to the scattering plane.

Type (B1, T1,R1) (B2, T2,R2) Transversity representation

Single Σ (y, 0, 0) (x, 0, 0) r2
1 + r2

2 − r2
3 − r2

4

T (0,+y, 0) (0,−y, 0) r2
1 − r2

2 − r2
3 + r2

4

P (0, 0,+y) (0, 0,−y) r2
1 − r2

2 + r2
3 − r2

4

Double BR Cx (+, 0,+x) (+, 0,−x) −2Im (a1a
∗
4 + a2a

∗
3)

Cz (+, 0,+z) (+, 0,−z) +2Re (a1a
∗
4 − a2a

∗
3)

Ox (+π
4 , 0,+x) (+π

4 , 0,−x) +2Re (a1a
∗
4 + a2a

∗
3)

Oz (+π
4 , 0,+z) (+π

4 , 0,−z) +2Im (a1a
∗
4 − a2a

∗
3)

Double BT E (+,−z, 0) (+,+z, 0) +2Re (a1a
∗
3 − a2a

∗
4)

F (+,+x, 0) (+,−x, 0) −2Im (a1a
∗
3 + a2a

∗
4)

G (+π
4 ,+z, 0) (+π

4 ,−z, 0) −2Im (a1a
∗
3 − a2a

∗
4)

H (+π
4 ,+x, 0) (+π

4 ,−x, 0) +2Re (a1a
∗
3 + a2a

∗
4)

Double T R Tx (0,+x,+x) (0,+x,−x) +2Re (a1a
∗
2 + a3a

∗
4)

Tz (0,+x,+z) (0,+x,−z) +2Im (a1a
∗
2 + a3a

∗
4)

Lx (0,+z,+x) (0,+z,−x) −2Im (a1a
∗
2 − a3a

∗
4)

Lz (0,+z,+z) (0,+z,−z) +2Re (a1a
∗
2 − a3a

∗
4)
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2.3 Publications

2.3.1 Model discrimination in pseudoscalar-meson photoproduc-

tion (Ref. [1])

Chiang and Tabakin [45] showed that, theoretically, one can obtain the reaction ampli-

tudes directly from data, given a complete set of observables. In Ref. [1], we investigate

this claim for realistic data sets, taking into account the current experimental precision.

Since the NTA amplitudes are extracted from polarization data, using solely the expres-

sions in Table 2.2, the amplitude extraction is model independent. The goal of Ref. [1]

is therefore to verify whether amplitude extraction is possible when error bars are taken

into account, and if so, derive a rule-of-thumb for obtaining a complete set of observables

in practice.

Using the available polarization observables and their corresponding uncertainties, one

can determine a probability distribution for the amplitudes that is compatible with the

world data. In Ref. [1], we compare the effect of the experimental uncertainties on a

probability density function in amplitude space with the model distances of state-of-the-

art models for K+Λ photoproduction. Hereby, the unresolved global phase ambiguity is

taken into account. The largest model differences correspond to kinematics where only

low-resolution data is available. For example, the main uncertainty in the data is at

backward angles, where the cross section is low. Indeed, the cross section of K+Λ is

strongly peaked at forward angles, due to cross-channel exchanges [65]. From the theory

point of view, backward angles are harder to model, since it requires good knowledge of

the interference between the resonances and background contributions. This is reflected

in the large distance between the available models for those kinematics. Most polarization

measurements are limited to W . 1.9 GeV, which strongly impacts the resolution. On

top of that, the amount of relevant partial waves increases as energy increases, leaving

more room for ambiguous solutions. In Ref. [46], we showed that theoretically complete

sets are in general incomplete when the finite uncertainties of experiments are taken

into account. In Ref. [1], we demonstrate that measuring additional observables might

improve this situation, though the impact of double-polarization observables is often

limited due to their large uncertainties. Typical ‘practical completeness’ is obtained

when 4 more observables are added to a ‘theorically complete set’. At this point, a

unimodal probability distribution in amplitude space remains. An interesting result,

however, is that it appears more efficient to measure a large number of observables,

compared to measuring a limited set of observables with unprecedented accuracy. The

tools in Ref. [1] can be used to determine in advance the impact of upcoming experimental
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data.
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1. Introduction

Nuclear and hadron physics have entered an era of high pre-
cision measurements from often very demanding experiments. In 
the planning stage, it is important to estimate the potential impact 
of a particular set of measurements. High impact experiments are 
ones in which there is a large potential for the data to constrain 
the models of the underlying physical processes of interest, typ-
ically by greatly reducing uncertainties in model parameters. An 
analysis of nucleon–nucleon scattering data, for example, with ad-
vanced statistical methods [1] allows one to infer the parameters 
and corresponding errors in nucleon–nucleon potentials. Statistical 
methods that are designed to reliably infer parameters from exper-
imental data are, however, not necessarily optimized to estimate 
the potential impact of various combinations of possible experi-
ments. In other words, model discrimination often requires different 
strategies than parameter estimation within models [2–4].

In this paper we lay out a framework that can be used to obtain 
estimates of the possible impact of (combinations) of polariza-
tion measurements in pseudoscalar-meson photoproduction from 
the nucleon (hereafter denoted as γ N → M B). Information about 
the reaction amplitudes in a particular range of kinematics is the 
key to discriminating between two or more models. In imaging 
systems, the Rayleigh criterion is used to determine whether two 
or more light sources can be resolved from each other. We de-
velop an analogue of this criterion which requires a measure of 

* Corresponding author.
E-mail address: Jannes.Nys@UGent.be (J. Nys).

the distance between models in amplitude space, and a means 
of determining the characteristic spread of probability densities 
in amplitude space that result from measurement of observables. 
Amplitude space is defined as the parameter space of the reac-
tion amplitudes. The latter are connected with the probability of 
two particles with given spin and four-momentum to interact with 
each other and end up in a well-defined final reaction channel.

Several models for the underlying reaction mechanisms of 
γ N → M B reactions are available. Some of the most common ap-
proaches are the coupled-channel (CC), isobar and hybrid isobar-
Regge models. All of these aim to extract s-channel resonance 
content from experimental data. In most cases, model assumptions 
are required to describe other contributing mechanisms (referred 
to as “the background”). After decades of research, however, the 
precise underlying resonance content is still under debate. With 
the inclusion of more diverse and high-statistics experimental data, 
the list of known resonances of the Review of Particle Physics [5]
has changed. A detailed knowledge of the reaction amplitudes as 
a function of kinematical variables should enable one to discrimi-
nate among various reaction models, but it is necessary to perform 
measurements of several γ N → M B polarization observables to 
access the reaction amplitudes.

At fixed kinematics, four complex reaction amplitudes deter-
mine the γ N → M B dynamics. The kinematics are fixed by the 
invariant mass W and the cosine of the center-of-mass (c.m.) 
scattering angle θc.m., and there is a one-to-one relation between 
(W , cos θc.m.) and the Mandelstam variables (s, t). It was suggested 
[6,7] that a selection of polarization measurements may lead to a 
situation where all reaction amplitudes are known to the extent 

http://dx.doi.org/10.1016/j.physletb.2016.05.069
0370-2693/© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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that the outcome of any future experiment could be predicted. In 
Ref. [7] it was shown that eight well-chosen observables suffice 
to unambiguously determine the amplitudes. One refers to a such 
a combination of observables as a “complete set”. However, this 
is only true in a mathematical sense, and it has been established 
that there is no such thing as complete sets when dealing with 
data with finite error bars [8–12].

Two categories can be distinguished for polarization observ-
ables: single-polarization (S = {� (beam), T (target), P (recoil)}) 
where only one of the initial and final state particles is polar-
ized, and double-polarization that require two polarized particles. 
The latter category can be subdivided into three categories: beam–
recoil (BR = {Cx, Cz, O x, O z}), beam–target (BT = {E, F , G, H}) 
and target–recoil (T R = {Tx, T z, Lx, Lz}) observables [13]. These 
are connected to the reaction amplitudes through bilinear rela-
tions (see e.g. Ref. [8]). We note that in practice, experiments are 
configured to have beam polarization, target polarization, the abil-
ity to determine recoil polarization or some combination thereof. 
Each of these experimental configurations are sensitive to different 
combinations of “observables”, and so not all observables can be 
measured in isolation [14].

Models that are fitted to the published observables, can in fact 
have very different reaction amplitudes. An example is the BT
double polarization observable E in �γ �p → π+n that was measured 
recently [15]. Despite the availability of data for other observables, 
the existing γ p → π+n models predicted a large range of values of 
E at similar kinematic points (see Fig. 3 in Ref. [15]), pointing to 
substantial differences among the models at the amplitude level. 
The overall or “global” performance of two models can be com-
pared by averaging their least squared-distance to the measure-
ments over all experimentally probed kinematics. More restrictive 
is a “local” model discrimination, where models are compared at 
specific kinematics (s, t). A partial-wave analysis parametrizes the 
cos θc.m. dependence of the reaction amplitudes at fixed s and can 
be regarded as an analysis technique that falls in between “local” 
and “global”. In this work, we focus on the most local (and com-
pletely model-independent) form of amplitude analysis, but we 
note that in practice it is probable that model comparison will be 
done with partial wave analyses. The question that we aim to ad-
dress is what kind of experimental results do we need to be able 
to discriminate between various models at specific kinematics.

In this work we use transversity amplitudes (TA), where particle 
spins are quantized in a transverse basis. The TA have so-called 
“optimally simple” relations [16] to the observables, in which the 
single-polarization observables depend on the amplitude moduli 
only [8,9]. The transition amplitude T B

T ,R for a fixed photon B, 
nucleon T and baryon R polarization, reads

T B
T ,R ≡ uR

B ε
μ
B ĴμuT

N . (1)

The uB (uN ) denotes the recoil (target) Dirac spinor, Ĵμ the inter-
action current and εμ

B the γ -polarization four-vector. For a linearly 
polarized photon along the x or y axis one has εμ

B=x = (0, 1, 0, 0), 
ε
μ
B=y = (0, 0, 1, 0). The transversity basis is defined as

b1 = T y
+y,+y, b2 = T y

−y,−y, b3 = T x−y,+y, b4 = T x+y,−y. (2)

The R = ±y (T = ±y) denotes a recoil (target) spin quantum 
number ± 1

2 along the y direction.
In order to quantify the differences between the predictions for 

the magnitude of the cross sections between the models A and B , 
we introduce the asymmetry

A[A, B](W , cos θc.m.) =
∣∣∣∣∣

dσ
d�

(A) − dσ
d�

(B)

dσ
d�

(A) + dσ
d�

(B)

∣∣∣∣∣ . (3)

Fig. 1. The energy and angular dependence of the A defined in Eq. (3) between 
the BoGa and RPR-2011 models for γ p → K +	. Also shown are the average 
A(cos θc.m.) = 1

b−a

∫ b
a dW A(W , cos θc.m.) [a similar formula holds for A(W )] in “re-

alistic kinematics” (RK). Realistic kinematics refers to kinematics accessible with 
reasonable statistics by existing experimental facilities and is determined by the 
ranges W ≥ 1.65 GeV and −0.75 ≤ cos θc.m. ≤ 0.85. The 
σ(W ) and 
σ(cos θc.m.)

are obtained by evaluating the γ p → K +	 measurements for dσ
d�

. We calculate 
the relative error 

(

 dσ

d�

)
/ dσ

d�
on an equidistant (W , cos θc.m.) grid, using the data 

from the CLAS Collaboration [25,26]. For each kinematic bin we collect the available 
dσ
d�

data and run a bootstrap algorithm to estimate the error 
(

 dσ

d�

)
. To compute 


σ(W ), for example, we average over the covered cosθc.m. range at given W .

In what follows we use the representative Bonn–Gatchina
(BG2014-02) [17] (BoGa) and hybrid Regge-plus-Resonance [18]
(RPR-2011) models for γ p → K +	 to set the scale of the intro-
duced measure. The BoGa model is a highly sophisticated coupled-
channel model. The RPR-2011 model is a hybrid Regge-isobar 
model for γ p → K +	 with very low number of parameters. Both 
models are fitted to a large data set of cross sections, a sizable set 
of single-polarization observables (mostly P ) and a limited number 
of double-polarization observables. The BoGa and RPR-2011 mod-
els parametrize the γ p → K +	 background very differently at low 
energies. Fig. 1 shows A[A = BoGa, B = RPR-2011](W , cos θc.m.). 
Both models produce comparable cross sections at forward θc.m. . 
The results for A(cos θc.m.) indicate that the deviations between 
BoGa and RPR-2011 grow with increasing θc.m.. This reflects the 
fact that the description of the background (which requires only a 
few parameters) in the RPR-2011 model is physically less justified 
at backward angles [19].

At extremely backward θc.m. and in the threshold region, the 
measurements typically come with low statistics. Good experi-
mental statistics are obtained for W ≥ 1.65 GeV and −0.75 ≤
cos θc.m. ≤ 0.85. In this selected “realistic kinematics” (RK) the 
A[BoGa, RPR-2011] typically clusters around 0.1–0.2. The exper-
imental equivalent of the asymmetry A is the relative error (

 dσ

d�

)
/ dσ

d�
. The results are included in Fig. 1 and are system-

atically of the order 0.06 in both W and cos θc.m.. Comparing the 
A(cos θc.m.) for (BoGa, RPR-2011) with the experimental figure-
of-merit 
σ(cos θc.m.), leads us to conclude that the available 
experimental information from cross-section measurements in 
the γ p → K +	 channel is already contained in the BoGa and 
RPR-2011 models. As a result, further measurements of dσ

d�
for 

γ p → K +	 are unlikely to provide information to further dis-
criminate between the assumptions underlying the “BoGa” and 
“RPR-2011” models.
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Fig. 2. Energy and angular dependence of the distances D [RPR-2011,BoGa] (left) and D [RPR-2011,RPR-2011∗] (right) for γ p → K +	. The RPR-2011∗ differs from RPR-2011 
in that the coupling constant for the D13(1900) resonance has been fixed to zero in the fitting process. Note that the color scales are different in both panels. Also shown are 
the W and cos θc.m. averaged distances D(cos θc.m.) and D(W ). (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)

2. Method for model discrimination in amplitude space

To further improve our knowledge of the physics underlying 
γ N → M B processes, polarization measurements are key [15]. Bi-
linear relations connect the polarization observables to the ampli-
tudes. Therefore, the potential impact of a polarization measure-
ment is not always clear a priori. At given kinematics, a measure-
ment possesses the ability to locally distinguish between two mod-
els (or two hypotheses) if its resolving power is smaller than the 
difference between the two models in amplitude space. Therefore, 
we introduce a measure to quantify the difference between model 
A and model B in amplitude space. All polarization asymme-
tries are insensitive to a global scaling factor Q ≡ ∑4

j=1

∣∣b j
∣∣2, and 

hence, we define the normalized transversity amplitudes (NTA)

a j ≡ b j√
Q

= r je
iα j ( j = 1,2,3,4). (4)

Separating the information on the reaction amplitudes stemming 
from unpolarized and polarization measurements is advantageous. 
Indeed, independently from the size of the cross section, one can 
quantify how well the relative magnitudes and phases of the reac-
tion amplitudes are constrained by the data. In addition, we have 
shown in the previous section that the models have more or less 
exhausted the amount of information that can be extracted from 
unpolarized measurements [10].

All observables are invariant under the global phase transfor-
mation a j → a′

j = a jeiβ (β ∈ R). We define the relative phases 

δ
j
i = αi − α j and introduce the 4D-vector representation of the 

NTA

M = (a1 a2 a3 a4)
T , (5)

which obeys the normalization condition M†M = ∑4
i=1 |ai |2 = 1. 

The 3-sphere in the C4 representation of Eq. (5) can be mapped 
onto a geometrically equivalent 7-sphere in R8. This analogy pro-
vides one with an expression for a distance in C4: the opening 
angle of the position vectors, situated on the surface of the sphere, 
of two models in amplitude space (measured along the sphere de-
fined by the normalization condition). For two amplitude sets MA

and MB corresponding with the models A and B one can define

D[A, B](W , cos θc.m.) = min
α4(A)

[
arccos Re

(
M†

AMB

)]
. (6)

The quantity Re
(
M†

AMB

)
depends on a reference phase. As bi-

linear relations connect the observables to the amplitudes, there 
is one reference phase, α4 say, that is inaccessible. Only relative 
phases can be determined from measurements. Upon inferring the 
relative phases from the data, we set α4 = 0 in the M’s. This 
corresponds to the substitution αi → δ4

i (i = 1, 2, 3). We wish to 
provide a distance measure that is independent of the choice of 
reference phase, so that can it be used both for comparing models 
or for comparing a model with data. Therefore, in a second step, 
one has to get rid of the dependence on the choices made with 
regard to the reference phase α4. To this end, in the definition of 
Eq. (6) we minimize the distance by varying the reference phase 
α4 of MA while keeping all three relative phases δ4

i in both MA

and MB fixed. At each kinematic bin, we are free to vary the ref-
erence phase independently of other bins, since it is an unknown 
function of (s, t).

Fig. 2 shows the kinematic dependence of the D[RPR-2011,

BoGa] for γ p → K +	. The distance between the two models 
grows as W and θc.m. increases. The models differ in their back-
ground parametrization and resonance content. The differences in 
the resonance content are mainly visible at backward θc.m. . Also 
shown in Fig. 2 is the kinematic dependence of D for two versions 
of the RPR-2011 model. Thereby, we study the kinematic depen-
dence of the distance in amplitude space between the full model 
and a model variant where the coupling constant of the D13(1900)

resonance is forced to be 0. This allows us to estimate the ef-
fect of removing a single resonance on the distance measure of 
Eq. (6). At forward θc.m., where the background contributions dom-
inate, we find that the difference is relatively small compared to 
backward θc.m. where the resonance content dominates. The re-
sults indicate that confirmation or rejection of the presence of an 
s-channel resonance R from data in a restricted kinematical range, 
requires experimental resolutions of the order D � π/20 at back-
ward θc.m. and W � MR .

In order to tell two models A and B apart in amplitude space, 
a combined experimental resolution better than the characteris-
tic D [MA,MB ] is required. In Fig. 3 we show the frequency 
distributions of D [MA,MB ], which are derived from ensem-
bles of values over the range in W and cos θc.m. , for four proto-
typical examples of model combinations (A, B). The Kaon-MAID 
(KM) model [20] is a prototypical example of an isobar model 
for γ p → K +	. The KM model has not been refitted to any 
data for the past 15 years, and hence, no double-polarization 
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Fig. 3. Logarithm of the entries of D[A, B] between 4 combinations of two models 
A and B for γ p → K +	 in the realistic kinematical range (see caption to Fig. 1). 
The (blue in the web version) solid line is the corresponding result for the distances 
of random samples in NTA space.

data was included in the fit. This means that only the moduli 
of the amplitudes are constrained, while all phases are undeter-
mined by the data. This is reflected in the fact that the values of 
D [RPR-2011,KM] are significant in amplitude space. To estimate 
the required experimental resolution to identify the resonance 
content, we also show the frequency distribution of D between 
the full RPR-2011 model and a pure Regge model that only ac-
counts for the Reggeized background contribution of RPR-2011. The 
D [RPR-2011,Regge] distribution peaks at considerably larger val-
ues than the D [RPR-2011,RPR-2011∗]. This is a reflection of the 
fact that hunting a particular resonance in a small kinematic inter-
val requires a substantially bigger experimental effort (the results 
point at a resolution which is at least a factor of five better) than 
identifying the global effect of all resonances.

3. Model-independent amplitudes from data

This section deals with a fully model-independent extraction 
of the reaction amplitudes from polarization data. Given a set of 
measurements, this is in principle achievable using the bilinear re-
lations that connect the observables to the reaction amplitudes. As 
the data come with finite error bars it is essential to provide re-
alistic estimates of the uncertainties on the extracted amplitudes. 
We have explored two methods of statistical inference that can 
quantify the propagated uncertainty on the extracted reaction am-
plitudes. Firstly, a frequentist approach, using bootstrapping with 
χ2 minimization. Secondly, a Bayesian approach whereby we ex-
plore the posterior distribution directly.

Given a set of N measured polarization observables {Aexp
i } ≡

{Aexp
i ± 
Ai, i = 1, . . . , N} in a given (
W , 
 cos θc.m.) range, 

a bootstrap method boils down to creating M sets of synthetic data 
{{A( j)

i }} ≡ {{A( j)
i ± 
Ai, i = 1, . . . , N}, j = 1, . . . , M} from {Aexp

i }. 
Thereby, each observable A( j)

i is distributed1 as N (μ = Aexp
i ,

σ = 
Ai). For each of the M sets, the amplitude parameters are 
inferred by minimizing the cost function

χ2
(
M ; {A( j)

i }
)

=
N∑

i=1

(
Atheo

i (M) − A( j)
i


Ai

)2

, (7)

which results in a set of M amplitude solutions

M( j) = argmin
M

χ2
(
M ; {A( j)

i }
)

j = 1, . . . , M. (8)

1 We opt for a normal distribution rather than a beta distribution, since in some 
published data sets, asymmetry values outside the support [−1, 1] range have been 
reported.

The ensemble {M( j)} can be interpreted as the probability dis-
tribution in NTA space of amplitudes that are compatible with 
the data {Aexp

i }. Each χ2-inference is a point estimate of the M. 
Therefore, the most likely reaction amplitudes M are those re-
lated to the global minimum of the χ2 surface. We search for 
this minimum with the aid of a genetic algorithm (GA) followed 
by a gradient minimizer [21]. This strategy with a combination of 
a “rough” and “high-precision” minimizer algorithm, has already 
been successfully applied to a precise determination of resonance 
parameters in Ref. [22].

Another approach to extracting amplitudes from data is to sam-
ple amplitude space and evaluate the log-likelihood function

ln L(M|{Aexp
i }) =

N∑
i=1

ln P (Aexp
i |M) (9)

= − N

2
ln 2π −

N∑
i=1

ln
Ai − 1

2
χ2 (M ; {Aexp

i }) .

Here again we have assumed that all the polarization observables 
Aexp

i are normally distributed. Upon evaluating the Eq. (9) with the 
Nested Sampling technique, one also obtains the posterior distribu-
tion P (M|{Aexp

i }). The posterior P (M|{Aexp
i }) is the conditional 

probability distribution of M given the available data. Bayes’ the-
orem provides one with a recipe to update one’s prior knowledge 
about P (M) on the true M after including the available data 
{Aexp

i }, which results in the posterior P (M|{Aexp
i }) [23]. The pos-

terior can be obtained by multiplying the likelihood P ({Aexp
i }|M)

with the prior P (M). We use the robust MultiNest version of the 
nested sampling algorithm [24] in order to obtain posterior sam-
ples from distributions that may contain multiple modes and pro-
nounced degeneracies in high dimensions. Both the bootstrapping 
and the Bayesian method described here provide one with a means 
to understand how uncertainties in the measured experimental ob-
servables map onto the probability densities in amplitude space. 
Obviously the quality of those uncertainties are far superior to for 
example the Hessian error bars which are often quoted in papers.

As an illustration of the adopted methodology and to convince 
the reader of the importance of a detailed uncertainty propaga-
tion in parameter inference, we illustrate the result of the boot-
strap method for the extracted a3e−iα4 = r3eiδ4

3 at representative 
kinematics in Fig. 4. Thereby we use synthetic data for four com-
binations of polarization observables. The results indicate that after 
including realistic error bars for a mathematically complete set as 
defined by Chiang and Tabakin [7] one is left with a so-called 
continuous ambiguity with hardly any information about the rela-
tive phase of one of the amplitudes. After including information 
of three more double polarization observables one is left with 
a multimodal distribution for the phase. A unimodal posterior is 
typically reached after including information from ≈ 12 different 
polarization observables with realistic error bars. Including addi-
tional observables now improves the phase resolution via a typical 
1/

√
N behavior, where N is the number of observables in the data 

set. Fig. 4 also includes a scenario with unrealistically small error 
bars. An interesting observation can be made for the considered 
observable sets. Indeed, it appears that the return on investment 
is larger for an effort of measuring a large variety of observables 
with fair accuracy, compared to an effort whereby one measures 
a restricted number of observables with unprecedented accuracy. 
This observation clearly illustrates the importance of a dedicated 
analysis with synthetic data in the planning stage of experiments.

We quantify the uncertainty of the posterior distribution 
P (M|{Aexp

i }) in amplitude space in two ways. First, it is intuitive 
to regard the posterior as a distribution with a central value and 
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Fig. 4. The distribution of a3e−iα4 = r3eiδ4
3 at (W = 1.8 GeV, cos θc.m. = −0.1) as extracted from ensembles of four different observable sets {Aexp

i }. All observables are 
distributed as N (μ = ARPR-2011

i , σ = 0.1). The extracted δ4
3 are displayed by the red circular histogram. The blue dots are the bootstrap samples for r3eiδ4

3 . The red dot and 
the green bar represent the RPR-2011 prediction for r3 and δ4

3 . From left to right, we show the r3eiδ4
3 extracted from various combinations of observables: (i) the complete 

set {Aexp
i }1 = { dσ

d�
, �, T , P , Cx, O x, E, F }; (ii) {Aexp

i }2 = {Aexp
i }1 +{Cz, O z, G}; (iii) {Aexp

i }3 = {Aexp
i }2 +{H}; (iv) {Aexp

i }4 = {Aexp
i }3 +{Tx, T z, Lx, Lz}. We also include the circular 

phase histogram (blue) which results from the same observable sets, but for an unrealistically small error bar σ = 0.01. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

Fig. 5. The kinematic dependence of the computed 
M given the published γ p →
K +	 polarization data. The grid is determined by (
W = 20 MeV, 
 cos θc.m. =
0.1). The darker the color in some (W , cos θc.m.) grid, the better the underlying 
reaction amplitudes are determined by the data. (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of this 
article.)

a standard deviation. In Eq. (6), we introduced a distance measure 
in amplitude space that quantifies the difference of two models 
at (W , cos θc.m.). Obviously, in order to tell the different models 
apart, one should aim at carrying out experiments with a resolv-
ing power better than those representative values. In the absence 
of any data, the NTA are uniformly distributed over the surface of 
a unit 7-sphere. In what follows we refer to this distribution as 
the prior π(M). We work out the evolution of the resolution in 
amplitude space reached after combining data from several single-
and double-polarization experiments. Using Eq. (6), the dispersion 
of the ensemble of NTAs can be readily computed from


M =
√〈

(D [M0,M])2
〉

P (M|{Aexp
i }), (10)

where M0 is the central amplitude vector. It can be shown that 
0 ≤ D ≤ π/2. For a given M0, one finds 
M ≈ 1.08 for M dis-
tributed according to the prior π(M). Note that expression (6)
and the 
M are invariant under any unitary transformation of 
the amplitudes. Hence, Eq. (10) yields results which are identi-
cal for all amplitudes bases which are connected through unitary 
transformations. For example, the NTA and the normalized helicity 
amplitudes (NHA) result in identical values for 
M.

Fig. 5 illustrates the current status of 
M given the published 
polarization data for γ p → K +	. Hereby, we use the available 
CLAS {P , Cx′,z′ } data [25–28] and GRAAL {�, T , P , O x,z} data [29,
30]. For W > 1.9 GeV, one obtains larger 
M values, which is a 
reflection of the fact that the GRAAL data extends from threshold 
to W � 1.9 GeV. Inclusion of new CLAS data for �, T , O x,z [31], 
which covers a wider energy range, lowers 
M for W ≥ 1.9 GeV

to values that are comparable to those obtained for W < 1.9 GeV
in Fig. 5. Interestingly, inclusion of the new CLAS data does not 
significantly diminish the 
M values for W < 1.9 GeV. This is 
primarily due to the fact that {�, T , P , Cx,z, O x,z} is not a mathe-
matically complete set of observables.

The standard deviation in Eq. (10) is useful to connect the re-
solving power of experiments to the distance between models (6). 
The second method to quantify the uncertainty of the posterior 
distribution P (M|{Aexp

i }) does not require a central value M0. In 
Ref. [10] it was pointed out that information entropy is a conve-
nient way of quantifying the extent to which one reaches a status 
of practical completeness given a set of measurements. The infor-
mation entropy H(P ) of the posterior P (M|{Aexp

i }) is defined as

H(P ) =
∫

P (M|{Aexp
i }) log2 P (M|{Aexp

i })dM. (11)

We calculate the information gained through measurements rela-
tive to the prior distribution π(M) (which reflects the situation 
of no measured polarization observables)

I(π, P ) = H(π) − H(P ). (12)

A large information gain indicates that a set of measurements ac-
complishes an exclusion of significant parts of the domain of pos-
sible solutions in amplitude space. Since we choose to use base-2 
logs, information is quantified in bits. One bit of information is 
equivalent to decisive information on a boolean decision. For ex-
ample, assume a set of measurements which leaves a discrete am-
biguity, corresponding to two identical, but non-overlapping peaks 
in amplitude space. An additional measurement of which the only 
effect is that it completely excludes one of the two solutions, cor-
responds to an information gain of exactly one bit.

The left panel in Fig. 6 shows the result of a Bayesian inference 
of the reaction amplitudes for a number of observable sets. None 
of the observable sets constitute a complete set. Hence, there is 
an upper value by which the information gain is limited. Using 
the available data, one can at best determine the moduli ri=1,..,4
and two relative phases 

(
δ4

1, δ3
2

)
. It was estimated in [10] that ap-

proximately 21 bits of information gain are required to form a 
well-defined unimodal distribution.

The comparison of the expected data resolution to the bench-
mark model distances are also depicted in Fig. 6. For the available 
data set and W < 1.9 GeV, we obtain 
M ∼ 0.5, which indicates 
that one can locally resolve between RPR-2011 and the Kaon-MAID 
models. Also, the uncertainty on the available data is low enough 
to locally distinguish RPR-2011 and the pure Regge model. Hence, 
even in a limited kinematical region (“locally”), we can at least 
say there is evidence of s-channel resonances in the current data. 
For W > 1.9 GeV, the distance D[RPR-2011, Regge] is less than 
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Fig. 6. (Left) The cos θc.m.-averaged amplitude uncertainty 
M and information gain I for the γ p → K +	 reaction at 1.89 ≤ W ≤ 1.91 GeV. From left to right the number 
of observables included cumulatively grows as indicated on the axis. (Right) The W - and cos θc.m.-averaged model distances D and the anticipated 
M. The D are 
evaluated for four different model combinations. The 
M is shown for amplitude extraction with the published CLAS and GRAAL data (“AV”). The “AV + CLAS” results for 

M include also the as yet unpublished CLAS polarization data. The “ALL” results for 
M are obtained with synthetic data (with realistic error bars) for all 15 possible 
polarization observables. Our choices with regard to the kinematics, number of data points and the size of the error bars are gleaned from the experiments detailed in 
Refs. [32,33]. The RPR-2011 model predictions serve as the central values for generating the synthetic data. For example, to generate 
M(W ) for the observable set “AV”, 
the results in Fig. 5 have been averaged over the considered cosθc.m. range.

the spread 
M of the available data, but similar to the resolu-
tion provided by the new CLAS data in addition to available data. 
Therefore we expect that the new data should be able to tell us 
more about the existence of resonances in the RPR model above 
W = 1.9 GeV, while the effect below this energy is relatively mod-
est. Since background contributions dominate at forward angles, 
D[RPR-2011, Regge] and D[BoGa, Regge] fall from backward to for-
ward θc.m., therefore it is apparent that measurements at backward 
angles contain more information about the presence of s-channel 
resonances. The existence of specific resonances has a very small 
effect in amplitude space at a single (s, t) point. It is also observed 
that measurements of all observables are required to resolve the 
relatively small distance between models differing by one reso-
nance.

Summarizing, we have investigated methods to quantify the 
distance between models in amplitude space. This distance mea-
sure can also be used to estimate in a model-independent way 
how well a given set of combinations of polarization measure-
ments will succeed in constraining the underlying reaction ampli-
tudes.
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Chapter 3

Sum rules for hadron

amplitudes

3.1 Introduction

In the previous chapter, it was shown that “mathematically complete experiments” are

“practically incomplete”, due to the finite experimental resolution. Given experimental

data for a particular exclusive process, one can further constrain the underlying ampli-

tude space by invoking theoretical concepts. These constraints are preferably as model

independent as possible. A powerful approach is the use of dispersion relations [42, 66].

From the analyticity of the amplitude in the Mandelstam variables (as discussed in Sec-

tion 1.2.2), it follows that the reaction amplitudes satisfy the Cauchy theorem1

∮

C

M(s, t)ds = 0 , (3.1)

given that C excludes the singularities of the scattering amplitude M and t is constant.

This allows one to derive dispersion relations, which connect different energy regimes.

We first introduce a useful set of amplitudes for pseudoscalar-meson photoproduction

in Section 3.2. A high-energy model is introduced in Section 3.3, which is exploited in

Section 3.4 to derive the Finite-Energy Sum Rules (FESR).

1For a brief review of useful theorems in complex analysis, we refer the reader to Ref. [67]. For
a detailed illustration of the application of compelx analysis to scattering amplitudes, we refer to the
seminal work of Höhler in Ref. [68].
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3.2 Amplitudes for pseudoscalar-meson photoproduc-

tion

In order to form the contour C in Eq. (3.1) in the complex energy plane, one must first

identify the expected singularities of the amplitudes. Consider for example the helicity

amplitudes AHs(s, t) for the reaction 1(p1, µ1) + 2(p2, µ2)→ 3(p3, µ3) + 4(p4, µ4), as in-

troduced in Section 1.2.1. The helicity amplitudes contain singularities of two different

origins: (i) a first type, called the kinematic singularities, depends entirely on the spin

of the particles and is related to the Lorentz transformations to form the helicity states

starting from the particles’ rest frames, (ii) the other type is dynamical in nature. The

singularities of the latter type are the ones we are after in hadron spectroscopy, since

they are related to the properties of physical QCD states. The kinematic singularities

can be identified a priori, as we will discuss in a general context in Chapter 4. This

type of singularity must be eliminated from the amplitude, in order for the dispersion

relations to be valid. Below, we introduce a set of kinematic singularity-free amplitudes

for pseudoscalar-meson photoproduction, which are commonly used in the literature. In

Chapter 2, the transversity amplitudes have been introduced to analyze photoproduction

observables. In the context of complete experiments, the tranversity basis is advanta-

geous, since the expressions of the polarization observables are in line with the hierarchy

of the current data availability. Except for their nice crossing properties, using transver-

sity amplitudes is rather cumbersome from the point of view of model building, since

their partial-wave decomposition is less straightforward. In this respect, helicity ampli-

tudes, invariant amplitudes and multipoles are more common and practical, as we will

illustrate in this chapter.

In terms of explicitly covariant forms, the helicity amplitudes involve asymptotically

free particle states, which are proportional to free-particle wave functions, e.g. Dirac

spinors for fermions or polarization tensors for bosons. These wave functions have mixed

transformation properties2. For example, a spin-1 tensor εµ(p, λ) for a massive particle

with helicity λ and four-momentum p transforms as

Λµνε
ν(p, λ) =

∑

λ′=±1,0

D1
λ,λ′(R)εµ(p′, λ′) , (3.2)

under a Lorentz transformation Λ, where p′µ = Λµνp
ν . D is the Wigner-D function. The

argument R ≡ R(Λ, p) indicates a rotation, often referred to as the Wigner rotation,

which belongs to the little group of the rest-frame four momentum. If Λp (Λp′) is the

2A generic Lorentz transformation can be decomposed into a rotation in the particle’s rest frame that
leaves the four-momentum untouched, and the remainder transformation.
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Lorentz transformation that boosts the system from the rest frame to the frame with

momentum p (p′), then R = Λ−1
p′ ΛΛp. In other words, it is convenient to decompose Λ

into a rotation in the particle’s rest frame, and everything else.

The Lorentz and Dirac indices in the covariant forms need to be contracted with covariant

tensors built from four-momenta and Dirac gamma matrices, to yield the helicity ampli-

tudes. Helicity amplitudes can therefore be expressed as linear combinations of products

of covariant tensors and wave functions with coefficients that are analytic functions of

the Mandelstam invariants.

Consider the photoproduction process

γ(k, µγ) +N(pi, µi)→M(q) +X(pf , µf ) , (3.3)

where X is a spin-1/2 nucleon N ′ or hyperon Y , and M a pseudoscalar meson. The

tensor basis is constructed by combining the photon polarization vector εµ ≡ εµ(k, µγ)

and particle momenta into explicitly gauge-invariant structures [69],

M1 =
1

2
γ5γµγνF

µν , (3.4)

M2 = 2γ5qµPνF
µν , (3.5)

M3 = γ5γµqνF
µν , (3.6)

M4 =
i

2
εαβµνγ

αqβFµν . (3.7)

Here P = (pi+pf )/2 and Fµν = εµkν−kµεν . In terms of the covariants of Eqs. (3.4)–(3.7)

the s-channel helicity amplitude AHs = Aµf ,µi µγ reads

Aµf ,µi µγ (s, t) =

4∑

n=1

An(s, t) [u(pf , µf )Mn(µγ)u(pi, µi)] . (3.8)

The helicity index of the spinless pseudoscalar meson has been dropped for brevity of

notation. It can be shown that the scalar functions An(s, t) have only the dynamical sin-

gularities as demanded by unitarity [70]. For this reason, they are useful when analyzing

singularities of the helicity amplitudes and their partial-wave expansion. Furthermore,

C-invariance of the strong interaction implies straightforward crossing relations in terms

of the crossing variable ν in Eq. (1.18)

An(ν + iε, t) = ξnAn(−ν − iε, t) , (3.9)

with ξn=1,2,4 = −ξn=3 = 1. The invariants An (often referred to as the scalar functions)
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constitute the basis for the Finite-Energy Sum Rules in Section 3.5.2.

The partial-wave expansion of the invariant amplitudes is rather cumbersome. For the

helicity amplitudes, the decomposition is straightforward (see in Eq. (1.29)). For photo-

production reactions, it is more common to decompose the amplitudes into multipoles.

Therefore, we first introduce the CGLN basis [69]

Mfi =
4π
√
s

MN
χ†fFχi , (3.10)

where χi (χf ) is the initial (final) nucleon Pauli spinor in the center-of-mass frame and

F(s, t) =σ · εF1(s, t)− iσ · q̂ σ · (k̂ × ε)F2(s, t)

+ σ · k̂ q̂ · εF3(s, t) + σ · q̂ q̂ · εF4(s, t) , (3.11)

where q̂ = q/ |q|, k̂ = k/ |k| and σ = (σx, σy, σz) are the Pauli matrices. The amplitudes

Fi are given in terms of the multipoles Ml± = {El±,Ml±} by,

F1(s, t) =
∑

l=0

(El+(s) + lMl+(s))P ′l+1(zs) + (El−(s) + (l + 1)Ml−(s))P ′l−1(zs) , (3.12)

F2(s, t) =
∑

l=1

((l + 1)Ml+(s) + lMl−(s))P ′l (zs) , (3.13)

F3(s, t) =
∑

l=1

(El+(s)− lMl+(s))P ′′l+1(zs) + (El−(s) +Ml−(s))P ′′l−1(zs) , (3.14)

F4(s, t) =
∑

l=2

(−El+(s) +Ml+(s)− El−(s)−Ml−(s))P ′′l (zs) . (3.15)

The P
(n)
l (zs) are the nth order derivatives of the Legendre polynomials. The multipoles

El±(s) and Ml±(s) denote the electric and magnetic radiative transitions, leading to

a final meson-baryon pair with relative orbital angular momentum l and total angular

momentum J = l ± 1
2 . Each multipole can be decomposed into its isospin components.

3.3 Regge theory

At low energies, the s-channel partial-wave expansion of Eq. (1.30) can be cut off at

a maximum relevant spin J for kinematics inside the physical region. The underlying

physics behind this approach is related to the threshold factors. The amplitude for

spinless external particles (where J = l) must be singularity free. However, the s-channel
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partial-wave decomposition of the amplitude (we drop the trivial helicity dependence)

A(s, t) =
∑

l

Al(s)Pl(zs) , (3.16)

appears to be singular for q → 0, since zs ∝ 1/q (see Eq. (1.23)) and hence Pl(zs)

diverges as 1/ql. To cancel this behavior and obtain a kinematic-singularity free A(s, t),

the partial-wave amplitude must vanish at least as fast as Al(s) ∼ ql for q → 0. The latter

are often referred to as the barrier factors3. Hence, at low energies close to threshold

the higher order partial-wave contributions are kinematically suppressed and can be

neglected. As the energy increases, the number of relevant partial waves grows. At

energies above the resonance region (W & 2.5 GeV), a truncated expansion becomes

intractable. Therefore, one must reconsider the relevant degrees of freedom. At high

energies and forward angles (i.e. small −t ≥ 0), the t-channel resonance poles are closer

to the considered kinematics than the dominant s-channel resonances. Indeed, consider

for example energies s & 25 GeV2 � m2
R,s where mR,s ∼ 1 − 2 GeV is the typical

mass scale of the observed baryon resonances, and 1 GeV2 > −t & 0 is close to the cross

channel masses mR,t ∼ 0.1−1 GeV at t = m2
R,t. In other words, we consider the physical

region where
∣∣s−m2

R,s

∣∣ �
∣∣t−m2

R,t

∣∣. The t-channel effect is visible in the differential

cross section, where a forward peak is usually observed [71]. Based on this observation,

one can opt to write down the series expansion in the COM of the t-channel process

1 + 3̄→ 2̄ + 4 (see Eq. (1.33)) where the mesons show up as resonances.

Since the physical region of the s-channel process is outside the region of convergence of

the t-channel partial-wave expansion (1.33), a truncation in J is not allowed. Indeed, it

is clear from Eq. (1.35) that zt increases indefinitely with s. One can recast the series of

Eq. (1.33) into a contour integral, using a Sommerfeld-Watson transformation. Thereby,

J is interpreted as a continuous and complex variable. In order to analytically continue

the amplitude, one has to define an analytic form for the partial-wave amplitudes in

terms of J . The definition of Eq. (1.34) is insufficient for this purpose, since it does not

guarantee uniqueness and diverges for large J off the real axis [42, 44]. A way around this

issue is to define the partial-wave amplitudes via the Froissart-Gribov projection. The

approach comes down to exchanging the amplitude inside the integral by its analytically

continued version, and reversing the order of integration

AJHt(t) =
1

π

∫ +∞

zt(st,t)

dzt

[
∆sÂHt(s, t)e

J
λλ′(zt)ξλλ′(zt)

3One also expects a barrier factor pl from the initial-state threshold (p → 0), but these are not
considered here.
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+(−1)J−λ ∆uÂHt(s, t)e
J
λ−λ′(zt)ξλ−λ′(zt)

]
, (3.17)

where ξ are the half-angle factors introduced in Eq. (1.32). Furthermore,

2i∆sA(s, t, u) = A(s+ iε, t, u)−A(s− iε, t, u) , (3.18)

2i∆uA(s, t, u) = A(s, t, u+ iε)−A(s, t, u− iε) , (3.19)

denote the discontinuities across the s-channel and u-channel cut, and

ξλλ′(zt)e
J
λλ′(zt) =

1

2

∫ +1

−1

dz′t
ξλλ′(z

′
t)d

J
λλ′(z

′
t)

zt − z′t
. (3.20)

The definition of the partial-wave amplitude in Eq. (3.17) behaves well in J , except for

the factor τ = (−1)J ≡ e∓iπJ . For Im J → ±∞, the latter diverges. A way around this

issue is to consider separately odd or even J and fix the factor (−1)J to ±1, avoiding the

need to analytically continue it. Therefore, we introduce the definite signature partial

wave amplitudes AJτHt as in Eq. (3.17), where τ = ±1 is the signature. The partial-wave

expansion of Eq. (1.33) can be rewritten

AHt(s, t) =
∑

τ=±1

∞∑

J=max{|λ|,|λ′|}
(2J + 1)AJτHt(t)d

Jτ
λλ′(zt) , (3.21)

where we introduced the definite signature d-functions

dJτλλ′(zt) ≡
1

2

[
dJλλ′(zt) + τ(−1)λdJλ−λ′(−zt)

]
. (3.22)

The partial waves can now be analytically continued in J , since the full J dependence is

determined by the known angular functions in Eq. (3.20) [44].

In Regge theory, one often characterizes particles by their signature τ = (−1)J and

naturality η = P (−1)J , rather than by their spin J and parity P . Particles with η = +1

and η = −1, are said to have natural and unnatural parity respectively.

The partial-wave series in Eq. (3.21) contains an infinite series over integer (half-integer)

spins J ≥ max{|λ| , |λ′|} when meson (baryon) exchanges are considered. In its contour-

integral representation, each term in the series must be induced by a pole on the real J

axis. A function that generates such an infinite set of poles is 1/ sinπJ . This function also

introduces redundant, spurious poles at J < max{|λ| , |λ′|}, which need to be excluded

from the contour. The partial-wave expansion in Eq. (3.21) can now be cast into the
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form

AτHt(s, t) = − 1

2i

∮

C1

(2J + 1)

sinπ(J + λ′)
AJ,τHt (t)dJτ−λλ′(−zt)dJ , (3.23)

using the contour C1 in Fig. 3.1. For fixed J , the s-dependence of the integrand is

determined by the s-dependence of the d-function through its argument zt. Since large

s correspond to large zt, only the leading order matters at high energies. One can show

that dJλλ′(zt) ∼ zJt ∼ sJ for large s [44, 72]. One can now deform the contour C1 in

Fig. 3.3 by pushing it to the left, ending up with contour C2. From the above discussion

on the s-dependence, we find that the rightmost singularity in J of the partial-wave

amplitudes will dominate the high-energy behavior of the amplitude. We assume that

the rightmost singularity is a pole in J , which may depend on t, say J = α(t). In other

words, assume

AJτHt(t) =
βHt(t)

J − α(t)
, (3.24)

where βHt(t) is the residue. From t-channel unitarity, one can demonstrate that the

residue and trajectory are both real functions within the s-channel physical region. At

integer α(t) = JR, the pole in the complex angular momentum plane must reproduce the

single particle poles, i.e.

lim
t→m2

R

1

J − α(t)
∝ 1

m2
R − t

, (3.25)

for mR the mass of a particle with spin JR.

Poles in the complex angular momentum plane with definite parity and signature are

referred to as Reggeons. Reggeons are an infinite collection of mesons with spin-mass

relation as described by α(t). The trajectory α(t) can be obtained by fitting the mass

spectrum of the t-channel mesons. Nature arranges the meson spectrum in such a way

that their J vs. m2 relation is approximately linear (see Fig. 3.2 and the discussion

thereof). One usually denotes Reggeons by the lightest particle on the trajectory. Since

mesons and Reggeons have a well-defined parity, one must carry out the above procedure

for helicity amplitudes of definite parity (helicity states are not eigenstates of the parity

operator). For a given Reggeon, the analogous derivation results in the same conclusions

as above: the high-energy behavior of the amplitude is sα(t). Other contributions from the

contour integral along C2 in Fig. 3.1 are of sub-leading order in s [44]. The requirement to

consider definite signature in Eq. (3.22) introduces a so-called signature factor τ+e−iπα(t),

which cancels the poles of opposite signature that are generated by the function sinπα(t).
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J

Figure 3.1: Contours in the complex angular momentum plane. The original contour C1 (orange)
is deformed to the contour C2 (green). The partial-wave expansion in Eq. (1.33) starts from M =
max{|λ| , |λ′|}.

Rotation of the t-channel amplitude to the s-channel results in the following general form

on the real energy axis,

AHs(s, t) = −βHs(t)
τ + e−iπα(t)

sinπα(t)

(
s

s0

)α(t)

, (3.26)

where βHs(t) is the s-channel Regge residue and s0 = 1 GeV2 is a scale constant that

makes the residue dimensions independent of t. Since the transformation matrix in

Eq. (3.8), relating the invariant amplitudes An and the helicity amplitudes AHs , contains

an overall factor of s (see Appendix F of Ref. [3]), one finds that the scalar amplitudes

behave as An ∼ sα(t)−1. From t-channel unitarity in Eq. (1.39) and the factorizable form

of the helicity crossing matrix [73] it follows that the residue βHs(t) must be factorized

into separate contributions stemming from the 13 and 24 vertices

βHs(t) = βµ1µ3
(t)βµ2µ4

(t) . (3.27)

This introduces coupled-channel effects between various reactions that share the same

vertex.
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Figure 3.2: Some selected Regge trajectories (solid lines) and corresponding particle states in the
PDG [11]. The trajectories are given by αρ(t) = αa2 (t) = 0.9(t−m2

ρ)+1 and απ(t) = αb(t) = 0.7(t−m2
π).

In summary, Regge theory predicts that the high-energy behavior of the helicity ampli-

tude follows sα(t), where α(t) is determined by the mass spectrum of hadrons. Regge

theory does not provide us with dynamical info in the form of the t-dependence of the

amplitude. A number of light-quark Regge trajectories are depicted in Fig. 3.2. Notice

that the trajectories of the ρ and a2 overlap, i.e. αρ(t) = αa2(t). This property is referred

to as weak exchange degeneracy. Consider the reaction K+p → K+p. At low-energies,

the quark content us̄uud in the s-channel blocks the presence of baryon resonances, and

hence the imaginary part of the amplitude is close to zero. Veneziano duality [74] (or

resonance-Reggeon duality) states that a sum over s-channel resonances equals the sum

over t(u)-channel Reggeon exchanges4, as we will illustrate with the Finite-Energy Sum

Rules later in this Chapter. In the case where s-channel resonances are lacking, Veneziano

duality requires that the imaginary part of the high-energy amplitude must vanish as well.

Since the high-energy amplitude is dominated by ρ and a2 Reggeon exchanges, we find

that their contributions must cancel. This is possible when their residues are related, i.e.

βρ(t) = −βa2(t). This property is referred to as strong exchange degeneracy.

The factor sinπαa2(t) in Eq. (3.26) introduces poles at those t where αa2(t) is an integer.

The signature factor cancels poles with the wrong signature, i.e. odd-integer poles in

the case at hand. This still leaves room for the spurious poles at α2(t) = 0,−2,−4, · · · ,
where m2

R < 0. These poles must therefore be canceled by zeros in the residues, i.e.

βa2(t) ∝ αa2(t)(αa2(t) + 2)(αa2(t) + 4) · · · . Similar arguments leads to the fact that

βρ(t) ∝ (αρ(t)+1)(αρ(t)+3) · · · . However, since strong degeneracy requires that βρ(t) =

−βa2(t) and αρ(t) = αa2(t), one must construct a residue for the ρ Reggeons which

contains zeros at all the non-positive integers. Since the pole at e.g. αρ(t0) = 0 (with

t0 ≈ −0.55 GeV2) is already canceled by a zero in the signature factors, the arguments

4Note that Veneziano duality goes against the common trend to sum both types of contributions
(resonances and Regge exchanges) to the scattering amplitude.
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above suggest the presence of a zero in the amplitude of the ρ at t0. These type of zeros

are referred to as wrong-signature zeros. As a more comfortable parametrization, one

commonly uses β(t) ∼ Γ(α(t)− le + 1)−1 for strongly degenerate Reggeons with le being

the lowest spin on the degenerate trajectory [71, 75]. The above derivation focused on

the specific case of K+p scattering. However, due to the factorization properties of the

residue (3.27), these conclusions have implications on other channels that share the same

vertices.

Λ

Re 𝜈

Im 𝜈

Figure 3.3: Contour in complex ν space at fixed t which give rise to the Finite-Energy Sum Rules.

3.4 Finite-Energy Sum Rules

In a sub-class of the dispersion relations, called Finite-Energy Sum Rules, one exploits

analyticity to relate features and parameters of low-energy models to those of high-

energy models, and vice versa. At low energies, s-channel PWA models are appropriate

approximations of the amplitude. Such tools allow one to extract information on the

baryon spectrum, as discussed in Chapter 2. At high energies, cross channel exchanges

dominate the amplitude. Consider we have a model available in both regimes. We assume

that for a large crossing variable ν in Eq. (1.18) above some cut off Λ, the high-energy

model is accurate enough to represent the reaction amplitude. The contour that gives rise

to the Finite-Energy Sum Rules is drawn in Fig. 3.3: the contour extends up to a radius

Λ and contains a contribution from the unitarity cut at low energies ν < Λ and from

possible bound states, which are poles on the real axis. As explained in Section 1.2.2, the

cross channel induces singularities on the left-hand side as well. The left-hand cut can be

related to the right-hand cut by invoking the crossing relations in Eq. (3.9). The cut-off
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Λ is preferably at energies above the resonance region, but is in practice often limited by

the range of validity of the low-energy model (W & 2 GeV). The bound state corresponds

to the nucleon Born term. Using the low-energy model, we evaluate the cut and pole

contributions. As discussed below, an analytic form for the high-energy amplitude is

available from Regge theory, which allows one to analytically evaluate the contribution

from the outer circle. Analogously, one can derive the sum rules for moments of the

amplitude5, i.e. An(ν, t)νk, where k is a non-negative integer. The above considerations

lead to the FESR [76],

πBn(t)

Λ

(νN
Λ

)k
+

∫ Λ

νπ

Im An(ν′, t)

(
ν′

Λ

)k
dν′

Λ
= βn(t)

(Λ/s0)
α(t)−1

α(t) + k
. (3.28)

Here, we distinguish the πN threshold and the nucleon pole (νπ and νN respectively)

which can be computed using the following expressions

νπ =
2(MN +mπ)2 + t− Σ

4MN
, (3.29)

νN =
2M2

N + t− Σ

4MN
=
t− µ2

4MN
. (3.30)

Furthermore, the Bn(t) are the residues at the nucleon pole. In summary: if we know the

behavior of the amplitude in the high-energy regime (right-hand side of Eq. (3.28)), one

can formulate constraints on a low-energy model (left-hand side of Eq. (3.28)) through

the use of FESR, and vice versa. This procedure makes it possible to transfer information

from measurements in one regime to the other regime.

3.5 Publications

3.5.1 Analyticity constraints for hadron amplitudes: going high

to heal low energy issues (Ref. [2])

Given a low-energy model, one can predict the high-energy amplitudes through the ap-

plication of FESR (3.28). By computing the high-energy observables and comparing with

data, the low-energy model can be validated against data in the high-energy regime. In

Ref. [2], we illustrate this procedure in a case study of γp→ (π0, η)p. For example, con-

sider the predictions in Fig. 3 in Ref. [2] for η photoproduction. The prediction agrees

very well with data up to somewhat higher −t, but it underestimates the cross section

5One may freely choose to characterize the kinematics by (ν, t) or (s, t). In the case at hand, the
crossing variable simplifies the dispersion relations. It is worth noting that high s corresponds to high ν
at fixed t.
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in the forward, −t < 0.25 GeV2 region. This effect originates from the small value of

the left-hand side of the sum rules of the A4 scalar amplitude in this region. The latter

is related to a s-channel helicity non-flip at the bottom NN vertex. It is worth noting

that other available PWA models [77–80] strongly disagree in this specific t region. In

particular, in the low-energy model for η production (η-MAID [80]) there is a peculiar

cancellation between isoscalar and isovector exchanges, which results in a smaller ef-

fective residue [3]. This illustrates how the implementation of our approach can have

an impact on the low energy analyses. Especially the intermediate energy regime can

be probed by varying the moments of the FESR. Since truncated partial wave analyses

become increasingly ambiguous due to the growing number of partial waves, theoretical

constraints such as the FESR can result in a more robust determination of the higher

mass states.

3.5.2 Finite-energy sum rules in eta photoproduction off a nu-

cleon (Ref. [3])

A focal point of the 12 GeV upgrade of JLab is the new GlueX detector, which is

built primarily to hunt for exotic and hybrid mesons [33]. Also the MESON-EX group,

working within the CLAS collaboration, focuses on searching for unconventional mesons.

The mesons are produced via a diffractive interaction between the photon beam and

hydrogen target. The CLAS12 experiment uses a quasi-real photon beam, which is

generated via low-angle electron scattering. A good understanding of the production

process is necessary to look for exotics. The strong point of JLab is the availability of a

highly polarized beam. The first measurement by GlueX is the η and π0 photoproduction

beam asymmetries, which is the normalized difference between the cross sections with

different beam polarizations. The beam asymmetry measurement is free from major

systematics, and is therefore published by GlueX before the differential cross sections.

The production process of these reactions is expected to be quite similar to the ones

for the exotic mesons, such as the π0
1 and η1, having JPC = 1−+. However, little is

known about the production process of η photoproduction. A first problem is that the

unnatural contributions have not been well determined so far. A second problem lies

in understanding the difference between the π0 and η photoproduction cross sections.

While the π0 differential cross section shows a clear dip due to wrong-signature zeros

in the dominant ω exchange residue, the η cross section is rather featureless and does

not contain a dip. However, the contributing exchanges are the same. The ρ and ω

trajectory are approximately weakly degenerate and both have signature τ = −1. If

the ρ contribution contains a wrong-signature zero as as well, it must be at the same



Chapter 3. Sum rules for hadron amplitudes 49

kinematics t = −0.55 GeV2 (i.e. αρ(t) = 0). From SU(3) and vector-meson dominance,

one expects that the isoscalar exchanges are suppressed by a factor of 9 when going

from π0 to η photoproduction, and hence, ρ exchange dominates the η cross section. In

the scenario where ρ exchange contains a zero as well, one must model the effect that

fills up the dip. The possibilities are either strong rescattering effects and/or unnatural

contributions. The latter have a different trajectory and hence contain wrong-signature

zeros elsewhere [75]. An example of the rescattering approach is given in Goldstein et

al. [81]. In the latter, rescattering effects due to multiple Reggeon exchange introduce

unnatural t-channel contributions.

Regge theory does not predict the t-dependence of the residues, and hence, only the

s-dependence can be used to determine the underlying high-energy dynamics. There

are insufficient data available for such an analysis, so one must look elsewhere to find

additional theoretical constraints. We applied the FESR approach to determine the

residues of the pole contributions [3], by using the η-MAID model at low energies. A

first observation is that the residue of the ρ does not contain a zero in its dominant

amplitude. A second useful constraint is that the low-energy model predicts only small

contributions coming from the unnatural exchanges. Therefore, our model in Ref. [3]

predicts that the dip in the η cross section is filled up with purely natural contributions.

In other words, we used information on the baryon spectrum, coming from low-energy

data, to constrain the couplings of the mesons that dominate the high-energy regime.

The beam asymmetry Σ is a sensitive measure to the parity of the exchanges in the

t-channel: Σ = +1 (−1) corresponds to natural (unnatural) exchanges. Shortly after the

publication of Ref. [3], GlueX published its first ever results where they compared their

data with our predictions [82]. The results are shown in Fig. 3.4. The Goldstein model

dips strongly in the vicinity of t = −0.55 GeV2 due to the unnatural contributions that

fill up the dip. In our model [3], the beam asymmetry remains close to +1, which is

in excellent agreement with the data. This work formed important constraints on the

contribution of unnatural exchanges in meson photoproduction processes.

3.5.3 On the η and η′ photoproduction beam asymmetry at high

energies (Ref. [4])

Once the production process of η photoproduction is known, one can estimate the η′

beam asymmetry Σ′. This is the aim of Ref. [4]. We use predictions from the quark

model which relates couplings to η′ with the couplings to η. Since couplings to both

channels are related by the η/η′ mixing angle, measuring the ratio Σ′/Σ cancels this

factor when only natural exchanges are involved and hence Σ′/Σ ≈ 1. Any deviation
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FIG. 5. γp → pπ 0 yield (statistical errors only) versus φp integrated over −t for (a) PERP and (b) PARA. (c) The yield asymmetry, t
with Eq. (4) to extract .

and are shown in Figs. 5(a) and 5(b), respectively, integrated
over all t after subtracting the background contribution from
accidentally tagged photons. The azimuthal symmetry of
the GLUEX detector provides a clear visualization of the
1±Pγ cos 2φp dependence of the yield without any cor-
rection for instrumental acceptance.
The orthogonality of the PARA and PERP polarization con-

gurations provides an exact cancellation of any φ-dependent
instrumental acceptance through a measurement of the yield
asymmetry

Y⊥−FRY
Y⊥+FRY

=
(P⊥+P ) cos 2φp

2+ (P⊥−P ) cos 2φp
, (4)

where FR = N⊥/N is the ratio of the integrated photon ux
between PERP (N⊥) and PARA (N ). The ux ratio was
determined to be FR = 1.04± 0.05 by integrating the yield
of coincidences between the pair spectrometer and tagger
microscope for each beam orientation. Figure 5(c) shows the
yield asymmetry as a function of φp, which is t using the
functional form in Eq. (4), where the only free parameter is
the beam asymmetry .
Following the procedure described above to extract , the

yield asymmetry is determined in bins of −t for the π 0 and η
reactions, for which the results are shown in Fig. 6; see also
the Supplemental Material in [22]. Systematic uncertainties
due to the event selection were determined by measuring the
asymmetries in each −t bin with varied selection criteria and
resulted in uncertainties of 1–2% for π 0 and 2–4% for η.
The ux ratio uncertainty contributes 1% to the measured
asymmetries, and a 1% uncertainty was estimated for the ω
background contribution to the η sample. The asymmetries
have a common 2.1% normalization uncertainty due to the
beam polarization.
Several Regge theory calculations for the beam asymme-

tries at Eγ = 9 GeV are shown in Fig. 6 for comparison [4–9].
Some of these calculations incorporate a signicant dip in the
asymmetries near −t = 0.5 (GeV/ c)2, due to a contribution
from the axial-vector Reggeon exchange that is consistent
with previous π0 measurements at E γ = 10 GeV from the
Stanford Linear Accelerator Center (SLAC) [19]. This dip is
not observed in the GLUEX data, which indicates a dominance
of the vector Reggeon exchange at this energy.
In summary, we report on the linearly polarized photon

beam asymmetry for γp→ pπ 0 and γp→ pηby the GLUEX

experiment at Eγ=9 GeV and 0.15<−t<1.6 (GeV/c)2.
These are the rst measurements utilizing the 12 GeV
electron beam and the new high-energy photon beam facility
in Hall D at Jefferson Lab, opening a new era in the
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042201-5

Figure 3.4: GlueX measurement of the beam asymmetry, compared to the available models. Our model
is labeled with “JPAC” (green solid curve). This was the first measurement by GlueX. Figure adapted
from Ref. [82].

must therefore be due to a different relative coupling of the unnatural exchanges to η

and η′, or to the presence of strangeness exchanges. While the radiative couplings of

the natural exchanges ρ and ω to η and η′ can be estimated from radiative decays,

no such information is available for the unnatural exchanges [11]. Figure 4 of Ref. [4]

illustrates that even when the coupling to unnatural exchanges is altered, the predicted

ratio remains close to 1. GlueX will soon publish their results on η′ photoproduction.

3.5.4 Features of π∆ photoproduction at high energies (Ref. [5])

At high energies, the contribution from pion exchanges is not well understood. In the

high-energy limit, factorizable and definite parity exchanges should include a factor of
√−t for each unit of helicity flip at each vertex. Since in pseudoscalar-meson photo-

production the γM vertex must introduce a factor of
√−t in each amplitude, it follows

that the cross section is expected to vanish near t = 0. For example, in charged pion

photoproduction, Regge pole models dip for t → 0. However, the data tends to rise for

those kinematics. Various methods have been proposed in the literature to circumvent

this problem: (i) the addition of Born terms, (ii) non-factorizable Regge cuts, and (iii)

daughter poles. The addition of Born terms is based on perturbative approaches where

the t-channel terms are not gauge invariant by themselves. However, this approach does

not explain the similar behavior in nucleon-nucleon scattering. One can effectively take

into account the above effect by applying the William model, where the lowest s-channel

partial waves are absorbed. For photoproduction, the William model matches the results

based on gauge invariance. However, the William model is more generally applicable.

By changing the s-channel partial-wave content, one affects the t-channel parity contri-
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butions. Therefore, the beam asymmetry of a non-factorizable pion exchange term is

not Σ = −1 everywhere. In particular, the amplitude in the forward direction will be

affected most. In contrast to models in the literature, the model presented here is able

to reproduce all the available polarization observables. By fitting the data at Elab = 16

GeV, we provide predictions for JLab energies at Elab = 9 GeV.
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Analyticity constitutes a rigid constraint on hadron scattering amplitudes. This property is used
to relate models in different energy regimes. Using meson photoproduction as a benchmark, we
show how to test contemporary low energy models directly against high energy data. This method
pinpoints deficiencies of the models and treads a path to further improvement. The implementation
of this technique enables one to produce more stable and reliable partial waves for future use in
hadron spectroscopy and new physics searches.

Introduction.— Determination of various hadronic ef-
fects represents a major challenge in searches for New
Physics through precision measurements [1–5]. For ex-
ample, the possible identification of Beyond Standard
Model signals in B meson decays is hindered by uncer-
tainties in hadronic final state interactions. The strongly
coupled nature of QCD prevents us from computing these
effects directly from the underlying microscopic formula-
tion. Nevertheless, one can use the first principles of S-
matrix theory to impose stringent constraints on hadron
scattering amplitudes [6–8]. These approaches are en-
countering a renewed interest even in the more formal
context of strongly coupled theories [9–11].

In this Letter, we show how to use analyticity to re-
late the amplitudes at high energies to the physics at low
energies, where resonance effects dominate. This is not
only important for reducing hadronic uncertainties in the
aforementioned processes, but is of interest on its own
merits for unraveling the spectrum of QCD. According
to phenomenological predictions and lattice QCD simu-
lations, the current spectrum summarized in the Particle
Data Group (PDG) is far from complete [12]. For exam-
ple, the recent discoveries of unexpected peaks in data in-
dicate that the true hadron spectrum is far more complex
than predicted [13–18]. As a working case, we focus here
on the baryon sector in the intermediate energy range.
In the PDG these N∗ and ∆ resonances are referred to
as “poorly known” [12], despite the large amount of data
available. The ambiguities encountered when identifying
resonances are related to the fact that, as the center of
mass energy increases, so does the number of contribut-
ing partial waves, vastly complicating the reaction mod-
els used in data analysis. The 2 − 3 GeV mass region is
of particular interest for baryon spectroscopy since, be-
sides the ordinary quark model multiplets, it is expected

to contain a new form of exotic light quark matter that
is dominated by excitations of the gluon field [16, 19].
The recent upgrade at Jefferson Lab [20–24] is providing
high statistics data on hadron photoproduction. New
amplitude analysis methods are a prerequisite to achieve
a robust extraction of hadron resonance parameters.

Many research groups carry out low energy, coupled
channel, partial wave analyses (PWA) for baryon spec-
troscopy. Currently, the most active are ANL-Osaka [25],
Bonn-Gatchina [26, 27], JPAC [28, 29], Jülich-Bonn [30,
31], MAID [32], and SAID [33, 34]. These groups per-
form global fits to hadro- and/or photoproduction data
using a finite set of partial waves to extract baryon res-
onance properties [35, 36]. In these approaches the high
energy data are largely ignored. As we show in this Let-
ter, these data can greatly impact the baryon spectrum
analyses through analyticity. Specifically, we implement
Finite Energy Sum Rules derived from dispersion rela-
tions [37], and use simple approximations to describe the
high energy data. The sum rules relate the amplitudes
in the baryon resonance region to the high energy dy-
namics, where the amplitudes are described by exchanges
of meson Regge poles [38]. We apply our method to
the existing data on π0 and η photoproduction [39–41].
These cases constitute a first step towards a straight-
forward and systematic implementation of high energy
constraints into low energy amplitudes, and provide a
template for further application in data analysis.
Analyticity constraints for photoproduction.— The re-

action γp→ xp, where x = π0, η is completely described
in terms of four independent scalar amplitudes Ai(s, t).
These are analytic functions of the Mandelstam vari-
ables s (the square of the center of mass energy) and
t (the square of the momentum transfer) [42]. At fixed
t, each Ai(s, t) satisfies an unsubtracted dispersion rela-
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tion involving the discontinuity with respect to s along
the unitarity cut and the crossed-channel unitarity cut
in u = 2m2

p +m2
x − s− t. Charge conjugation symmetry

relates the discontinuity along the crossed channel cut
to that of the direct channel. This symmetry is made
explicit by writing the amplitude as a function of the
variable1 ν ≡ (s − u)/2. For large |ν| and small t kine-
matics, the amplitudes are well approximated by Regge
poles, i.e. via crossed channel exchanges. In this region,
the amplitudes take the form

ImAi(ν, t) =
∑

n

β
(n)
i (t) να

(n)(t)−1. (1)

The Regge poles are determined by the trajectories

α(n)(t) and the residues β
(n)
i (t). The index n runs over

all possible exchanges. This approximation holds only if
|ν| is greater than some cutoff Λ above the resonance re-
gion. For |ν| < Λ, the amplitude is dominated by direct
channel resonances, and thus it can be well approximated
by a finite number of partial waves. One can write a dis-
persion relation using Cauchy’s theorem with the contour
in Fig. 1, and calculate explicitly the integral in the cir-
cle |ν| = Λ assuming the form in Eq. (1). One readily
obtains [38]

∫ Λ

0

ImAi(ν, t) ν
k dν =

∑

n

β
(n)
i (t)

Λα
(n)(t)+k

α(n)(t) + k
. (2)

The amplitudes A1,2,4 and A3 are even and odd functions
of ν, respectively. Here k is an arbitrary positive integer,
odd for A1,2,4 and even for A3. We give the value of
Λ in terms of an energy cutoff smax, which introduces
additional t dependence Λ = smax+(t−2m2

p−m2
x)/2. We

restrict the sum on the right hand side (rhs) of Eq. (2) to
the dominant t-channel Regge poles. Each Ai receives a
contribution from both isoscalar and isovector exchanges.
Natural parity exchanges (with P = (−)J) dominate A1

and A4, while the unnatural ones (with P = (−)J+1)
dominate A2 and A3. More specifically, the n = ρ, ω,
Regge poles contribute to A1 and A4, while A2 and A3

are determined by exchanges of the n = b, h, ρ2, ω2.2

The trajectories are nearly degenerate for all the nat-
ural exchanges [45], and in the kinematical region of in-
terest, they can be well approximated by

α(t) ≡ α(ρ)(t) = α(ω)(t) = 1 + 0.9 (t−m2
ρ), (3)

for i = 1, 4. For the unnatural exchanges,
α(t) = 0.7 (t−m2

π) for i = 2, 3. At high energy the con-
tribution of unnatural versus natural exchanges to ob-
servables in the forward direction is suppressed. For

1 As customary, all dimensional variables are given in units of
1 GeV.

2 Even though there are some experimental indications of the ex-
istence of ρ2 and ω2 [43, 44], they have been observed by one
single group, and thus need further confirmation [12].

FIG. 1. Contour in the complex ν-plane used in the derivation
of the sum rules in Eq. (2). The radius Λ must be taken
sufficiently large, for the single Regge pole approximation to
hold at |ν| = Λ. The nucleon pole and the πN cuts are shown
on the real axis.

example, with a beam energy of 9 GeV, the suppres-

sion is expected to be ν2(0.9m2
ρ−0.7m2

π−1) ∼ 7%. This can
be compared with polarization observables, such as the
beam asymmetry Σ,3 which are sensitive to the interfer-
ence between the natural and the unnatural Regge poles.
If one neglects the unnatural contributions, Σ = 1. The
recent measurement of π0 and η beam asymmetries at
GlueX [23] confirms that Σ > 0.9, so that the unnatural
exchanges contribute . 5% to the observables. In the
following, we will consider the amplitudes dominated by
natural exchanges, A1 and A4, only. We use low energy
models as input to determine the left hand side of Eq. (2),
and use it to predict the residues. To this aim we define
the effective residues,

β̂i(t) =
α(t) + k

Λα(t)+k

∫ Λ

0

ImAPWA
i (ν, t) νk dν, (4)

where APWA
i is the amplitude calculated from low-energy

models.
Because of Regge trajectory degeneracy, the β̂i(t)’s de-

scribe the sum of the contribution of both isovector and
isoscalar exchanges. Consistency of the single pole hy-
pothesis requires the rhs of Eq. (4) to be independent
of k.4 For |ν| > Λ, the amplitudes can be expressed in

3 The beam asymmetry is Σ ≡ (dσ⊥ − dσ‖)/(dσ⊥ + dσ‖), with
dσ⊥(‖) the differential cross section of the photon polarized per-
pendicular (parallel) to the reaction plane.

4 For example, if one added another nondegenerate trajectory
α2 < α, the effective residue would depend on k as β̂i =

βi+
βi,2

Λα−α2

α+k
α2+k

. The latter becomes negligible for Λ sufficiently

large.

Chapter 3. Sum rules for hadron amplitudes 53



3

0.0 0.2 0.4 0.6 0.8 1.0

-0.4

-0.2

0.0

0.2

-t HGeV2L

Β` 1Ht
L

k = 3
k = 5
k = 7
k = 9

Γp ® Π0p
smax = H2.4 GeVL2

(a)

0.0 0.2 0.4 0.6 0.8 1.0
-1.0

0.0

1.0

2.0

3.0

4.0

5.0

-t HGeV2L
Β` 4Ht

L

k = 3
k = 5
k = 7
k = 9

Γp ® Π0p
smax = H2.4 GeVL2

(b)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

-t HGeV2L

Β` 1Ht
L

k = 3
k = 5
k = 7
k = 9

Γp ® Ηp
smax = H2 GeVL2

(c)

0.0 0.2 0.4 0.6 0.8 1.0
-0.1

0.0

0.1

0.2

0.3

-t HGeV2L

Β` 4Ht
L

Γp ® Ηp
smax = H2 GeVL2

k = 3
k = 5
k = 7
k = 9

(d)

FIG. 2. Effective residues computed from the low energy models using Eq. (4). (a) and (b): π0 photoproduction using
SAID [33]. (c) and (d): η photoproduction using η-MAID [32]. For π0, the single pole approximation is valid for −t . 0.5 GeV2,
as explained in the text. The dispersion in k is small for π0, while the large variation with k for η indicates issues with the low
energy model.

terms of the effective residues as [38]

Âi(ν, t) =
[
i+ tan

π

2
α(t)

]
β̂i(t) ν

α(t)−1. (5)

The Âi(ν, t) are the high energy amplitudes calculated

from the low energy models entering in the β̂i(t). Com-
paring the observables calculated with these to data al-
lows us to check the quality of the low energy models.
In the high energy limit, the differential cross section be-
comes

dσ̂

dt
' 1

32π

[∣∣∣Â1

∣∣∣
2

− t
∣∣∣Â4

∣∣∣
2
]

=
ν2α(t)−2

32π

[
1 + tan2 π

2
α(t)

] [
β̂2

1(t)− t β̂2
4(t)

]
. (6)

Results.— We next discuss what these constraints can
tell us about the existing low energy analyses. We
consider β̂i(t) for k = 3, 5, 7, 9. For π0, we use the
SAID partial wave model which is valid up to smax =
(2.4 GeV)2 [33]. For η, the amplitudes need to be ex-
trapolated below the physical ηN threshold, down to the
πN threshold (see Fig. 1). Among the various models,
only η-MAID [32], valid only up to smax = (2 GeV)2, is
given in terms of analytical functions that allow for this
continuation [46].

The two effective residues β̂1,4(t) are shown in
Figs. 2(a) and 2(b) for π0 and in Figs. 2(c) and 2(d) for
η, respectively. In the case of π0, we restrict the analysis
to the 0 ≤ −t ≤ 0.5 GeV2 region, because of subleading
Regge cut contributions which are known to dominate
the cross section at higher −t [47]. We note that the
residues are fairly independent of k. Conversely, the de-
pendence on k for η is large. This points to a problem in
the low energy model. Possible reasons can be that the
resonant content for energies less than 2 GeV is under-
estimated, or the 2− 3 GeV resonances are relevant. In
either case the low energy model can be improved using
these constraints.

In Fig. 3(a) we predict the high energy π0 differen-
tial cross section computed in Eq. (6) using the effective

residues β̂i(t). Both the magnitude and shape of the t
dependence show a remarkable agreement with the data.
The energy dependence is given by the trajectories in
Eq. (3). In the region of interest, the t dependence is
fully determined by the low energy amplitudes through
the integral over the imaginary part, see Eq. (2). There
is a dip in the cross section data near −t = 0.5 GeV2,
which can be traced to the zero in the dominant β̂4(t)
at −t ' 0.7 GeV2 in Fig. 2(b). The predictions are al-
most independent of the moment k. The t dependence
is identical for moments up to k = 9, and the overall
normalization changes by a maximum of 20%.

The predictions for η are shown in Fig. 3(b). Since the

β̂i(t) computed from the low energy model have signifi-
cant k dependence, we show the cross section for fixed,
k = 3, which happens to have the correct overall normal-
ization. The prediction agrees very well with data up to
somewhat higher −t, but it underestimates the cross sec-
tion in the forward, −t < 0.25 GeV2 region. This effect
originates from the small value of β̂4 in this region, as can
be seen on Figs. 2(c) and 2(d). It is worth noting that the
available PWA models [25, 27, 31, 32] strongly disagree in
this specific t region. In particular, in η-MAID there is a
peculiar cancellation between isoscalar and isovector ex-
changes, which results in a smaller effective residue [46].
This illustrates how the implementation of our approach
can impact on the low energy analyses.

Conclusions.— We discussed a technique which uses
analyticity to constrain low energy hadron effects with
the high energy data. We have benchmarked it against
meson photoproduction, one of the main reactions to
study hadron spectroscopy. In this specific case, we
showed the effectiveness of the approach in identifying
potential deficiencies in the low energy models. We
showed explicitly how the baryon spectrum determines
the seemingly unrelated meson exchanges dominating
forward scattering at high energies, and vice versa. Ex-
periments at Jefferson Lab are currently exploring meson
photoproduction above the baryon resonance region. The
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FIG. 3. Differential cross sections computed from the low energy models using Eq. (6). (a) π0 photoproduction using
SAID [33]. The prediction is restricted to −t < 0.5 GeV2, as explained in the text. The error band takes into account the
(small) dispersion with k. The legend indicates the beam energy in the laboratory frame and the scaling factors. Data are
from [40]. (b): η photoproduction using η-MAID [32]. Prediction is shown for k = 3, as explained in the text. The legend
indicates the beam energy in the laboratory frame. Data are from [39] (circles) and [41] (squares). For π0 the prediction agrees
with data, while for η the depletion in the forward −t < 0.25 GeV2 is a marker for an inconsistency of the low energy model.

technique presented here can be applied to these forth-
coming data, and make a significant impact on baryon
spectroscopy research. The approach can be extended to
other hadron reactions, and help control the hadronic ef-
fects that drive the uncertainties in New Physics searches,
especially in the heavy flavor sector.
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The reaction γN → ηN is studied in the high-energy regime (with photon lab energies Elab
γ > 4 GeV)

using information from the resonance region through the use of finite-energy sum rules. We illustrate how
analyticity allows one to map the t dependence of the unknown Regge residue functions. We provide
predictions for the energy dependence of the beam asymmetry at high energies.

DOI: 10.1103/PhysRevD.95.034014

I. INTRODUCTION

Pseudoscalar-meson photoproduction on the nucleon is
of current interest for hadron reaction studies. At low
energies it provides information about the nucleon spec-
trum [1–7] while at high energies it reveals details of the
residual hadron interactions due to cross-channel particle
(Reggeon) exchanges [8]. These two regimes are analyti-
cally connected, a feature that can be used to relate properties
of resonances in the direct channel to Reggeons in the cross
channels. In practice this can be accomplished through
dispersion relations and finite-energy sum rules (FESR) [9].
In the resonance region there is abundant data on η

photoproduction on both proton and deuteron targets
including polarization measurements (see for example
Refs. [10–15]). On the other hand, for higher energies
(Elab > 4 GeV), only the unpolarized differential cross
section has been measured [16,17], providing little con-
straint on theoretical models. However, this is about to
change thanks to the forthcoming data from the GlueX
experiment at Jefferson Lab [18,19].
Even though photons couple to both isospin I ¼ 0, 1

states, there are some notable differences between high-
energy photoproduction of the η (I ¼ 0) and the π0 (I ¼ 1).
The neutral pion differential cross section has a dip in the
momentum transfer range, −t ∼ 0.5–0.6 GeV2, whereas
the ηmeson differential cross section is rather smooth there.
The dip in neutral pion photoproduction is likely to be

associated with zeros in the residues of the two dominant
Regge exchanges, the ρ and the ω [20–22]. It is an open
question, however, what mechanisms are responsible for
filling in the dip in eta photoproduction. It is often assumed
that large unnatural contributions come into play [23–26].
Finite-energy sum rules can provide clues here by relating
the t dependence of Regge amplitudes to that of the low-
energy amplitude, usually described in terms of a finite
number of partial waves. Early attempts could not resolve
this issue due to the low quality of the data and the large
uncertainties in the parametrization of the partial waves
[24,25]. Nowadays, however, there are several models that
have been developed for the resonance region of η photo-
production [1–4,7] allowing for a more precise FESR
analysis. Our main objective is to settle the discussion
on the dip mechanism by invoking information from the
low-energy regime. To this end, a Regge-pole model is
fitted to the available high-energy cross-section data and
compared to low-energy models through FESR. This work
on η photoproduction and ongoing work on π0 photo-
production [27] will set the stage for a combined low- and
high-energy analysis of related reactions.
As we discuss in this paper, the largest uncertainty in η

photoproduction stems from the unnatural parity Regge
exchanges that in principle can be isolated through the
photon beam asymmetry measurement. Such measurement
will soon be published by the GlueX Collaboration. The
experiment uses linearly polarized photons with energy
Elab
γ ∼ 9 GeV, and it has simultaneously measured η and π0

production. These novel high-energy data will help to*Jannes.Nys@UGent.be
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reduce the systematic uncertainties and to provide a better
constraint on Regge amplitudes for these reactions.
Through the FESR analysis of η photoproduction we make
new predictions based on the hypothesis of Regge-pole
dominance to be compared with the forthcoming result
from GlueX.
This paper is organized as follows. In Sec. II we discuss

the formalism and set up all conventions with further details
given in the Appendixes. Central to Regge theory, the topic
of factorization is introduced in Sec. III. Section IV focuses
on the dispersion relation used in the derivation of the
FESR. The latter is presented in Sec. V. In Sec. VI we
present the method used to analytically continue the low-
energy amplitudes below the physical threshold which is
needed in the calculation of the dispersive integral. The
predictions arising from the low-energy side of the FESR,
i.e. left-hand side (LHS) of the sum rules, are discussed in
Sec. VII and compared to the high-energy data and the
Regge model in Sec. VIII. The interpretation of the results
and further development of the Regge model, in which we
discuss possible contributions from the enigmatic ρ2 andω2

exchanges, is given in Sec. IX. Our conclusions are
summarized in Sec. X.

II. FORMALISM: SCALAR AMPLITUDES

We describe the kinematics of η photoproduction on a
nucleon target, the s-channel reaction,

γðk; μγÞ þ Nðpi; μiÞ → ηðqÞ þ N0ðpf; μfÞ; ð1Þ
by specifying particle four-momenta and helicities. We use
MN and μ to denote the nucleon and ηmasses, respectively.
For all other particles we denote their masses by mx.
Throughout this paper we use the standard Mandelstam
variables

s¼ðkþpiÞ2; t¼ðk−qÞ2; u¼ðk−pfÞ2; ð2Þ

related by sþ tþ u ¼ Σ ¼ 2M2
N þ μ2. We refer to

Appendix A for further details on the kinematics. The u
channel, in which the variable u represents the physical
center-of-mass energy squared of the γN̄ → ηN̄ reaction, is
related to the s channel by charge conjugation. To make this
symmetry explicit, we use the crossing variable

ν ¼ s − u
4MN

¼ s
2MN

þ t − Σ
4MN

¼ Elab þ
t − μ2

4MN
: ð3Þ

Hence, the t channel corresponds to γη → N̄N. In order
to formulate the dispersion relations, it is necessary to
isolate and remove kinematical singularities. For this
reason, it is convenient to work with the invariant ampli-
tudes that are kinematic singularity free functions of the
Mandelstam invariants. These amplitudes multiply four
independent covariant tensors that contain the kinematical
singularities. The tensor basis is constructed by combining

the photon polarization vector ϵμ ≡ ϵμðk; μγÞ and particle
momenta [28],

M1 ¼
1

2
γ5γμγνFμν; ð4Þ

M2 ¼ 2γ5qμPνFμν; ð5Þ
M3 ¼ γ5γμqνFμν; ð6Þ

M4 ¼
i
2
ϵαβμνγ

αqβFμν: ð7Þ

Here P ¼ ðpi þ pfÞ=2 and Fμν ¼ ϵμkν − kμϵν. In terms of
these covariants the s-channel amplitude is given by

Aμf;μiμγ ¼ ūμfðpfÞ
�X4

k¼1

AkMkðμγÞ
�
uμiðpiÞ; ð8Þ

where the Ak stand for the kinematic singularity and zero
free amplitudes which contain the dynamical information
on resonances and Regge exchanges. It is convenient to
decompose the invariant amplitudes in terms of amplitudes
with well-defined isospin in the t channel, As and Av for
I ¼ 0 and I ¼ 1, respectively,

Aab
i ¼ As

iδ
ab þ Av

i τ
ab
3 ; ð9Þ

where a and b are the isospin indices of the two nucleons.
Hence,

Ap
i ¼ Aiðγp → ηpÞ ¼ As

i þ Av
i ; ð10aÞ

An
i ¼ Aiðγn → ηnÞ ¼ As

i − Av
i : ð10bÞ

We will use the collective notation Aσ
i for the isospin

components (σ ¼ s, v). For isoscalar, e.g. η meson photo-
production, the s and u channels correspond to fixed
I ¼ 1=2. It follows from the symmetry properties of the
covariantsMi under s ↔ u crossing that the amplitudes Aσ

i
with i ¼ 1, 2, 4 (i ¼ 3) are even (odd) functions of ν, i.e.

Aσ
i ð−ν − iϵ; tÞ ¼ ξiAσ

i ðνþ iϵ; tÞ; ð11Þ
with ξ1 ¼ ξ2 ¼ −ξ3 ¼ ξ4 ¼ 1 and ϵ > 0. The t-channel
quantum numbers of the invariant amplitudes can be
identified by projecting onto the t-channel parity-conserving
helicity amplitudes. The latter can be decomposed in terms
of the L − S basis allowing for identification of the spin and
parity (see Ref. [22] and references therein). For γN → ηN,
we list the invariant amplitudes in Table I together with the
corresponding quantum numbers and possible t-channel
exchanges. We note that the amplitude A0

2 ¼ A1 þ tA2,
instead of A2, has good t-channel quantum numbers [22].
We will work with the set of amplitudes ðA1; A0

2; A3; A4Þ
which allow us to separate natural from unnatural parity
t-channel contributions. The γη state couples to C ¼ −1
exchanges in the t channel, which for the NN̄ state implies

J. NYS et al. PHYSICAL REVIEW D 95, 034014 (2017)
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C ¼ ð−1ÞLþS ¼ −1. For the NN̄ state, parity is given by
P ¼ ð−1ÞLþ1. Thus, for positive parity the total angular
momentum is odd (J ¼ L), while for negative parity, J is
either odd or even (J ¼ L� 1, L). Furthermore, since C ¼
−1 the NN̄ state has G-parity equal to −1 for I ¼ 0 andþ1
for I ¼ 1. Beside known resonances, t-channel exchanges
with JPC ¼ ð2; 4;…Þ−− are also allowed, but no mesons
with these quantum numbers have been clearly observed1 to
date [31]. These quantum numbers are not exotic (only the
0−− is), and both the quark model and lattice QCD results
predict the existence of such states [32,33]. At high energies
the dominant t-channel contributions in η photoproduction
are expected from the natural exchanges,which according to
Table I feed into the A1 and A4 amplitudes. The C-parity
conservation prohibits exchanges of the signature partners
of the ρ andω, the a2ð1320Þ and f2ð1270Þ, respectively. The
amplitudes for isovector exchanges (ρ, b, and ρ2) on proton
and neutron differ by sign. Schematically, the net contri-
bution of t-channel exchanges considered here is given by

γp → ηp; A ¼ ðωþ hþ ω2Þ þ ðρþ bþ ρ2Þ; ð12Þ

γn → ηn; A ¼ ðωþ hþ ω2Þ − ðρþ bþ ρ2Þ: ð13Þ

At large s the expression for the differential cross section
and the photon beam asymmetry (Σ) simplifies and in terms
of the scalar amplitudes is given by

dσ
dt

¼ 1

32π
ðjA1j2 − tjA4j2 þ jA0

2j2 − tjA3j2Þ; ð14Þ

Σ
dσ
dt

¼ 1

32π
ðjA1j2 − tjA4j2 − jA0

2j2 þ tjA3j2Þ; ð15Þ

while the exact expression for the differential cross section
reads

dσ
dt

¼ 1

64πsjkj2
1

2

X
μf;μi¼�

jAμf;μi1j2; ð16Þ

since negative photon helicities are related by parity
conservation.

III. TESTS OF FACTORIZATION

One of the main purposes of this paper is to investigate
whether the high-energy data can be described entirely in
terms of factorizable Regge poles [34], or whether other
contributions are needed. Specifically we investigate the
implications of angular-momentum conservation which
gives a stronger constraint onRegge amplitudes as compared
to its implications for the scattering amplitude in general. In
the s → ∞ limit, s-channel angular-momentumconservation
implies that the s-channel helicity amplitudes in Eq. (8) have
the following behavior as t → 0 (see Appendix B):

Aμf;μiμγ ∼t→0
ð−tÞn=2; ð17Þ

where n ¼ jðμγ − μiÞ − ð−μfÞj ≥ 0 is the net s-channel
helicity flip. This is a weaker condition than the one imposed
by angular-momentum conservation on factorizable Regge
amplitudes,

Aμf;μiμγ ∼t→0
ð−tÞðnþxÞ=2; ð18Þ

where nþ x ¼ jμγj þ jμi − μfj ≥ 1. We summarize the
expected behavior for the four independent helicity ampli-
tudes in Table II. It can be seen that when factorization is
imposed, all helicity amplitudes in the Regge-pole model
vanish at t ¼ 0. If only the condition given in Eq. (17) is
imposed, the s-channel nucleon helicity flip amplitudeA−;þ1

can be finite at t ¼ 0.
At leading order in s, and for small jtj, the s-channel

helicity amplitudes are related to the invariantsAi by [22,24]

1ffiffiffi
2

p
s
ðAþ;þ1 þ A−;−1Þ ¼

ffiffiffiffiffi
−t

p
A4; ð19Þ

1ffiffiffi
2

p
s
ðAþ;−1 − A−;þ1Þ ¼ A1; ð20Þ

1ffiffiffi
2

p
s
ðAþ;þ1 − A−;−1Þ ¼

ffiffiffiffiffi
−t

p
A3; ð21Þ

1ffiffiffi
2

p
s
ðAþ;−1 þ A−;þ1Þ ¼ −A0

2 ¼ −ðA1 þ tA2Þ: ð22Þ

TABLE I. Invariant amplitudes Ai with corresponding t-chan-
nel exchanges. I is isospin, G is G-parity, J is total spin, P is
parity, C is charge conjugation, and η ¼ Pð−1ÞJ is the naturality.
Ai IG JPC η Leading exchanges

A1 0−, 1þ ð1; 3; 5;…Þ−− þ1 ρð770Þ, ωð782Þ
A0
2 0−, 1þ ð1; 3; 5;…Þþ− −1 h1ð1170Þ, b1ð1235Þ

A3 0−, 1þ ð2; 4;…Þ−− −1 ρ2ð??Þ, ω2ð??Þ
A4 0−, 1þ ð1; 3; 5;…Þ−− þ1 ρð770Þ, ωð782Þ

TABLE II. Behavior of the s-channel helicity amplitudes Aμf ;μi1
for given nucleon helicities, as predicted by Eqs. (17) and (18).

Aμf ;μi1 n nþ x

A−;−1 1 1
A−;þ1 0 2
Aþ;−1 2 2
Aþ;þ1 1 1

1There are some experimental indications of the existence
of ρ2 and ω2 mesons [29,30]. However, these states are observed
by a single group, are poorly established, and thus need
confirmation [31].
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Thus, at high energies the invariants A3 and A4 (A1 and A0
2)

correspond to the s-channel nucleon-helicity nonflip (flip),
respectively. Combining Eqs. (20) and (22) we obtain

A−;þ1 ¼ −
sffiffiffi
2

p ðA0
2 þ A1Þ: ð23Þ

We find that angular-momentum conservation does not
require any of the invariant amplitudes Ai to vanish at
t ¼ 0, but the stronger condition of Eq. (18) implies that the
Regge residues of A1 and A0

2 ought to vanish.
The FESR can be used to test factorization by relating the

t ¼ 0 behavior of the high-energy amplitudes to the behav-
ior at low energy, obtained for example from a phase-shift
analysis.

IV. DISPERSION RELATIONS

We assume that the scalar amplitudes have only the real
axis dynamical cuts imposed by unitarity, and we write the
dispersion relations for Aσ

i ðν; tÞ at constant t using the
contour in the ν plane shown in Fig. 1.
In Fig. 1 we identify the nucleon pole and a cut starting

from the πN threshold. We relate the residues of the s- and
u-channel poles to the phenomenological couplings by
identifying them with the Born terms calculated using an
effective Lagrangian [35] as shown in Fig. 2,

LγNN ¼ −eN̄γμ
1þ τ3

2
NAμ þ e

4MN
N̄ðκs þ κvτ3ÞσμνNFμν;

ð24Þ

LηNN ¼ −iζgηNNN̄γ5Nϕη þ ð1 − ζÞ gηNN

2MN
N̄γμγ5N∂μϕη;

ð25Þ
where κs ¼ 1

2
ðκp þ κnÞ and κv ¼ 1

2
ðκp − κnÞ are the iso-

scalar and isovector nucleon anomalous magnetic moments

and σμν ¼ i
2
½γμ; γν�. The two limiting cases are the ζ ¼ 0

pseudovector and ζ ¼ 1 pseudoscalar coupling. The role of
these two couplings has been explored in dynamical
models for the scattering amplitude based on effective
Lagrangians [35–37]. In the Born terms, however, the
difference between the two interactions leads to a nonpole
contribution that does not contribute to the on-shell
scattering amplitude for which the dispersion relation is
written. The derivative term reduces indeed to the other one
upon use of the equation of motion.
For the Born terms the two diagrams in Fig. 2 give (see

Appendix C)

Aσ;pole
1 ðν; tÞ ¼ egηNN

4MN

�
1

ν − νN
−

1

νþ νN

�
; ð26Þ

Aσ;pole
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egηNN

4M2
N

�
1

ðν − νNÞðνþ νNÞ
�

¼ −
egηNN

ðt − μ2Þ2MN

�
1

ν − νN
−

1

νþ νN

�
; ð27Þ

Aσ;pole
3 ðν; tÞ ¼ −

egηNN

MN

κσ

4MN

�
1

ν − νN
þ 1

νþ νN

�
; ð28Þ

Aσ;pole
4 ðν; tÞ ¼ −

egηNN

MN

κσ

4MN

�
1

ν − νN
−

1

νþ νN

�
; ð29Þ

where νN ¼ ðt − μ2Þ=ð4MNÞ. The coupling gηNN is less
known than gπNN . Using the latter and SU(3) symmetry one
finds g2ηNN=4π ¼ 0.9–1.8 (where the uncertainty is induced
by the uncertainty on the F=D ratio) [35,38]. On the other
hand, from fits to the η photoproduction data using effective
and chiral Lagrangian models [36,37], one obtains a
smaller value, g2ηNN=4π ¼ 0.4–0.52. Similar results are
found in the quark models of Refs. [39,40], while other
constituent-quark models find an even smaller value,
g2ηNN=4π ¼ 0.04 [41]. In the following we choose
g2ηNN=4π ¼ 0.4 as a canonical value. On the real axis the
dispersion relations for (ξi¼1;2;4 ¼ þ1) are given by

ReAσ
i ðν; tÞ ¼ Bσ

i ðtÞ
2νN

ν2N − ν2
þ 2

π
P
Z þ∞

νπ

ν0
ImAσ

i ðν0; tÞ
ν02 − ν2

dν0;

ð30Þ

and for (ξi¼3 ¼ −1) by

FIG. 1. Contour in the complex ν plane used for the dispersion
relations. The s- and u-channel nucleon poles and πN threshold
and cut are shown.

FIG. 2. Nucleon pole contributions to the dispersion relations.
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ReAσ
i ðν; tÞ ¼ Bσ

i ðtÞ
2ν

ν2N − ν2
þ 2ν

π
P
Z þ∞

νπ

ImAσ
i ðν0; tÞ

ν02 − ν2
dν0:

ð31Þ
The residues Bσ

i ðtÞ of the nucleon poles are tabulated in
Table III.

V. FINITE-ENERGY SUM RULES

For the high-energy part of the amplitude, we use a
Regge parametrization. The contribution of a Regge pole
with signature τ ¼ ð−1ÞJ to scalar amplitudes Ai is given
by [42]

Ai;Rðν; tÞ ¼ −βiðtÞ
τðriνÞαðtÞ þ ð−riνÞαðtÞ

sin παðtÞ ðriνÞ−1; ð32Þ

¼ −βiðtÞ
τ þ e−iπαðtÞ

sin παðtÞ ðriνÞαðtÞ−1; ð33Þ

where Eq. (33) is the reduction on the real axis of the more
general expression in Eq. (32). The ri is a scale parameter
of dimension GeV−1 and the residues βiðtÞ are dimension-
less. Under crossing

Ai;Rð−ν; tÞ ¼ −τAi;Rðν; tÞ; ð34Þ
where τ ¼ −1 (þ1) for vector (tensor) exchanges. The
Ai ∼ να−1 behavior corresponds to the typical να behavior
for the s-channel helicity amplitudes [see Eqs. (19)–(22)].
Regge theory does not determine the residues βðtÞ
uniquely. They can be fixed, for example by comparing
with the data. It follows from unitarity, however, that in the
s-channel physical region, both βðtÞ and αðtÞ are real. The
Regge amplitudes in Eq. (32), being analytical functions of
ν, can be represented via a dispersive integral,

ReAσ
i;Rðν; tÞ ¼

1

π
P
Z þ∞

0

ImAσ
i;Rðν0; tÞ

�
1

ν0 − ν
þ ξi
ν0 þ ν

�
dν0:

ð35Þ
If, for a particular energy Λ, the scalar amplitudes Aσ

i
can be approximated by the Regge form Aσ

i ðν; tÞ ¼
Aσ
i;Rðν; tÞ for ν > Λ, then Eqs. (30), (31), and (35) lead

to the FESR [43],

πBσ
i ðtÞ
Λ

�
νN
Λ

�
k
þ
Z

Λ

νπ

ImAσ
i ðν0; tÞ

�
ν0

Λ

�
k dν0

Λ

¼ βσi ðtÞ
ðriΛÞαðtÞ−1
αðtÞ þ k

; ð36Þ

which are used for even (odd) integer k corresponding to
ξi ¼ −1 (ξi ¼ 1), respectively. The energy Λ denotes the
transition energy between the low- and high-energy regimes.
In order to derive Eq. (36), one expands the combination of
Eqs. (30), (31), and (35) in powers of ν0=ν < 1 (since ν0 < Λ
and ν > Λ), after which the result follows from the condition
for the coefficients of ð1=νÞk. Hence, in principle Eq. (36) is
satisfied for all even (odd) integer k for each crossing odd
(even) invariant amplitude. Alternatively, one can derive
continuous-moment sum rules which also require the real
part of the low-energy amplitude [44,45]. The LHS of the
FESR is a function of t determined by the low-energy
behavior of the scattering amplitude. The right-hand side
(RHS) is a function of t determined by the high-energy
behavior, which we parametrize by Regge poles. Amplitude
zeros or other features of the t dependence seen on the LHS
side will be linked to the residue functions βðtÞ.

VI. SUBTHRESHOLD CONTINUATION

The integral on the LHS of the FESR of Eq. (36) starts at
the lowest s-channel threshold, i.e. the πN threshold, and it
is necessary to analytically continue the scalar amplitudes
below the physical ηN threshold (see Fig. 3).
Low-energy parametrizations that are currently available

are based on the partial-wave series expansion. The series
diverges in the unphysical domain and approximations
are required. In the following we collectively denote
the electric (El�) and magnetic (Ml�) multipoles, by

z = +1

z = –1

N N N

0.0 0.5 1.0 1.5
–1.0

–0.8

–0.6

–0.4

–0.2

0.0

(GeVv )

t(
G

eV
2
)

FIG. 3. Overview of the kinematic domains. The red band is the
unphysical subthreshold region where we continue the ampli-
tudes. The solid red lines indicate the πN and ηN branch points atffiffiffi
s

p ¼ 1.07 GeV and 1.49 GeV, respectively. The red dashed line
shows the nucleon pole. The solid black lines show the bounda-
ries tðzs ≡ cos θ ¼ �1Þ of the physical domain, which is in-
dicated by the dark shade. The white domain between the ηN and
physical boundary lines shows the unphysical domain above
threshold where we use the multipole expansion to reconstruct the
amplitudes. The black dashed line shows the upper boundary Λ of
the low-energy dispersion integral in Eq. (36).

TABLE III. Pole contributions to the dispersion relations in
Eqs. (30) and (31).

σ ¼ s σ ¼ ν

Bσ
1 − egηNN

4MN
− egηNN

4MN
e ¼ 0.303

Bσ
2

egηNN

2MN

1
t−μ2

egηNN

2MN

1
t−μ2 g2ηNN=4π ¼ 0.4

Bσ
3

egηNN

4MN

κs

MN

egηNN

4MN

κv

MN
κs ¼ −0.065

Bσ
4

egηNN

4MN

κs

MN

egηNN

4MN

κv

MN
κv ¼ 1.845
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Ml�. Specifically, we use the η-MAID 2001 [4] model and
an approach similar to Ref. [46] to continue the multipoles
in s ¼ W2. For individual moments we identify resonances
that give the dominant contributions close to threshold and
continue them below threshold using the Breit-Wigner
parametrization used in the η-MAID 2001 model [4]. The
formalism is summarized in Appendix D. At the ηN
threshold, the multipoles behave as Ml� ∼

jqj→0
jqjl, where

q is the relative three-momentum in the ηN center-of-mass
frame, and from Eq. (A5) it follows that cos θjqj is linear in
t and finite at threshold (except on the boundary of the
physical region where it is 0). Thus, even though individual
multipoles are suppressed at threshold they give a finite
contribution at fixed t. Some multipoles are dominated at
threshold by a well-known resonance. For example, in the
ηN photoproduction channel, the E0þ is substantial at
threshold in the physical region due to the S11ð1535Þ
resonance, which couples strongly to the ηN channel.
But there are also multipoles where it is not clear how
much they should contribute below the ηN threshold. In
practice, we identify the main multipole contributions to the
invariant amplitudes at the ηN threshold, and we continue
them below threshold until no discontinuities are notable at
threshold within the considered domain 0 ≤ −t ≤ 1 GeV2.
We hereby start from the lowest multipole order l ¼ 0 and
add subthreshold-continued higher-order multipoles until
the invariant amplitudes below the ηN threshold (generated
from a lower number of partial waves) sufficiently repro-
duce the amplitudes at threshold. The resulting isospin
components of the continued invariant amplitudes are
shown in Fig. 4. We note that the continuation becomes
less reliable as −t increases, and we restrict the analysis to
the range 0 ≤ −t ≤ 1 GeV2.

VII. LEFT-HAND SIDE OF THE FESR

We proceed with the discussion of the LHS of the FESR
(36). Various features of the observed t dependence will be

analyzed in the context of the Regge parametrization in the
following section.
To compute the LHS we use a single parametrization for

the low-energy amplitudes from the η-MAID 2001 model
[4]. Three main restrictions hinder the use of other available
models. First, the sum rules in Eq. (36) require isospin
decomposable amplitudes, meaning that a proton and
neutron version of the low-energy model must be available.
Second, the ingredients of the low-energy model should be
simple enough and well tabulated in the corresponding
references in order to allow for a reconstruction of the
model. The latter is mandatory to enable a subthreshold
continuation of the model amplitudes. For example, the
Bonn-Gatchina model [1] does provide a set of isospin
decomposed multipoles. However, we were unable to
continue the invariant amplitudes below the ηN threshold
starting from the provided multipoles. A third restriction is
that the low-energy models should be valid up to suffi-
ciently high energies (W ≳ 2 GeV). A different version of
the η-MAID model (dubbed η-MAID 2003) was presented
in Refs. [47,48] with the aim to remedy the overestimated
D15ð1675Þ contribution in the η-MAID 2001 model. The
model includes Regge contributions. However, since their
parametrization is significantly different from the standard
definition in Eq. (32), we do not include it in our analysis.
After carrying out the FESR analysis with the η-MAID

2001 amplitudes, we will compare the results to the Bonn-
Gatchina 2014-02 (BoGn) [1], ANL-Osaka (ANL-O) [2],
and Julich-Bonn (JuBo) [3] models for the proton target.
For the latter two models, only the proton amplitudes are
available. Furthermore, as discussed earlier, for all these
other models, it is unclear how to extrapolate the invariant
amplitudes outside the physical region j cos θj ≤ 1.
Figure 3 illustrates the domain where the LHS of the

FESR is evaluated and the different kinematic domains are
covered therein. Note that the s- and u-channel πN thresh-
olds start to overlap at νπðtπÞ ¼ 0 or tπ ¼ −0.243 GeV2 [see
Eq. (A8)]. In principle, at higher −t, the Schwarz reflection
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FIG. 4. Isoscalar and isovector invariant amplitudes ðA1; A0
2; A3; A4Þ of the η-MAID 2001 model [4] at t ¼ 0, −0.5, and −1 GeV2.
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principle is no longer applicable, since the scattering
amplitude is no longer real on a part of the real axis.
From analyticity of the scattering amplitude in t, it is
assumed that the dispersion relations can be applied beyond
−tπ. The η-MAID 2001 model is applicable from threshold
up toWmax ¼ 2 GeV or Elab

γ;max ¼ 1.66 GeV. Therefore, we
are forced to take Λ ¼ Elab

γ;max þ ðt − μ2Þ=4MN .
The η-MAID 2001 model incorporates the nucleon Born

terms, real t-channel ρ and ω exchanges, and nucleon
resonances up to the F15 partial wave. Hence, the imagi-
nary part of the model amplitudes can be reconstructed by
including the l ≤ 3 multipoles. The results for the LHS
of the FESR are shown in Fig. 5. Below we comment on the
specific features observed in its t dependence. We concen-
trate on moments with k > 1, since Eq. (36) assumes
αþ k > 0 and in order to reduce sensitivity to the sub-
threshold continuation. We also show the LHS of the FESR
for a single moment in Fig. 6, where the contribution of the

Born terms is illustrated. It turns out that the main features
(i.e. relative strength and zeros) in the LHS can be
attributed to the dispersive integral. Therefore, we discuss
Fig. 5 in terms of the dispersive term only. To facilitate the
discussion on factorization, we also include the sum rules
for the s-channel helicity amplitude A−;þ1 [see Eq. (23)]
in Fig. 7.

(i) Comparing the LHS for the two isospin components
of A1, we find a dominant isovector contribution.
Considering As;v

1 in Fig. 4 at e.g. t ¼ −0.5 GeV2, the
large LHSðAv

1Þ can be traced back to strong reso-
nance contributions just above threshold and a
smaller contribution at W ¼ 1.6–1.7 GeV which
both carry the same sign in Av

1. While the bump
around W ¼ 1.5 GeV also dominates As

1, its iso-
scalar component is substantially smaller than its
isovector part. Also, the second bump at W ¼
1.6–1.7 GeV enters the isoscalar amplitude with
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FIG. 5. LHS of the FESR Eqs. (30) and (31). We ignore the lowest moment, in order to soften the dependence on the unphysical
subthreshold region. The results depicted on the top (bottom) four panels are for the isoscalar (isovector) component of the amplitude.
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FIG. 6. Matching the RHS with the LHS of the sum rules. The color band shows the range of the LHS, using a range of 0.04 ≤
g2ηNN=4π ≤ 6.075 couplings. The maximal (minimal) coupling is given by the dot-dashed (dotted) line. The coupling g2ηNN=4π ¼ 0.4
corresponds to the dashed line. The RHS obtained from the Regge model is indicated by the solid line.
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an opposite sign and reduces the dispersive integral in
LHSðAs

1Þ. The large LHSðAv
1Þ is consistent with the

expectation for the high-energy side of the sum rule,
which is related to a large s-channel nucleon-helicity
flip component of the t-channel ρ exchange. The
small LHSðAs

1Þ is related to a negligible helicity-flip
component of the ω (see Sec. VIII for details).

(ii) The bump aroundW ¼ 1.5 GeV in A1 has a strong t
dependence due to itsD13ð1520Þ content. In both As

1

and Av
1 the bump is smallest around t ¼ 0. As a

result, LHSðAv
1Þ tends toward zero for t → 0. For the

isoscalar component on the other hand, the smaller
contribution at higher W dominates the dispersive
integral at t ¼ 0, resulting in a different behavior of
LHSðAs

1Þ as t → 0. This second contribution to the
A1 is mainly attributed to the D15ð1675Þ and
P11ð1710Þ within the η-MAID 2001 model.

(iii) The LHS of the FESR for As
4 is large and switches

signs at t ≈ −0.5 GeV2. This behavior is generated
in the low-energy model by the contributions around
W ¼ 1.5 and 1.65 GeV which collectively switch
signs at t ≈ −0.5 GeV2. In the isovector component,
these two contributions work destructively. How-
ever, the predictions for the LHS are quite similar to
the isoscalar component, since its dispersive integral
is dominated by the resonances around W ¼
1.65 GeV and, hence, follows its sign switch. The
opposite sign of the LHSðAs

4Þ and LHSðAv
4Þ is

therefore mainly an effect induced by the contribu-
tions aroundW ¼ 1.65 GeV. The relative size of the
As
1 and As

4 (A
v
1 and Av

4) is related in the high-energy
model to a dominant nucleon-helicity nonflip (flip)
contribution of the ω (ρ).

(iv) TheLHSof theAv
3 FESR is quite substantial, which is

a feature that is not expected from the perspective of
the high-energy model. In fact, there are no known
mesons which feed into the A3 amplitude. Therefore,
one would expect the sum rules for As;v

3 to be small
compared to the other amplitudes. Considering
Fig. 4, it appears that this contribution is mainly
related to a bump around W ¼ 1.5 GeV and to a
smaller extent a constructively contributing peak
around W ¼ 1.65 GeV. For the isoscalar part, the
dominant peak aroundW ¼ 1.5 GeV is substantially

smaller than in the isovector component. On top of
that, the second peak contributes with an opposite
sign, resulting in a smaller LHS for the isoscalar
component of A3. The two bump structures are
mainly the result of the D13ð1520Þ and D15ð1675Þ
resonance content. Since it is known [47] that the
D15ð1675Þ is overestimatedwithin the η-MAID 2001
model, the non-negligible LHS predictions for Av

3

might be a model-specific feature.
We now focus on specific features (such as zeros) in the

LHS of the FESR that will be used to constrain the high-
energy model.

(i) The LHS of the FESR for the amplitude Av
1 shows a

zero at t ≈ 0.05 GeV2. A zero at t ¼ 0 is expected
from Regge pole factorization. Indeed, it can be seen
from Eqs. (20) that A1 must vanish at t ¼ 0 for
factorizable contributions, since all s-channel hel-
icity amplitudes vanish.

(ii) To study the factorization properties, consider the
LHS of the Av

−;þ1 FESR in Fig. 7. This s-channel
helicity amplitude was shown to be the only ampli-
tude which is not forced to be zero at t ¼ 0 by
angular-momentum conservation (see Sec. III). The
tendency toward zero at t ¼ 0 is not seen in the
isoscalar component of the A−;þ1 amplitude which is
a manifest violation of factorization. However, it
should be noted that the As

−;þ1 is small and might
actually be consistent with zero at t ¼ 0 within
uncertainties of the model. The observed possible
departure from factorization has also been seen in
other reactions. A well-known example is charged
pion photoproduction, where the factorization of the
pion exchange term predicts a dip in the cross section
at t ¼ 0, while the observed cross section is finite in
the range 0 ≤ −t ≤ m2

π [8]. In the latter case this may
be attributed to the conspiring contribution from s-
channel exchanges required by current conservation
[49].Alternatively itmay be due to absorption,whose
effect on the amplitude can be taken approximately
into account by evaluating the numerator of the pion
exchange at t ¼ m2

π, also known as Williams’ “poor
man absorption” model [50].

(iii) For both the isovector and isoscalar component of
the A4, we observe a zero in the LHS of the FESR in
the vicinity of t ≈ −0.5 GeV2.

(iv) The low-energy predictions of the FESR for A0s
2 and

A0v
2 suggest a similar behavior with a relative

strength v=s ≈ 1.5.
More contemporary and coupled-channel models,

such as Refs. [1–3], might provide more decisive informa-
tion on some of the above-mentioned observations. For
example, consider ImAp

1 and ImA0p
2 at t ¼ 0 in Fig. 8. These

models tend to predict a strong violation of factorization
in the high-energy ωð=ρÞ and b=h exchanges compared to
the somewhat older η-MAID 2001 model. Especially
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FIG. 7. LHS of the sum rules in Eq. (36) for the s-channel
isoscalar and isovector contributions to the helicity amplitude in
A−;þ1 Eq. (23).
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evaluating the A3 FESR with state-of-the-art coupled
channels might shed light on the unexpectedly large A3

contribution. However, such an analysis is currently hin-
dered by the problematic subtreshold region and low
predictive power and instabilities just above threshold, just
outside of the physical region.

VIII. RIGHT-HAND SIDE OF THE FESR

The RHS of the FESR is evaluated using a Regge
pole model. Inspired by the observations made in the
previous section, one is able to determine the t dependence
of the Regge pole residues βσi ðtÞ within the domain
0 ≤ −t ≤ 1 GeV2. The most direct way of using the
FESR is by computing the LHS of the FESR using a
low-energy model, and extracting the residues [by inverting
Eq. (36)] by introducing only assumptions about the Regge
trajectories. However, directly implementing the low-
energy predictions for the residues into a high-energy
model does not necessarily result in a satisfactory repro-
duction of the cross-section data.2 We will therefore fit a
LHS-inspired t dependence of the Regge pole residues to
the high-energy data and subsequently evaluate the RHS of

the FESR in Eq. (36). The latter is then compared to the
LHS of the FESR.
To obtain a better intuition about the Regge exchange

parameters entering the scalar amplitudes Ai we compute
those using a particle exchange instead of a Reggeon
exchange model (cf. Fig. 9). For example using Rρ¼
1=ðt−m2

ρÞ for the ρ meson exchange, we obtain the
following contributions to Aρ

i [22]:

Aρ
1 ¼ gρ1tR

ρ; A0ρ
2 ¼ 0; Aρ

3¼ 0; Aρ
4 ¼ gρ4R

ρ: ð37Þ

In the s channel, g1 (g4) corresponds to a nucleon-helicity
flip (nonflip). For b meson exchange
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FIG. 8. Comparison of the proton-target amplitudes Ap
i ¼ As

i þ Av
i of the high-energy Regge prediction to a number of resonance-

region models for t ¼ 0, −0.5, and −1 GeV2 from top to bottom. The models have been constructed using their l ≤ 5 multipoles only.

FIG. 9. Single-meson t-channel exchange diagram.

2This is partly related to the low cutoff energy Λ which is due
to the limited applicable energy domain of the low-energy model.
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Ab
1 ¼ 0; A0b

2 ¼ tgb2R
b; Ab

3 ¼ 0; Ab
4 ¼ 0: ð38Þ

These indicate the t factors that are necessary for angular-
momentum conservation and factorizable t-channel
exchanges. It should be stressed, however, that Regge
residue factorization is a stronger constraint than factori-
zation of on-shell couplings since the former imposes a
relation among the residues for all t.
Among others, the above effective parameters will later

be fitted to the available high-energy data. Below we derive
estimates for the coupling constants in order to constrain
the fit to realistic values. It will be useful for comparison to
relate the couplings g1 and g4 to the standard electromag-
netic tensor gt and vector gv coupling constants, λVηγ [4,35],

gV1 ¼ eλVηγ
μ

gVt
2MN

; gV4 ¼ −
eλVηγ
μ

gVv : ð39Þ

As an initial estimate we take the coupling constant for the
ρ and ω exchange from the η-MAID model (see Table 2 in
Ref. [4])

λωηγ ¼ 0.29; gωv ¼ 16.0; gωt ¼ 0; ð40Þ
λρηγ ¼ 0.81; gρv ¼ 2.4; gρt ¼ 14.64: ð41Þ

Note that λρηγ ≈ 3λωηγ as expected from SU(3) flavor
symmetry. These couplings are related to the gV1 and gV4
according to Eq. (39) yielding

gω1 ¼ 0; gω4 ¼ −2.57 GeV−1; ð42Þ
gρ1 ¼ 3.49 GeV−2; gρ4 ¼ −1.07 GeV−1: ð43Þ

These estimates show that ω is expected to be dominantly
helicity nonflip, while ρ is dominantly helicity flip. This is
consistent with fits to the high-energy data from the relative
helicity-flip and nonflip F=D ratios in combination with
SU(3) flavor symmetry (see for example Table AA.4c in
Ref. [8]). For the b and h exchange little is known about
their couplings [31], and the η-MAID model does not
include these exchanges. We obtain a first estimate based
on the predictions from the low-energy side of the FESR. In
Appendix E, we obtain gb2 ¼ 3.80 GeV−2 for the b cou-
pling based on SU(3) flavor symmetry and vector meson
dominance.
For the Regge exchange the trajectories αρ and αω are

fixed by considering the resonance spectrum. This fixes the
s dependence of the Regge-pole contributions. For V ¼ ρ,
ω, we assume weak degeneracy αVðtÞ ¼ 1þ α0Vðt −m2

ρÞ
where α0V ¼ 0.9 GeV−2. Note that αVðt0Þ ¼ 0 for
t0 ≈ −0.5 GeV2. For the axial vectors A ¼ b, h we assume
weak degeneracy with the pion trajectory αAðtÞ ¼ α0Aðt −
m2

πÞwith α0A ¼ 0.7 GeV−2 (see Fig. 10). Within the Regge-
pole model a number of constraints can be derived for the t
dependence of Regge residues βσi ðtÞ by comparing with the

LHS of the FESR. The two sides are compared in Fig. 6 and
below we summarize the main findings.

(i) The vector and axial-vector Regge amplitudes in
Eq. (32) have poles at odd integer values of α. The
poles generated by the sin πα denominator at even
integer α are removed by the signature factor
1 − e−iπα. Poles located at negative integer α are
unphysical and should be canceled by residue zeros.
Such poles can be removed by taking β∝ 1=Γðαþ1Þ
but this parametrization is not unique; e.g. one can
write βðtÞ ∝ ðαþ 1Þðαþ 2Þðαþ 3Þ � � �, which in
combination with the signature factor, forces the
amplitude to be finite (zero) at negative odd (even)
integer α.

(ii) A single Regge pole with α ¼ 0, physically corre-
sponds to a spin-0, t-channel exchange. For the ρ
and ω trajectories, this corresponds to t≈−0.5GeV2.
At α ¼ 0, the signature factor removes the wrong-
signature pole generated by sin πα, but the amplitude
remains finite. Since a spin-0 exchange cannot flip
the nucleon helicity, the Regge residues in the t-
channel spin-flip amplitudes are expected to vanish
at t ≈ −0.5 GeV2. These are referred to as the
nonsense wrong signature zeros (NWSZ). Similar
zeros are expected, for example in π0 photoproduc-
tion amplitudes [27]. Assuming factorization, the
hadronic vertex in neutral meson photoproduction
reactions can be related to πN scattering residues. A
zero has also been observed in the t-channel iso-
vector helicity-flip amplitude Bð−Þ in a recent FESR
analysis of low-energy πN scattering models [43].

(iii) The definite parity, singularity free t-channel
helicity-flip amplitudes can be written in terms of
the invariant amplitudes as [22]

F3 ¼ 2MNA1 − tA4; ð44Þ

FIG. 10. Chew-Frautchi plot including the π, b, h,
and ρ excitations and quark model states 2−− and 4−−. The
black lines show the trajectories αðtÞ ¼ 0.7ðt −m2

πÞ and
αðtÞ ¼ 1þ 0.9ðt −m2

ρÞ.
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F4 ¼ A3: ð45Þ
The FESR for these amplitudes are depicted in
Fig. 11. For ω exchange the nonsense wrong sig-
nature zeros are clearly present in LHSðAs

4Þ and
LHSðAs

3Þ and possibly in LHSðAs
1Þ. However, for

the ρ, only the LHSðAv
4Þ has the zero, while LHSðAv

1Þ
and LHSðAv

3Þ are finite near t ≈ −0.5 GeV2. The
absence of theNWSZ for the ρ exchange suggests the
importance of nonfactorizable corrections in this
amplitude.

(iv) The presence or absence of NWSZ distinguish π0

from η photoproduction. In π0 photoproduction,
there is a dip in the cross section near t ∼
−0.5 GeV2 because of the zero for the exchange
ω, which is dominant there [see Eq. (E1)], while for
η, the ρ is dominant which does not have this dip.

(v) One can force the NWSZ by taking βðtÞ ∝ αðtÞ in
the corresponding t-channel helicity flip amplitudes.
This procedure is referred to as the nonsense
mechanism [42,43]. Since ω is dominantly s-chan-
nel helicity nonflip, i.e. Aω

1 ∼ 0, one can approximate
Fω
3 ¼ −tAω

4 , and so we take βω4 ∼ α for simplicity.
Since there is no NWSZ in Aρ

1, there is no need to
impose such a relation between β and α for Fρ

3.
However, since a zero is observed in LHSðAρ

4Þ, we
do impose βρ4 ∼ α.

(vi) Since the h and b exchanges have quantum numbers
corresponding to t-channel nucleon-helicity nonflip
only, no NWSZ are expected in their residues. The
αb ¼ 0 occurs at t ¼ 0.018 GeV2, and indeed nei-
ther of the LHSðAs;v

2 Þ suggest the presence of a zero
at this t.

(vii) As discussed above, there are no known Reggeons
that would contribute to A3. The A3 corresponds to
quantum numbers of unnatural exchanges. However,
as seen from the LHS of the FESR, this contribution
is non-negligible. Figure 12 shows the contribution
of the A3 to the cross section evaluated using the η-
MAID 2001 model. At small −t, its contribution is
small increasing toward larger values of −t. In this
section we discuss the high-energy parametrization

where a “conservative model” is presented. The
model consists solely of known exchanges and for
which As;v

3 ≡ 0. In the next section, we elaborate an
“exploratory model” where we study the possibility
of including Regge trajectories for mesons which,
albeit predicted by lattice QCD and quark models
[32,33], have not been observed yet.

According to the arguments presented above we use the
following parametrization for vector contributions V ¼ ρ,
ω [using the notation of Eq. (32)]

βV1 ðtÞ ¼ gV1 t
−πα0V

2

1

ΓðαVðtÞ þ 1Þ ; ð46Þ

βV4 ðtÞ ¼ gV4
−πα0V

2

1

ΓðαVðtÞÞ ; ð47Þ

while for the axial vectors A ¼ b, h we use

β0A2 ðtÞ ¼ gA2 t
−πα0A

2

1

ΓðαAðtÞ þ 1Þ ; ð48Þ

where the prime in β02 denotes the fact that this is the A0
2

residue. This also explains the factor of t. The factor
−πα0=2 ensures the correct on-shell couplings. The func-
tions 1=Γðαþ 1Þ and 1=ΓðαÞ are both equal to 1 at the pole
α ¼ 1, yet they result in a different strength in the physical
region. The scale parameters ri [cf. Eq. (32)] are found to
efficiently compensate for the increased strength brought in
by 1=Γðαþ 1Þ and allows one to hold on to the on-shell
couplings calculated earlier. The ri parameters affect the
slope in t of the amplitudes by introducing an exponential
damping exp ½ðαðtÞ − 1Þ ln r� at large −t since we take r ≥
1 GeV−1 and αðtÞ < 1 in the physical region.
Each exchange e is assigned its own scale parameter in

Eq. (32), which will be denoted by rei . We introduce the
parameter reductions rρ1 ¼ rω1 , r

ρ
4 ¼ rω4 , and rb2 ¼ rh2 , and,

therefore, we drop the superscript. In order to further reduce
the number of free parameters, we assumeweak degeneracy
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FIG. 11. LHS and RHS of the FESR for the two isospin
components of the definite parity, singularity free t-channel
nucleon-helicity flip amplitude F3 [see Eq. (44)].
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FIG. 12. The η-MAID differential cross section at
W ¼ 2.0 GeV. The solid line is the full model, and the dashed
line shows the A3 contribution.
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and relate the coupling of the hmeson to the coupling of the
b meson by gh2 ¼ 2gb2=3, according to the LHS predictions
(see Sec. VII).
So far we have discussed a high-energy model which

incorporates the features observed in the low-energy
predictions of the residues. We have provided realistic
estimates for the coupling constants of the leading t-
channel exchanges in order to set the scale of the individual
contributions. These estimates are necessary when, in the
next step, we fit the high-energy model to the available
cross-section data by varying coupling constants and scale
parameters. We use data for Elab

γ ≥ 4 GeV from [16,17] (for
details see Fig. 13). Since the number of high-energy data
points is rather limited (31 cross-section measurements at 3
different beam energies), we constrain the couplings within
a predefined range centered around the estimates given
earlier, in order to avoid overfitting data. The s dependence
of the model is fixed by the Regge trajectories so only the
t dependence and strength of the contributions are allowed
to vary. Our model involves eight free parameters: five
coupling constants gρ1, g

ω
1 , g

ρ
4, g

ω
4 , and gb2 and three scale

parameters r1, r2, and r4. The coupling constants are
constrained within 30% around the values estimated above.
The exception is gω1 , which we constrain to be in the range
0 ≤ gω1 ≤ 0.2 GeV−2. The scale parameters may assume all

values greater than or equal to one. The optimal parameters
are given Table IV which correspond to χ2=d:o:f: ¼ 3.04.
The largest contributions to the χ2 are related to the data at
very forward scattering angles −t < 0.1 GeV2. It should be
noted that the cross-section fit does not force hard con-
straints on gb2. The resulting model is compared to the data
in Fig. 13, and beam-asymmetry predictions are presented
in Fig. 14.
The fit fixes the residues of the high-energy model.

Plugging the results in the RHS of Eq. (36), we obtain the
high-energy prediction of the sum rules. The latter can be
compared to the LHS of the sum rules, originating from the
low-energy model. The RHS of the As;v

4 amplitudes shows
the same shape for the residues as predicted by the LHS,
but is not able to reproduce the sign of one of the βs;v4
couplings. The cross section on a proton target can be
decomposed at leading order in s as follows:

dσ
dt

¼ 1

32π
ðjAω

1 þAρ
1j2− tjAω

4 þAρ
4j2þjA0b

2 þA0h
2 j2Þ: ð49Þ

Because of the assumed degeneracy of the ρ and ω
trajectories and residues βρ;ω4 we cannot isolate their
individual contributions. Since only proton target dσ=dt
information is available, our fit is only sensitive to
jA4j2 ∼ jgω4 þ gρ4j2. The LHS of the FESR suggests a
destructively interfering isoscalar and isovector contribu-
tion to the A4. In our high-energy model, As

4 and A
v
4 require

- Eγ
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FIG. 13. High-energy γp → ηp data compared to the fitted
Regge model. The dotted (dashed) line shows the isovector
(isoscalar) contribution. The solid line represents the full Regge
model. Data are from Refs [16,17]. The three data points in brown
from Dewire et al. [17] at Elab

γ ¼ 4 GeV were excluded from the
fit due to a systematic inconsistency.
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FIG. 14. Predictions for the beam asymmetry at Elab
γ ¼ 4, 6,

9 GeV for the conservative model.

TABLE IV. Parameter values of the high-energy model ob-
tained from a constrained χ2 minimization.

Parameter Fit Initial estimates

gρ1 3.434� 0.083 GeV−2 3.49 GeV−2

gρ4 −1.397� 0.085 GeV−1 −1.07 GeV−1

gω1 0.116� 0.074 GeV−2 0
gω4 −3.346� 0.087 GeV−1 −2.57 GeV−1

gb2 4.946� 1.491 GeV−2 3.80 GeV−2

r1 3.001� 0.087 GeV−1

r4 1.974� 0.101 GeV−1

r2 6.204� 2.484 GeV−1

J. NYS et al. PHYSICAL REVIEW D 95, 034014 (2017)

034014-12

68 3.5. Publications



the same sign in order to properly reproduce the forward
bump around t ¼ −0.1 GeV2. It is not clear from the
available high-energy data which isospin component should
have an opposite sign compared to its LHS prediction.
We cross-check this sign inconsistency between the LHS

and RHS predictions with other models. The comparison
between the high-energy proton amplitudes and a number
of low-energy models is depicted in Fig. 8. It is clear from
these figures that the A4 amplitude is ill-constrained among
the low-energy models, making it unclear whether the A4

inconsistency is due to the choice of the η-MAID model, or
rather to a shortcoming of the high-energy parametrization.
The best agreement at low −t and W ≤ 2 GeV is obtained
with the Bonn-Gatchina model, which Reggeizes the
t-channel contributions. All resonances contribute to the
A4 amplitude [see Eq. (F10)], making it highly sensitive to
the model assumptions. Finally, it should also be noted that,
while the LHS does not match the RHS, the couplings gρ4
and gω4 do have the same sign as the t-channel contributions
in the low-energy model. One might argue that the missing
strength in the forward direction is related to imposing
factorization of the ω contribution in the Aω

1 . However, we
find that when the constraint of a vanishing As

1 at t ¼ 0 is
removed, one is unable to reproduce the forward bump at
−t ≈ 0.1 GeV2 when As

4 and Av
4 contribute with opposite

sign.
The A0s

2 and A0v
2 are found to be small and represent a

negligible contribution to the cross section. However, the
unnatural contributions cannot be neglected since they can
clearly be identified in the beam asymmetry (Σ) in
accordance with Stichel’s theorem [51]. At leading order,
one obtains

Σ ¼ ðjA1j2 − tjA4j2Þ − ðjA0
2j2 − tjA3j2Þ

ðjA1j2 − tjA4j2Þ þ ðjA0
2j2 − tjA3j2Þ

: ð50Þ

Hence, for a dominating natural exchange (A1 and A4),
Σ ¼ þ1 is expected, while purely unnatural exchange
(A0

2 and A3) corresponds to Σ ¼ −1. According to factori-
zation, all amplitudes must vanish as t → 0. Bearing in
mind the t factors both explicitly and implicitly written in
Eq. (50), the expected behavior in both cases at small t is

Σ ∼
t→0

jA1j2 − jA0
2j2

jA1j2 þ jA0
2j2

ðang:mom: conservationÞ; ð51Þ

Σ ∼
t→0

jA4j2 − jA3j2
jA4j2 þ jA3j2

ðfactorizationÞ: ð52Þ

We show our predictions for the beam asymmetry at Elab
γ ¼

9 GeV in Fig. 14. Some important remarks can be made
here. Since the current model is dominated by natural
exchange, the result is close to Σ¼þ1. At t≈−0.5GeV2,
a dip is observed, which is generated by the vanishing A4

contribution from natural exchange. Assuming factorization

and A3 ≡ 0, only Σ ¼ þ1 is possible at t ¼ 0. Any exper-
imentally observed deviation suggests either an A3 contri-
bution or a violation of factorization. The experimental
signature of both possibilities will be demonstrated in the
next section.
Our only reference of the relative isospin contributions in

the high-energy data is the strength of the LHS of the
FESR. The upcoming GlueX results on photon asymme-
tries in both pion and eta photoproduction would represent
an invaluable source of information in this respect. For
example, in a combined analysis one may be able to learn
about the h contribution. The relative size of Σðγp → ηpÞ
and Σðγp → π0pÞ at the same kinematics is related to the
relative strength of the unnatural isoscalar and isovector
exchanges in a Regge-pole model [8]. Considering
Eq. (E1), it can easily be seen that the isoscalar contribu-
tions are suppressed by a factor of 9 compared to the
isovector contributions in η photoproduction, relative to π0

photoproduction. By comparing the beam asymmetry in
both channels, one can extract the relative strength of the
contributions.
For completeness, we compare the high-energy model

(valid for Elab
γ ≥ 4 GeV) to the available low-energy data in

Fig. 15, where the model is extrapolated outside its scope of
application. The Regge model reproduces the low-energy
data on average (except close to threshold), illustrating the
fact that also the real parts of the high-energy amplitudes
are consistent with low-energy data.

IX. AN EXPLORATORY MODEL

Since the LHS of the FESR suggests a non-negligible A3

component, we consider an alternative description of the
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FIG. 15. Extrapolation (dashed line) of the high-energy
model, which is valid from Elab

γ ¼ 4.0 GeV (solid line). The
model is evaluated at t ¼ −0.4 GeV2 and data are collected for
0.35 ≤ −t ≤ 0.45 GeV2. Data are from Refs. [14,16,17,52–56].
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high-energy amplitudes that is further constrained by the
low-energy prediction for the sum rules. By considering the
residues and scale factors

βσi ðtÞrαðtÞ−1i ¼ LHSkðAσ
i Þ
αðtÞ þ k

ΛαðtÞ−1 ; ð53Þ

one can construct a Regge-pole model directly from the
low-energy model with minimal assumptions. In order to
compute the residues, βs;v3 from Eq. (53), one also needs a
model for the corresponding Regge trajectories. In the
absence of experimental information we base our estimate
of the trajectory functions on the quark model predictions.
In both the isoscalar and the isovector cases, a relativized
quark model [32] predicts two states with masses3 m2−− ¼
1.7 GeV and m4−− ¼ 2.34 GeV, which, assuming a linear
trajectory, leads to αðtÞ ¼ −0.235þ 0.774t. The states are
depicted in the Chew-Frautschi plot in Fig. 10 where
we notice a compatibility with the b and the π trajectories.
The high-energy amplitude is sensitive to variations in the
trajectory slope and intercept. It should be noted that
for t in the range 0 ≤ −t ≤ 1 GeV2 such that αðtÞ ¼ 0,
the amplitude has an unphysical pole which needs to be
canceled by residue zeros. For the isoscalar and isovector
parts of the LHS, a zero is found at t ≈ −0.7 GeV2 and

t ≈ 0.3 GeV2, respectively. These zeros impose a relation
between the slope and intercept of the trajectories if they are
assumed to be related to the α ¼ 0 point. In the case of the
isoscalar amplitude, the restriction αðt ¼ −0.7 GeV2Þ ¼ 0
has poor correspondence to the quark-model states. For
the isovector part on the other hand, the constraint αðt ¼
0.3 GeV2Þ ¼ 0 is in good agreement with the quark model,
which predicts αðt ¼ 0.304 GeV2Þ ¼ 0. To study the
trajectory dependence of the high-energy model, we extract
the residues βs;v3 in Eq. (53) using a range of trajectories. We
vary the location of the pole α ¼ 0 within the range 0 ≤
t ≤ 0.4 GeV2 and determine the trajectory slope and
intercept by a least-squares fit to the quark-model states.
The range of trajectories is shown in Fig. 10. The effect on
the cross section is illustrated in Fig. 16. The main
experimental sensitivity is at small −t, where a pole close
to the physical region overestimates the data (where it is not
canceled by a residue zero). For a distant pole, the effect of
the A3 contributions is negligible. It should be noted that
the α ¼ 0 point corresponds to an exotic 0−− state. The
increased cross section at low −t is a manifestation of this
state. While interesting experimentally, we do not expect
such a signature to be seen in high-energy experiments.
Using the same procedure, we study the effect on the

beam asymmetry induced by the uncertainty of the trajec-
tory in Fig. 17. In the conservative model, which incor-
porates factorization explicitly, Σ ¼ þ1 is obtained at
t ¼ 0, in agreement with Eq. (52). The signature of
factorization is now clear in Fig. 17 where Σ is slightly
smaller than þ1. Switching on the A3 contribution gen-
erates a strong dip at forward angles. The further away from
the physical region the α ¼ 0 is located, the weaker is the
contribution from A3. In the latter case, the beam asym-
metry is closer to þ1.

X. CONCLUSIONS AND OUTLOOK

We have analyzed γN → ηN using the framework of
finite-energy sum rules. Using these sum rules, one is able
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FIG. 16. Predictions for the cross section within the extended
model for k ¼ 2, 3. The band corresponds to various ρ2 and ω2

trajectories. The data are scaled as in Fig. 13.
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FIG. 17. Predictions for the beam asymmetry at Elab
γ ¼ 9 GeV

for k ¼ 2, 3 without (black solid curve) and with (gray band) the
A3 contributions for various ρ2 and ω2 trajectories.

3The states reported in Ref. [29] have masses
mρ2 ¼ 1.94 GeV, mρ4 ¼ 2.23 GeV, and those in Ref. [30] have
masses mω2

¼ 1.97 GeV and mω4
¼ 2.25 GeV. Hence,

these states suggest a much steeper trajectory with an intercept
α ¼ 0 at higher t.
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to obtain the t dependence of the high-energy Regge
residues using low-energy models. We found zeros in
the low-energy predictions of the A4 residues correspond-
ing to nonsense wrong-signature zeros in the high-
energy model. While the t dependence of the A4 is in
good agreement with our expectations, a sign mismatch
was found in the comparison between the high- and the
low-energy models. The low-energy model predictions at
t → 0 suggest a factorizable ρ contribution, while the ω
exchanges indicate deviations from factorization. On the
other hand, the behavior of the amplitude at t ≈ −0.5 GeV2

suggests the very opposite. Through the use of FESR, we
found that a NWSZ seems to be lacking in the t-channel
helicity flip amplitude of the ρ residue. Including this
observation in our model, results in a mechanism where the
dip in η photoproduction is filled up with natural contri-
butions, rather than genuinely assumed unnatural b
exchange [23]. The upcoming GlueX results will be able
to either confirm or refute this explanation: photon beam
asymmetry measurements close to Σ ¼ þ1 within the
range −t ≈ 0.5–0.6 GeV2 would indicate that the absence
of a dip in eta photoproduction should indeed be attributed
to natural exchanges.
Inspired by the low-energy predictions, two high-energy

models were presented. In the first one, we consider a
conservative model with only t-channel exchanges that can
be associated with observed meson resonances. Within the
high-energy model, the A3 invariant amplitude is expected
to be zero, since no known mesons can contribute to it.
However, the low-energy predictions suggest a large
isovector A3 component. Therefore, in the second model
we include exchanges that correspond to, as yet, unob-
served mesons. We provided predictions for the cross
section and beam asymmetry at high energies and sug-
gested experimental signatures of factorization and novel
meson exchanges.
A global analysis of low- and high-energy data of related

reactions within the framework of FESR can shed light
onto some of the above-mentioned inconsistencies.
Especially, the inclusion of constraints from related neutral
pion photoproduction amplitudes and data can resolve
some of the issues. In this work, we found that the lack
of dip in the cross section of η photoproduction is due to a
dominant Aρ

1 contribution, which does not have a zero in its
residue. In neutral pion photoproduction, the cross section
shows a dip due to a dominant Aω

4 , which contains a
nonsense wrong signature zero. This work, in combination
with an ongoing FESR analysis in pion photoproduction
[27] prepares the ground for such a combined analysis.
In future research, it will be interesting to study whether

low-energy models can provide a good description of the
data when the A3 invariant amplitude is forced to be small.
In this respect, the FESR can be used to propagate high-
energy information to constrain the low-energy models.
Such an analysis is outside the scope of this work.

All material together with an interactive website for the
model will be made available online [57,58].
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APPENDIX A: KINEMATICS AND
CONVENTIONS

In the s-channel center-of-mass (c.o.m.) frame, we write
the particle four-momenta as

kμ ¼ ðjkj; kÞ; qμ ¼ ðEq; qÞ; ðA1Þ
pμ
i ¼ ðEi;−kÞ; pμ

f ¼ ðEf;−qÞ; ðA2Þ
for which the components follow directly from the
invariants

jkj ¼ s −M2
N

2
ffiffiffi
s

p ; Eq ¼
s −M2

N þ μ2

2
ffiffiffi
s

p ; ðA3Þ

Ei ¼
sþM2

N

2
ffiffiffi
s

p ; Ef ¼ sþM2
N − μ2

2
ffiffiffi
s

p : ðA4Þ

The c.o.m. energy W follows from W ¼ ffiffiffi
s

p
. The eta-

meson three-momentum q and c.m. scattering angle θ are
readily determined using

zs ≡ cos θ ¼ t − uþ Δ=s
4jkjjqj ; ðA5Þ

jqj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs − ðMN − μÞ2Þðs − ðMN þ μÞ2Þ

p
2

ffiffiffi
s

p ; ðA6Þ

where Δ ¼ M2
NðM2

N − μ2Þ. Furthermore, we introduce

t0 ¼ t − tðzs ¼ þ1Þ: ðA7Þ
In the high-s limit, t0 → t. We distinguish the πN and ηN
thresholds and the nucleon pole (νπ , νη, and νN , respectively)
which can be computed using the following expressions:
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νπ ¼
2ðMN þmπÞ2 þ t − Σ

4MN
; ðA8Þ

νη ¼
2ðMN þ μÞ2 þ t − Σ

4MN
¼ μþ tþ μ2

4MN
; ðA9Þ

νN ¼ 2M2
N þ t − Σ
4MN

¼ t − μ2

4MN
; ðA10Þ

where Σ ¼ sþ tþ u ¼ 2M2
N þ μ2. The photon energy in

the laboratory frame is given by

Elab
γ ¼ s −M2

N

2MN
: ðA11Þ

APPENDIX B: FACTORIZATION

In Regge theory, factorization follows from unitarity of
the scattering amplitude [34,59–61]. This section details
the effect of factorization on the Regge-pole amplitude.
First, we derive factors which result from purely angular-
momentum conservation, which must be included in the
general scattering amplitude. Finally, we discuss how
restrictions in the t channel manifest themselves in the
s-channel amplitudes.
In order to analytically continue the helicity amplitudes,

one must identify all kinematic singularities. In Ref. [62],
Wang derived the threshold, pseudothreshold, and small jtj
factors which can lead to singularities in the parity-
conserving helicity amplitudes. Once these are pulled
out of the amplitude, it only contains dynamical singular-
ities. This is for example required when the t-channel
helicity amplitudes are Reggeized and continued for large
s. In Ref. [63] the implications of these t factors on the s-
channel amplitude were discussed. On top of that, Leader
considered with rigor the effect of factorization of the
residues of the t-channel contributions.
For the convenience of notation, let us denote the γN →

ηN reaction by 1þ 2 → 3þ 4 with helicities μi¼1;2;3;4 and

λi¼1;2;3;4 in the s and t channels, respectively. Let AðsÞ
μ4μ3;μ2μ1

be the s-channel and AðtÞ
λ4λ2;λ3λ1

the t-channel helicity

amplitudes.4 The kinematic t singularities in AðsÞ
μ4μ3;μ2μ1 stem

entirely from the half-angle factor

ξμμ0 ðzsÞ ¼
�
1þ zs
2

�jμþμ0 j
2

�
1 − zs
2

�jμ−μ0 j
2

;

μ ¼ μ1 − μ2; μ0 ¼ μ3 − μ4; ðB1Þ
in the rotation functions dJμμ0 ðzsÞ in the partial wave
expansion [64]

AðsÞ
μ4μ3;μ2μ1ðs; tÞ ¼

Xþ∞

J¼M

ð2J þ 1ÞAðsÞJ
μ4μ3;μ2μ1ðsÞdJμμ0 ðzsÞ;

M ¼ maxfjμj; jμ0jg: ðB2Þ
One defines the s-channel helicity amplitude which is free
from kinematic t singularities via

ÂðsÞ
μ4μ3;μ2μ1ðs; tÞ ¼ AðsÞ

μ4μ3;μ2μ1ðs; tÞ=ξμμ0 ðzsÞ: ðB3Þ
Since ÂðsÞ

μ4μ3;μ2μ1 is known to be free from t singularities,
and since

zs ¼ 1þ 2st0

S12ðsÞS34ðsÞ
; ðB4Þ

S2
ijðsÞ ¼ ½s − ðmi þmjÞ2�½s − ðmi −mjÞ2�; ðB5Þ

it is easy to see from Eqs. (B1) and (B3) that the most

singular behavior of AðsÞ
μ4μ3;μ2μ1 is

AðsÞ
μ4μ3;μ2μ1 ∼

t0→0
ð−t0Þjμ−μ

0 j
2 ∼

s→þ∞
ð−tÞjðμ3−μ1Þ−ðμ4−μ2Þj2 : ðB6Þ

This behavior states that no net helicity flip is allowed
at zs ¼ þ1 if the angular momentum is to be conserved.
As discussed in Sec. III, the factorization of the
Regge residue forces harder constraints on the small jtj
behavior [cf. Eq. (17)] than would be expected from purely
angular-momentum conservation [cf. Eq. (18)].
In order to figure out the dominant small jtj dependence

of the amplitudes when factorization of the t-channel
residues is imposed, it is natural to first trace back all
the t factors in the t channel. These results in the t channel
are then rotated to the s channel, where the crossing matrix
might introduce additional factors. Such a procedure is
straightforward when there are unequal masses in both the
initial and the final states of the t-channel process [63]. For
the case of equal masses (such as the current one), the
derivations are tedious, and we will outline the general idea
below. Analogous to Eq. (B2), the t-channel helicity

amplitude AðtÞ
λ4λ2;λ3λ1

can be expanded in terms of the partial

wave amplitudes AðtÞJ
λ4λ2;λ3λ1

ðtÞ, and a kinematic s-singularity
free amplitude can be defined,

ÂðtÞ
λ4λ2;λ3λ1

ðs; tÞ ¼ AðtÞ
λ4λ2;λ3λ1

ðs; tÞξ−1λλ0 ðztÞ;
λ ¼ λ1 − λ3; λ0 ¼ λ2 − λ4: ðB7Þ

Here,

zt ¼
t2 þ tð2s − ΣÞ þ ðm2

1 −m2
3Þðm2

2 −m2
4Þ

T 13ðtÞT 24ðtÞ
;

T 2
ijðtÞ ¼ ½t − ðmi þmjÞ2�½t − ðmi −mjÞ2�: ðB8Þ

After applying the Sommerfeld-Watson transformation to
the partial-wave expansion of the kinematic-singularity free,

4We will explicitly denote the s and t channels between
brackets in superscript in this section only (i.e. AðsÞ and AðtÞ).
In any other case, we consider the s-channel amplitudes.
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definite parity and signature amplitude, one obtains the
following Regge pole contribution to the amplitude [42]:

AðtÞ
λ4λ2;λ3λ1

ðs;tÞ¼−ð−1Þλ0 ð2αðtÞþ1Þπβλ4λ2;λ3λ1ðtÞζτðtÞdαðtÞλλ0 ðztÞ;
ðB9Þ

ζτðtÞ ¼
τ þ e−iπαðtÞ

2 sin παðtÞ : ðB10Þ

Assuming that the high-energy amplitude can be decom-
posed into a sum of Regge pole contributions Eq. (B9),

AðtÞ
λ4λ2;λ3λ1

ðs; tÞ ¼
X
n

AðtÞn
λ4λ2;λ3λ1

ðs; tÞ: ðB11Þ

At leading order in zt (or equivalently s), the rotation
functions factorize [63,65]

dJλλ0 ðztÞ →
zt→þ∞

ð−1Þλ0DJ
λðztÞDJ

λ0 ðztÞ; ðB12Þ

where

DJ
λðztÞ ¼

�
ð−1Þλ

�
zt
2

�
J Γð2αþ 1Þ
Γðα − jλj þ 1ÞΓðαþ jλj þ 1Þ

�
1=2

:

ðB13Þ
In combination with the factorization of the residues

βλ4λ2;λ3λ1ðtÞ ¼ βλ4λ2ðtÞβλ3λ1ðtÞ [60], the above can be cast
into the factorized form

AðtÞn
λ4λ2;λ3λ1

ðs; tÞ ¼ −AðtÞn
λ4λ2

ðs; tÞAðtÞn
λ3λ1

ðs; tÞ; ðB14Þ
where

AðtÞn
λ3λ1

ðs; tÞ ¼ ½ð2αþ 1Þπζτ�1=2βλ3λ1Dα
λðztÞ: ðB15Þ

Since the crossing matrix [66] also factorizes

Rμ4μ3;μ2μ1
λ4λ2;λ3λ1

ðs; tÞ ¼ Rμ4μ2
λ4λ2

ðs; tÞRμ3μ1
λ3λ1

ðs; tÞ; ðB16Þ
we can write

AðsÞn
μ4μ3;μ2μ1ðs; tÞ ¼ −AðsÞn

μ4μ2ðs; tÞAðsÞn
μ3μ1ðs; tÞ: ðB17Þ

Hence, in the high-s limit, factorization and a single Regge
pole in the t channel can be linked to factorization in the s
channel. Obviously, the behavior in Eq. (B6) is at variance
with the latter. It can be shown that the simplest solution to
this problem is to take [63,65,67]

AðsÞ
μ4μ3;μ2μ1 ∼t→0

ð−tÞ12ðjμ3−μ1jþjμ4−μ2jÞ; ðB18Þ

which is obviously a more stringent constraint compared
to Eq. (B6).

APPENDIX C: NUCLEON POLE TERM

The Born contributions to the reaction amplitudes are
shown diagrammatically in Fig. 2. We decompose the
contributions in the covariant basis in Eqs. (4)–(7),

Apoleðs; tÞ ¼ As−ch: poleðs; tÞ þ Au−ch: poleðs; tÞ

¼ −egηNNūðpfÞ
�
γ5

kþ pi þMN

s −M2
N

�
eNϵþ

iκN
4MN

σμνFμν

�
þ
�
eNϵþ

iκN
4MN

σμνFμν

�
pf − kþMN

u −M2
N

γ5

�
uðpiÞ

¼ ūðpfÞ
�
eeNgηNN

�
1

s −M2
N
þ 1

u −M2
N

�
M1 þ 2eeNgηNN

�
1

ðs −M2
NÞðu −M2

NÞ
�
M2

−
egηNN

2MN
κN

�
1

s −M2
N
−

1

u −M2
N

�
M3−

egηNN

2MN
κN

�
1

s −M2
N
þ 1

u −M2
N

�
M4

�
uðpiÞ: ðC1Þ

This clearly highlights the crossing symmetry of the Ai.
Note that eN ¼ 1 (0) for the proton (neutron).

APPENDIX D: SUBTHRESHOLD
CONTINUATION

In this section, we summarize the η-MAID 2001 for-
malism for resonance contributions to eta photoproduction.
A resonance contribution to a multipole Ml� reads

Ml�ðWÞ ¼ ~MR;l�
mRΓtot

m2
R −W2 − imRΓtot

fηNCηN; ðD1Þ

where CηN is an isospin factor and

fηN ¼ ζηN

�
1

ð2J þ 1Þπ
jkjMN

jqjmR

ΓηN

Γ2
tot

�
1=2

; ðD2Þ

Γtot ¼ Γπ þ Γη þ Γ2π; ðD3Þ

Γπ ¼ βπNΓ
� jqπj
jqπ;Rj

�
2lþ1

�
X2 þ jqπ;Rj2
X2 þ jqπj2

�
l mR

W
; ðD4Þ

Γη ¼ βηNΓ
� jqj
jqRj

�
2lþ1

�
X2 þ jqRj2
X2 þ jqj2

�
l mR

W
; ðD5Þ
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Γ2π ¼ ð1 − βηN − βπNÞΓ
� jq2πj
jq2π;Rj

�
4lþ2

�
X2 þ jq2π;Rj2
X2 þ jq2πj2

�
lþ2

:

ðD6Þ
The ζηN � 1 is the relative sign between the decay of the
resonance to the πN and the ηN channels, X is a scale factor
related to the range of interactions responsible for the
finite scattering in higher partial waves l > 0, and βx ¼
ΓxðmRÞ=Γ is the branching ratio of the resonance into
channel x. The qx and qx;R denote the center-of-mass three-
momenta evaluated at W and W ¼ mR, respectively. The
parameters ~MR;l� can be related to the photoexcitation

helicity amplitudes, as shown in Ref. [4]. The CηN , ~MR;l�,
Γ, mR, βπN , and βηN were obtained in a fit to the world data
in Ref. [4] for the proton and Ref. [48] for the neutron. For
the subthreshold evaluation of the multipoles, we take
jqxj ¼ Re½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs − ðMN −mxÞ2Þðs − ðMN þmxÞ2Þ

p
=ð2 ffiffiffi

s
p Þ�

in the evaluation of the energy dependent decay widths.
Finally, the CGLN amplitudes, F i defined in Eq. (F2),

are constructed from the multipoles using the relations
summarized in Eqs. (F3)–(F6).

APPENDIX E: b1 COUPLINGS

Using vector-meson dominance (VMD), SU(3) flavor
symmetry, and the OZI rule (no disconnected quark lines),
one obtains the following relations between the neutral
pseudoscalar-meson photoproduction amplitudes:

AðηÞ ¼
ffiffiffi
3

p
A
�
Aρðπ0Þ þ Abðπ0Þþ

1

9
ðAωðπ0Þ þ Ahðπ0ÞÞ

�
;

ðE1Þ
where the

ffiffiffi
3

p
is related to ideal ω − ϕ mixing and A ¼

1.55 to η − η0 mixing [24,68,69]. The b1 decays dominantly
through b1 → π0ω. In Ref. [70] it is shown that gb1πω ¼
9.77 from the corresponding decay width. Using VMD, one
can relate gb1πω to gb1πγ

gb1πγ ¼
e
fω

gb1πω ¼ 0.189; ðE2Þ

where fω ¼ 3fρ is the universal coupling constant of the ω
meson. This constant is not well constrained. We take fρ ¼
5.2 as in Ref. [21]. After applying Eq. (E1), one obtains
gb1ηγ ¼ 0.51. The nucleon vertex b1NN can be estimated
through axial-vector meson dominance as demonstrated in
Ref. [21]. Yu et al. [21] have illustrated that their estimate
of gtb1NN ¼ −14 is in good agreement with more funda-
mental theories (see Table 4 in Ref. [21] and the discussion
thereof). Finally, in our notation, we obtain

gb2 ¼ gb1ηγ
gtb1NN

2MN
¼ −3.8 GeV−2: ðE3Þ

APPENDIX F: AMPLITUDE BASES

The invariant amplitudes are defined in Eqs. (4)–(7).
Here we summarize their relation to the s-channel
electric and magnetic multipoles [28]. In terms of spinor
amplitudes,

A ¼ 4πW
MN

χ†fFχi; ðF1Þ

where χi (χf) is the initial (final) nucleon Pauli spinor in the
center-of-mass frame and

F ¼ σ · ϵF 1 − iσ · q̂σ · ðk̂ × ϵÞF 2

þ σ · k̂ q̂ ·ϵF 3 þ σ · q̂ q̂ ·ϵF 4; ðF2Þ

where q̂ ¼ q=jqj and k̂ ¼ k=jkj. The Chew-Goldberger-
Low-Nambu (CGLN) amplitudes F i are given in terms of
the multipoles Ml� by

F 1 ¼
X
l¼0

ðElþ þ lMlþÞP0
lþ1 þ ðEl− þ ðlþ 1ÞMl−ÞP0

l−1;

ðF3Þ

F 2 ¼
X
l¼1

ððlþ 1ÞMlþ þ lMl−ÞP0
l; ðF4Þ

F 3 ¼
X
l¼1

ðElþ − lMlþÞP00
lþ1 þ ðEl− þMl−ÞP00

l−1; ðF5Þ

F 4 ¼
X
l¼2

ð−Elþ þMlþ − El− −Ml−ÞP00
l : ðF6Þ

The derivatives of the Legendre polynomials (PðnÞ
l ) are a

function of cos θ, while the multipoles depend on s
only. The invariant amplitudes Ai are obtained from the
F i’s using

A1 ¼N
�
WþMN

W−MN

~F 1− ðEfþMNÞ ~F 2

þMN
t−μ2

ðW−MNÞ2
~F 3þMN

ðEfþMNÞðt−μ2Þ
W2−M2

N

~F 4

�
;

ðF7Þ

A2 ¼
N

W −MN
½ ~F 3 − ðEf þMNÞ ~F 4�; ðF8Þ

A3 ¼
N

W −MN

�
~F 1 þ ðEf þMNÞ ~F 2

þ
�
W þMN þ t − μ2

2ðW −MNÞ
�
~F 3

þ
�
W −MN þ t − μ2

2ðW þMNÞ
�
ðEf þMNÞ ~F 4

�
; ðF9Þ
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A4 ¼
N

W −MN

�
~F 1 þ ðEf þMNÞ ~F 2

þ t − μ2

2ðW −MNÞ
~F 3 þ

t − μ2

2ðW þMNÞ
ðEf þMNÞ ~F 4

�
;

ðF10Þ

where N ¼ 4π=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEi þMNÞðEf þMNÞ

p
and the reduced

CGLN amplitudes are defined by

~F 1 ¼ F 1; ~F 2 ¼ F 2=jqj;
~F 3 ¼ F 3=jqj; ~F 4 ¼ F 4=jqj2: ðF11Þ

The factors of jqj remove the kinematic threshold zeros that
appear in the multipole decomposition of F i,Ml� ∼

jqj→0
jqjl.

Explicitly, the reduced CGLN amplitudes up to and
including D Fwaves (l ¼ 2) are

~F1 ¼ E0þ þ E2− þ 3M2− þ 3ðE1þ þM1þÞ cos θ
þ 3=2ðE2þ þ 2M2þÞð5cos2θ − 1Þ; ðF12Þ

~F2 ¼ ½M1− þ 2M1þ þ 3ð2M2− þ 3M2þÞ cos θ�=jqj;
ðF13Þ

~F3 ¼ ½3ðE1þ −M1þÞ þ 15ðE2þ −M2þÞ cos θ�=jqj;
ðF14Þ

~F4 ¼ 3½−E2− − E2þ −M2− þM2þ�=jqj2: ðF15Þ
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We show that, in the Regge limit, beam asymmetries in η and η′ photoproduction are sensitive to 
hidden strangeness components. Under reasonable assumptions about the couplings we estimate the 
contribution of the φ Regge pole, which is expected to be the dominant hidden strangeness contribution. 
The ratio of the asymmetries in η′ and η production is estimated to be close to unity in the forward 
region 0 < −t/GeV2 ≤ 1 at the photon energy E lab = 9 GeV, relevant for the upcoming measurements at 
Jefferson Lab.

© 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

Meson photoproduction plays an important role in studies of 
the hadron spectrum and searches for exotic mesons [1–5], in par-
ticular for hybrids. The latter contain a large gluon component and 
are predicted in phenomenological models of QCD and lattice sim-
ulations [6–11]. Identifying the nature of new resonances requires 
to establish their quantum numbers first, which constrain both 
decays and production mechanisms. At Jefferson Lab, with pho-
ton energies E lab ∼ 5–11 GeV, meson resonances are produced via 
beam fragmentation, which is expected to be dominated by ex-
changes of leading Regge poles [12].

Production of the lightest multiplet of exotic mesons with 
J P C = 1−+ involves the same Regge exchanges that appear in pro-
duction of ordinary pseudoscalar mesons, like π0, η and η′ , and 
both natural (P (−1) J = 1) and unnatural (P (−1) J = −1) parity 
exchanges contribute. One of the key observables which is sen-
sitive to the exchange process is the beam asymmetry. It is related 
to the ratio of cross sections for natural and unnatural Regge ex-
changes and yields precise information about the resonance pro-
duction mechanism. The GlueX experiment recently measured π0

* Corresponding author at: Center for Exploration of Energy and Matter, Indiana 
University, Bloomington, IN 47403, USA.

E-mail address: mathieuv@indiana.edu (V. Mathieu).

and η beam asymmetries [13] and the measurement of η′ is ex-
pected soon. Similar measurements will also be performed by the 
CLAS12 experiments [14] in the near future.

In this letter we give an estimate for the η′ photoproduction 
beam asymmetry at high energies. The beam asymmetry is defined 
as

�(′) = dσ
(′)
⊥ − dσ

(′)
‖

dσ
(′)
⊥ + dσ

(′)
‖

, (1)

with dσ⊥,‖ ≡ dσ⊥,‖
dt (s, t) denoting the differential cross section for 

photons polarized perpendicular or parallel to the reaction plane, 
s and t are the usual Mandelstam variables. Unprimed and primed 
quantities refer to η and η′ , respectively. We wish to estimate the 
quantity

�′

�
= 1 + 2(dσ ′⊥dσ‖ − dσ⊥dσ ′‖)

(dσ ′⊥ + dσ ′‖)(dσ⊥ − dσ‖)
≡ 1 + ε. (2)

Using the recent measurements of the η beam asymmetry [13,15], 
one can extract the quantities

2dσ⊥
dσ⊥ + dσ‖

= 1 + �,
2dσ‖

dσ⊥ + dσ‖
= 1 − �. (3)

https://doi.org/10.1016/j.physletb.2017.09.081
0370-2693/© 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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It is convenient to rewrite the ratio under interest as

�′

�
= 1 + 1 − �2

�
· kV − kA

(1 + �)kV + (1 − �)kA
. (4)

In order to evaluate this ratio, one must determine the quantities

kV = dσ ′⊥
dσ⊥

, kA = dσ ′‖
dσ‖

. (5)

In our evaluation of kV ,A , we proceed as follows. We first iden-
tify the Regge poles. For the natural exchanges, we extract their 
residues at the photon vertex by considering the radiative decays 
and the residues at the nucleon vertex from nucleon-nucleon total 
cross section. We then estimate the residues of the unnatural ex-
changes. Finally we give our prediction for ε in Eq. (2) and list the 
possible deviations from our assumptions.

Regge poles are classified according to the internal quantum 
numbers of the particles with the lowest spin located on the cor-
responding trajectory. The natural exchanges dominating the η(′)
photoproduction are ρ , ω and φ, and the unnatural ones are b, h
and h′ .1 Asymptotically dσ⊥ and dσ‖ are dominated by natural and 
unnatural exchanges, respectively, and so are the corresponding 
cross section ratios kV and kA . In absence of hidden strangeness 
(s̄s) in the proton and for a vanishing contribution from the asso-
ciated exchange of φ and h′ mesons,2 one finds

kV = kA = tan2 ϕ, (6)

where ϕ is the η − η′ mixing angle in the flavor basis. Analysis 
of η/η′ transition form factors gives φ = 39.3o(1.2) [17], which is 
somewhat different from the prediction φ = 41.4o based on chiral 
Lagrangians [18]. Eq. (6) implies �′ = �, so one concludes that a 
sizable deviation of the ratio of beam asymmetries from unity indi-
cates either non-negligible contributions from hidden strangeness 
φ and h′ exchanges, and/or significant deviation from the quark 
model description of the η mesons or from the Regge pole domi-
nance.

The leading contributions to the differential cross section are3

dσ
(′)
⊥

dt
(s, t) = K

(
|A(′)

1 |2 − t|A(′)
4 |2

)
, (7a)

dσ
(′)
‖

dt
(s, t) = K

(
|A(′)

1 + t A(′)
2 |2 − t|A(′)

3 |2
)

, (7b)

where K is a kinematical factor that cancels out in the polariza-
tion observables. The Ai , i = 1, . . . , 4 are the conventional CGLN 
invariant amplitudes [20]. At leading order in the energy, the scalar 
amplitudes Ai are related to the s-channel helicity amplitudes 
Aλ′,λλγ

4 by

A+,+1 + A−,−1 = √
2s

√−t A3 , (8a)

A+,+1 − A−,−1 = √
2s

√−t A4 , (8b)

A−,+1 + A+,−1 = −√
2s(A1 + t A2) , (8c)

A−,+1 − A+,−1 = −√
2sA1 . (8d)

1 The lowest spin exchange in the b trajectory is the isovector 1+− state in the 
PDG [16], the b1(1235). Similarly, the lowest spin exchange on the h and h′ tra-
jectory are the isoscalar 1+− states, the h1(1170) and h1(1380). The former is 
observed decaying into ρπ , the latter into K̄ K ∗(892), which suggests ideal mix-
ing.

2 We assume ideal ω/φ and h/h′ mixing.
3 In [19] we numerically showed that this approximation is valid for E lab > 5 GeV

in the forward direction.
4 λ, λ′ and λγ are the s-channel helicities of the target, the recoil and the beam 

respectively. We denote by ± the nucleon helicities ± 1
2 for brevity.

These combinations of (s-channel) helicity amplitudes are parity 
conserving in the t-channel. A1 and A4 involve natural exchanges 
and A1 +t A2 and A3 involve unnatural exchanges.5 Specifically, we 
write the scalar amplitudes Ai = ∑

V AV
i +∑

A A A
i with the natural 

Regge poles V = ρ, ω, φ and the unnatural Regge poles A = b, h, h′. 
The natural exchanges are (with s in units of GeV2)

A(′)V
1,4 (s, t) = β

(′)V
1,4 (t)

1 − e−iπαV (t)

sinπαV (t)
sαV (t)−1, (9a)

A(′)V
2 (s, t) = (−1/t)A(′)V

1 , (9b)

A(′)V
3 (s, t) = 0. (9c)

The factorization of Regge residues yields a simple form for the 
kinematical singularities in t [21]

Aλ′,λλγ ∝ (√−t
)|λγ |+|λ−λ′|

. (10)

Comparing Eq. (8) and Eq. (10), we see that A1, hence the residue 
β1(t), needs to be proportional to t . In the (physical) region un-
der consideration, i.e. the forward direction where t is small and 
negative, the residues β(′)V

i (t), with kinematical singularities re-
moved, are regular real functions of the momentum transfered t . 
A standard parametrization of the residues [15,22,23], β ∝ 1/�(α)

describes both the exponential suppression seen in data and ze-
ros at ghost poles.6 In general, however, since all natural (un-
natural) poles have approximatively the same trajectory αV (t)
(αA(t)), the beam asymmetry depends weakly on the details of 
the t-dependence (c.f. Eq. (2)) and ε is primarily determined by 
the relative strengths of the various exchanges. Accordingly, for the 
evaluation of the ratio in Eq. (2), we use

β
(′)V
1 (t) = g(′)

V Pγ g1V tebt,

β
(′)V
4 (t) = g(′)

V Pγ g4V ebt .
(11)

The additional factor of t in βV
1 (t) is required by factorization 

of Regge residues, as we noticed above, and can be understood 
using an effective Lagrangian to describe the exchange of a ρ me-
son [19]. The g1V and g4V denote the nucleon couplings and the 
g(′)

V Pγ denotes the coupling at the γ η(′) vertex. In Eq. (11), we kept 
a universal exponential slope b. In the ratio of beam asymmetries 
in Eq. (2) the exponential factor cancels out. It is needed for the 
determination of the ρ nucleon helicity flip coupling g1ρ when fit-
ting π− p → π0n differential cross section, discussed below.

It is well known that the ρ and ω trajectories are almost de-
generate αω(t) = αρ(t) = 0.9t + 0.5 (with t expressed in GeV2). 
For the φ Reggeon we assume the same slope (α′), but take into 
account the difference between the masses that determine the in-
tercepts αω(0) − αφ(0) = α′(m2

φ − m2
ω) ∼ 0.5, so that αφ(t) = 0.9t . 

We define

r(t) = 1 − e−iπαφ(t)

1 − e−iπαω(t)

sinπαω(t)

sinπαφ(t)
sαφ(t)−αω(t) (12)

and, with the amplitudes described above, one obtains,

kN =
( ∣∣∣g′

ργ g4ρ + g′
ωγ g4ω + r(t)g′

φγ g4φ

∣∣∣2

− t
∣∣∣g′

ργ g1ρ + g′
ωγ g1ω + r(t)g′

φγ g1φ

∣∣∣2 )/
(∣∣gργ g4ρ + gωγ g4ω + r(t)gφγ g4φ

∣∣2

− t
∣∣gργ g1ρ + gωγ g1ω + r(t)gφγ g1φ

∣∣2
)
. (13)

5 See Appendix A of [19] for a detailed discussion on the quantum numbers cor-
responding to the invariant amplitudes Ai .

6 The ghost poles are the poles when α is a negative integer.
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Table 1
Radiative decays and extracted couplings.

� (keV) gV Pγ (GeV−1)

ρ → ηγ 44.7(3.1) 0.480(17)
η′ → ργ 56.6(2.8) 0.398(10)
ω → ηγ 3.82(34) 0.135(6)
η′ → ωγ 5.14(35) 0.127(4)
φ → ηγ 55.6(1.0) 0.210(2)
φ → η′γ 0.265(9) 0.216(4)

Table 2
Nucleon couplings.

g1V (GeV−3) g4V (GeV−2)

ρ 13.49(45) 2.30(7)
ω 0 7.28(10)
φ 0 9.38(56)

Factorization of Regge residues allowed us to write the residues 
as a product of γ η(′) coupling g(′)

V Pγ and two nucleon couplings 
(g1V and g4V ). The photon couplings in η and η′ photoproduction 
can be estimated from radiative decays using

�(V → γ P ) = g2
V Pγ

12π

(
m2

V − m2
P

2mV

)3

, (14a)

�(P → γ V ) = g2
V Pγ

4π

(
m2

P − m2
V

2mP

)3

. (14b)

The extracted couplings from [16] are summarized in Table 1.
At leading order in the energy, g1V and g4V correspond to the 

s-channel helicity flip and non-flip couplings at the nucleon vertex 
respectively [19]. By denoting the flip and non-flip amplitudes as 
AV+,±1, in the high-energy limit one obtains

g1V

g4V
= AV+,−1

AV+,+1

1√−t
. (15)

The nucleon non-flip couplings g4V are determined by fitting the 
pp, p̄p, pn and p̄n total cross sections. At high energies the rele-
vant exchanges contributing to these are the Pomeron P and the 
Regge poles f2, a2, ρ , ω and φ. From the optical theorem it follows 
that the total cross section is related to imaginary part of the for-
ward scattering amplitude. We denote T V (s) ≡ Im AV

N N→N N(s, t =
0) = g2

4V sα
V
0 . The axial exchanges vanish in the forward direction 

because of charge conjugation invariance, and do not contribute to 
the total cross section. The relative contribution of individual poles 
to the total cross section is given by

σ
(−)
p p

tot (s) = 1

4plabmN

[
T P(s) + T f2(s) − T a2(s)

∓ T ω(s) ∓ T φ(s) ∓ T ρ(s)
]
, (16a)

σ
(−)
p n

tot (s) = 1

4plabmN

[
T P(s) + T f2(s) + T a2(s)

∓ T ω(s) ∓ T φ(s) ± T ρ(s)
]
, (16b)

where the top (bottom) sign corresponds to a (anti-)proton beam. 
We use the intercept values αρ

0 = αω
0 = α

a2
0 = α

f2
0 = 0.5, αφ

0 = 0.0
and αP

0 = 1.08. Only the data with plab ≥ 15 GeV are included 
in the fit. The relevant couplings resulting from the fit are sum-
marized in Table 2. The comparison to the data is presented on 

Fig. 1. Total cross section. Fit compared to data from PDG [16]. (For interpretation 
of the references to color in this figure legend, the reader is referred to the web 
version of this article.)

Fig. 2. Relative strength of the hidden strangeness exchange to the total cross sec-
tion.

Fig. 1. We note that our value for the ratio of the nucleon cou-
plings g4φ/g4ω = 1.29(9) is significantly bigger than the same ra-
tio extracted in other analyses. For instance in [24] it was found 
g4φ/g4ω = 0.34. This is because we neglected a large system-
atic uncertainty on g4φ . We indeed note that g4φ depends on 
the data selected for the fit. For instance if instead of selecting 
data with plab > 15 GeV, we choose plab > 30 GeV we obtain 
g4φ = 4.20(1.72) where the other nucleon couplings g4ρ and g4ω

remain unchanged. In our approach the influence of the φ is never-
theless suppressed compared to the ω exchange by the difference 
in their intercept. This is evident on Fig. 2 where we illustrate 
the relative strength of the hidden strangeness exchange by the 
ratio T φ(s)/(T ω(s) + T φ(s)). Our value for this ratio lies in the 
range 0.1 − 0.3 in the region plab = 10–100 GeV (see Fig. 1). It 
is worth noticing that the coupling of the nucleon to the φ me-
son can be related to the strange electromagnetic form factors Gs

E
and Gs

M [25–27]. These can either extracted from lattice simula-
tions [28,29], or inferred by measurement of low-energy parity 
violation in �ep scattering [30–39]. This might be an example of 
how high energy measurements can help in constraining the low 
energy information.

The isoscalar exchanges are empirically found to be domi-
nated by non-flip at the nucleon vertex [22]. Accordingly, we set 
g1φ = g1ω = 0. We therefore only need to determine the nucleon 
helicity-flip coupling of the ρ exchange. To this end, we analyze 
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Fig. 3. π− p → π0n differential cross section at high energies in the forward di-
rection. Comparison of the model with data from [40]. (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of 
this article.)

high-energy π− p → π0n data (which contains contribution from 
the ρ pole only) using

A++ = gρπ g4ρebt 1 − e−iπαρ(t)

sinπαρ(t)
sαρ(t), (17a)

A+− = gρπ g1ρebt 1 − e−iπαρ(t)

sinπαρ(t)
sαρ(t)√−t. (17b)

We fit the high-energy data of [40] in the forward direction |t| ≤
0.2 GeV2. The differential cross section is given by

dσ

dt
(s, t) = 1

64πm2
N p2

lab

(
|A++|2 + |A+−|2

)
. (18)

We do not attempt to fit larger values of |t| since our model has a 
very simple t dependence.

The main purpose of this fit is to estimate the nucleon helicity-
flip coupling g1ρ . The normalization of the ratio of the amplitudes 
in Eqs. (17) has been chosen to be in agreement with Eq. (15). 
The fit yields b = 2.97(7) GeV−2 and g1ρ/g4ρ = 5.91(7) GeV−1 (in 
agreement with the standard value g1ρ/g4ρ � 6 GeV−1 [22]) from 
which one obtains g1ρ = 13.59(45) GeV−3. The comparison of the 
model with data is shown in Fig. 3. One can now evaluate kV in 
Eq. (13). The results are given in Table 3 for 11 values of |t| below 
1 GeV2 at E lab = 9 GeV.

Table 3
List of results for kV and ε , where the latter is provided for both 
assumption kA = kρ and kA = kω . We also provide the input for 
the η beam asymmetry from [15]. t is expressed in GeV2.

t � kN ε × 104

kA = kρ

ε × 104

kA = kω

−0.1 0.990 0.756(49) 10(10) −18(16)

−0.2 0.977 0.737(51) 17(24) −47(37)

−0.3 0.961 0.728(52) 23(42) −85(64)

−0.4 0.946 0.722(53) 28(59) −123(89)

−0.5 0.938 0.719(53) 30(69) −145(104)

−0.6 0.938 0.717(54) 29(69) −147(104)

−0.7 0.944 0.718(54) 26(63) −134(95)

−0.8 0.951 0.720(54) 24(54) −114(82)

−0.9 0.959 0.728(53) 25(45) −90(68)

−1.0 0.965 0.756(50) 33(35) −60(53)

We now turn our attention to the unnatural exchanges. The ex-
changes of b, h and h′ contribute only to A2 with

A(′)A
2 (s, t) = g(′)

Aγ g2A
1 − e−iπαA(t)

sinπαA(t)
sαA(t)−1. (19)

We consider only the b and h Regge poles in A2. By neglecting 
the hidden strangeness exchange h′ , the deviation of �′/� from 
unity will be due to the φ exchange. It is empirically difficult to 
distinguish between b and h exchange. We will assume that they 
couple identically to the nucleon g2b = g2h and have degenerate 
trajectories αb(t) = αh(t).

The Regge poles on the J P C = (2, 4, . . .)−− trajectory contribute 
to A3 only. This amplitude, which is determines the difference be-
tween target and recoil asymmetries at high energies, is known to 
be small for the similar reaction γ p → π0 p [19]. Furthermore, the 
recent beam asymmetry measurements [13] showed that � ≈ 1, 
setting an upper limit to the A3 contribution to η photoproduc-
tion [15]. Without any indication of significant A3 contribution in 
γ p → η(′) p, we ignore it. These assumptions can be relaxed in 
the more flexible parametrization available online [41]. Under the 
above assumptions, one obtains

kU =
∣∣∣g′

bγ + g′
hγ

∣∣∣2

∣∣gbγ + ghγ

∣∣2
. (20)

Ideally, one would determine the couplings g(′)
Aγ following the 

procedure used in determination of the vector couplings. Unfor-
tunately, there is no data on axial-vector radiative decays b, h →
η(′)γ . We can, however, estimate kA assuming that the axial-vector 
exchanges b and h follow the same pattern as the ρ exchange:

kA = kρ = �(η′ → γρ)

3�(ρ → γ η)

(
mη′

mρ
· m2

ρ − m2
η

m2
η′ − m2

ρ

)3

= 0.685(59). (21)

Alternatively one could use the value obtained from ω decay

kω = �(η′ → γω)

3�(ω → γ η)

(
mη′

mω
· m2

ω − m2
η

m2
η′ − m2

ω

)3

= 0.884(99), (22)

or a combination of the two. Based on vector-meson dominance 
(VMD) and SU(3) flavor symmetry, one can estimate the b and 
h relative couplings to η(′)γ . Overall the isoscalar contribution is 
found to be suppressed by a factor of three relative to the isovec-
tor contributions due to the γ η(′) vertex. We therefore assume that 
b is the dominant unnatural exchange.
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Fig. 4. Predictions for the ratio of η′ and η photoproduction beam asymmetries 
(dark blue line). The blue band illustrates the 1σ uncertainty on the prediction. The 
green dashed line depicts the predictions for kU = kω in Eq. (22), with its corre-
sponding 1σ uncertainty. (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)

Using VMD and SU(3) flavor symmetry, it is therefore natural to 
assume that kA = kρ . Without more information about axial-vector 
mesons, we consider kA constant in the forward direction. As an 
estimation of the systematic error, we investigated the effect on ε
when kA = kω is used.

Because of this, the hidden strangeness exchange is given by 
the φ only. One has

kφ = �(φ → γ η′)
�(φ → γ η)

(
m2

φ − m2
η

m2
φ − m2

η′

)3

= 1.063(41). (23)

Since kV > kA = kρ , one expects �′ > � and hence ε > 0. Similarly, 
one expects ε < 0 for kA = kω . The only remaining unknown quan-
tity needed to estimate the ratio �′/� in Eq. (4) is the η beam 
asymmetry. One could use the recent GlueX data [13] as input. 
However, the analysis contains measurements at only four values 
of t . We opt instead to use the predictions from [15], which allows 
us to evaluate � and ε in a variable t range. This approach is jus-
tified by the observation that the prediction is in agreement with 
the GlueX measurements in [13] and consistent with our hypothe-
ses (negligible h′ pole, couplings proportional to decay widths and 
factorization of Regge poles). For completeness, we list the η beam 
asymmetry from [15] in Table 3 for 11 values of t in the range 
0 ≤ −t/GeV2 ≤ 1. Our final result for �′/� at E lab = 9 GeV is pre-
sented in Fig. 4. Note that we applied first-order error propagation 
to estimate the statistical error on the relevant quantities. We note, 
however, that the systematic errors coming from kA are larger than 
the statistical errors. This is illustrated in Fig. 2.

From Table 3 and Fig. 4, one observes that the quantity ε =
�′/� − 1 is predicted to be small, of the order 10−3 − 10−4 for 
kU = kρ . This is expected due to the presence of the factor 1 − �2

in Eq. (4). Changing the value of g4φ (e.g. by factor of 2) does 
not have a notable effect on this conclusion. The prediction with 
kU = kω in green on Fig. 4 is indicated only to illustrate sensitivity 
to model assumptions. As we argued above, the value kU = kρ is 
favored by SU (3) and the quark model.

Even though the level of precision to resolve a difference be-
tween η and η′ photoproduction beam asymmetries might not 
be achieved with the GlueX or CLAS12 detectors, we remark that 
� decreases as |t| increases, resulting in ε increasing with |t|. 
This trend might nevertheless be observable at the JLab facility. 
When the measurements will be available, the reader can test all 

these different hypotheses independently by playing with a flex-
ible parametrization on the JPAC website [41,42]. However, given 
that the estimate is based on rather reasonable assumptions, a sig-
nificant deviation from our prediction, if observed at these experi-
ments, would require a new approach of meson photoproduction.

In our calculation, we proceeded by a separate evaluation of 
the natural (kV ) and unnatural (kA ) exchanges to photoproduc-
tion. Note that the quantity �′/� is only mildly sensitive to the 
precise value of kA , since the dynamics are dominated by natural 
exchanges. This is illustrated in Fig. 4 where we plot the result for 
kA = kω . Separate measurements of kV and kA , given by Eq. (5), 
would provide useful information to identify the source of devia-
tions. In particular, it would provide us with more detailed infor-
mation on the coupling of b and h to η′γ relative to their coupling 
to ηγ (see the discussion related to Eq. (21)). These couplings are 
experimentally unconstrained at the moment.
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Hybrid/exotic meson spectroscopy searches at Jefferson Lab require the accurate theoretical description of 
the production mechanism in peripheral photoproduction. We develop a model for π� photoproduction 
at high energies (5 ≤ E lab ≤ 16 GeV) that incorporates both the absorbed pion and natural-parity cut 
contributions. We fit the available observables, providing a good description of the energy and angular 
dependencies of the experimental data. We also provide predictions for the photon beam asymmetry of 
charged pions at E lab = 9 GeV which is expected to be measured by GlueX and CLAS12 experiments in 
the near future.

© 2018 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

There is mounting evidence for the existence of exotic hadrons 
that cannot be accommodated within the conventional quark 
model [1–6]. Specifically, light flavor hybrid mesons are expected 
to appear in the spectrum below 2 GeV [7,8], and to be copiously 
produced via beam fragmentation in peripheral photoproduction, 
with photon energies on the order of 10 GeV [9–11]. To this end, 
photoproduction experiments dedicated to the exploration of the 
hybrid meson spectrum have just begun using the GlueX and 
CLAS12 detectors at Jefferson Lab (JLab) [12]. The success of these 
experiments relies on the accurate theoretical description of both 
the production mechanism and the decay of resonances in pe-
ripheral photoproduction [13]. While resonance decays have been 
extensively studied in recent years, in view of the forthcoming 
data, it is necessary to further constrain the production mechanism 
[14–17]. Photoproduction of the light exotic mesons involves the 

* Corresponding author at: Department of Physics and Astronomy, Ghent Univer-
sity, B-9000 Ghent, Belgium.

E-mail address: jannes.nys@ugent.be (J. Nys).

natural-parity (P (−1) J = 1) and unnatural-parity (P (−1) J = −1) 
Regge exchanges that also determine the photoproduction of pseu-
doscalar mesons. The aforementioned GlueX and CLAS12 experi-
ments have begun a systematic study of pion and η production in 
order to get insight on the production mechanisms [18–21]. The 
understanding of pion exchange is of particular interest since vir-
tual pions play an important role in various hadronic processes, 
including the possible formation of hadron molecules [22,23]. 
In peripheral photoproduction, pion exchange dominates forward 
production. Because the pion is the lightest meson, it is most sen-
sitive to absorption dynamics, i.e. final-state interactions [24]. In 
this context, we can use the photon beam asymmetry in charged 
pion photoproduction to disentangle the parity of the exchanged 
Reggeons and isolate the pion exchange contribution. In this Letter 
we predict the beam asymmetry (�) in charged pion photoproduc-
tion, associated with production of a � excitation from the proton 
target. The beam asymmetry measurement is free from major sys-
tematics, and is expected to be measured in both the GlueX and 
CLAS12 experiments in the near future. Previous attempts to de-
scribe these high-energy observables either fail or do not attempt 
to reproduce simultaneously the energy and t dependencies [14,25,
26]. The aim of this work is to provide a proper account of these 

https://doi.org/10.1016/j.physletb.2018.01.075
0370-2693/© 2018 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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dependencies in the kinematical region relevant to the JLab exper-
iments. Our model is constrained by the differential cross section 
and beam asymmetry measurements for the reaction γ p → π+�0

and γ p → π−�++ at 16 GeV [27,28].
The outline of this Letter is as follows. First, we describe our 

Regge-theory based model and discuss the necessary absorption 
corrections. A fit is carried out to the available data. The results 
are extrapolated to lower energies and compared to the available 
cross section data. Finally, we provide predictions for the beam 
asymmetry at JLab energies E lab = 9 GeV.

2. Model

We consider photon beam energies of the order of E lab =
10 GeV which corresponds to 4.4 GeV for the center of mass en-
ergy. At low momentum transfer, π� photoproduction is domi-
nated by pion exchange at these energies. For −t � 0.5 GeV2 the 
dynamics are expected to be dominated by natural vector (ρ) and 
natural tensor (a2) exchanges [24]. There is also a contribution 
from the unnatural b exchange that has not been well determined 
so far. We consider a scattering reaction 1 + 2 → 3 + 4 where 
the particles 1, 2, 3, 4 denote γ , N, π, � respectively. The standard 
Mandelstam variables are s = (p1 + p2)

2 and t = (p1 − p3)
2. In the 

Regge pole approximation the asymptotic expression (s → ∞) of 
the s-channel helicity amplitude for a Regge pole exchange R is 
given by [24,29,30]

AR
μ4μ3,μ2μ1

� βR
μ1μ2μ3μ4

(t)PR(s, t) . (1)

Here, μi are the s-channel helicities, and PR(s, t) is the Regge 
propagator

PR = παR
1

2

τR + e−iπαR (t)

sinπαR(t)

(
s

s0

)αR (t)

, (2)

with τR and αR
1 being the signature and slope of the linear Regge 

trajectory αR(t) = αR
0 + αR

1 t , and s0 = 1 GeV2 a scale factor. From 
unitarity it follows that the residues βR

μ1μ2μ3μ4
(t) are factoriz-

able, i.e. βR
μ1μ2μ3μ4

(t) = β
R,13
μ1μ3 (t)β

R,24
μ2μ4 (t). In other words, we can 

factorize the residue in a part originating from the R13 vertex 
and a part from the R24 vertex. Angular-momentum and par-
ity conservation determine the non-analytical dependence on t . 
We explicitly define βR,i j

μiμ j (t) =
√−t

|μi−μ j |β̂R,i j
μiμ j (t) where the re-

duced residues, β̂
R,i j
μiμ j (t) are regular in t [31]. In the case at 

hand, βR
μγ μNμ�

(t) = β
R,γ π
μγ

(t)βR,N�
μNμ�

(t) with βR,γ π
μγ

(t) ∝ √−t . That 
is, in the Regge pole approximation the helicity amplitudes for 
pseudoscalar meson production vanish near t = 0. From over-
all angular momentum conservation it follows, however, that the 
s-channel helicity amplitude is proportional to the half-angle fac-
tor ξμμ′ (s, t) = (s(1 − zs)/2)|μ−μ′ |/2((1 + zs)/2)|μ+μ′ |/2, where μ =
μ1 − μ2 and μ′ = μ3 − μ4 is the net helicity flip in the initial 
and final state, respectively. The variable zs denotes the cosine 
of the scattering angle in the s-channel center-of-mass frame. In 
the high-energy limit, zs → 1 + t′/(2s) where t′ = t − tzs=+1. The 
half-angle factor incorporates the kinematic singularity in t , and it 
asymptotically reduces1 to ξμμ′

s→∞−−−→ √−t
|μ−μ′|

. Matching with 
the Regge pole form in the asymptotic amplitude given in Eq. (1), 
one finds [29]

1 The factor of s|μ−μ′ |/2 ensures that the half-angle factor introduces no addi-
tional asymptotic s dependence into Eq. (3).

Table 1
The s-channel residues from single-meson exchange terms (up to 
isospin Clebsches–Gordon coefficients). These are obtained by us-
ing the Lagrangians in Refs. [16,32,33,14,34,35]. All residues must 
be multiplied by a factor √s0

Je where Je is the spin of the corre-
sponding exchange e.

β̂
e,i f
μiμ f

Expression

β̂
π,γ π
+1 (t)

√
2e

β̂
ρ,γ π
+1 (t)

gρπγ

2mρ

β̂
b1,γ π
+1 (t)

gb1πγ

2mb1

β̂
a2,γ π
+1 (t)

ga2πγ

2m2
a2

β̂
π,N�

+ 1
2 + 3

2
(t) gπ N�(mN +m�)√

2m�

β̂
π,N�

− 1
2 + 1

2
(t)

gπ N�(−m2
N +mN m�+2m2

�+t)√
6m2

�

β̂
π,N�

+ 1
2 + 1

2
(t)

−gπ N�(−m3
N −m2

N m�+m3
�+2m�t+mN (m2

�+t))√
6m2

�

β̂
π,N�

− 1
2 + 3

2
(t) −gπ N�√

2m�

β̂
ρ,N�

+ 1
2 + 3

2
(t)

−(2m� g(1)
ρN�+g(2)

ρN�(mN −m�))

2m2
�

β̂
ρ,N�

− 1
2 + 1

2
(t)

−(2mN m� g(1)
ρN�+g(2)

ρN�(−mN m�+m2
�+2t)+2tg(3)

ρN�)

2
√

3m3
�

β̂
ρ,N�

+ 1
2 + 1

2
(t)

−(2m� g(1)
ρN�+g(2)

ρN�(2mN −3m�)+2g(3)
ρN�(mN −m�))

2
√

3m3
�

(−t)

β̂
ρ,N�

− 1
2 + 3

2
(t)

g(2)
ρN�

2m2
�

AR
μ4μ3,μ2μ1

= ξμμ′(s, t)
(√−t

)−|μ−μ′| [
βR

μ1μ2μ3μ4
(t)PR(s, t)

]
(3)

The residual analytical dependence in Eq. (3) on t coming from the 
β̂ factors is not predicted by Regge theory. In the following, we use 
the single-particle exchange model and the data as a guidance to 
constrain this dependence. Specifically, for the lightest meson on 
the trajectory R , labeled by e, the reduced residues are denoted 
as β̂e,i j

μiμ j (t). One expects β̂R,i j
μiμ j (t) ≈ β̂

e,i j
μiμ j (t) for small momentum 

transfer t , since the Regge and particle exchange residues coincide 
at the pole t → m2

e . The residues β̂e,i j
μiμ j (t) are proportional to cou-

pling constants gei j in an effective Lagrangian (see Table 1), and in 
the s → ∞ limit the single-meson exchange amplitude adopts the 
form

Ae
μ�,μNμγ

= √−t
|μγ |√−t

|μN −μ�|
β̂e,N�

μNμ�
(t)β̂e,γ π

μγ
(t)Pe(s, t) ,

(4)

where Pe = (s/s0)
Je /(m2

e − t) is the propagator of the exchanged 
particle. The Regge propagator in Eq. (2) is normalized such that 
PR → Pe for t → m2

e . By comparing with Eq. (3) one determines 
the relation between the reduced Regge residues and the ele-
mentary couplings, which is summarized in Table 1. Besides pion 
exchanges, in the proposed model we include the ρ , a2 and b ex-
changes with signatures τπ,a2 = +1 and τρ,b = −1. The coupling 
constants are extracted from the corresponding decay widths and 
are shown in Table 2. We use degenerate ρ and a2 trajectories 
αN ≡ αR=ρ,a2 (t) = 0.9(t − m2

ρ) + 1, while for the unnatural π and 
b exchanges we use αU ≡ αR=π,b(t) = 0.7(t −m2

π ). Finally we note 
that two π� channels are related by isospin (neglecting isospin 2),

A(γ p → π+�0) = (A+ + A−)/
√

3 (5)

A(γ p → π−�++) = A+ − A− (6)
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Table 2
Decay widths [36] and respective couplings. Normalizations of the couplings are 
consistent with Table 1.

Expression �(g) � g

�ρ±→π±γ = g2
ρπγ p3/(12πm2

ρ) 68 keV gρπγ = 0.17

�b±
1 →π±γ = g2

b1πγ p3/(12πm2
b1

) 230 keV gb1πγ = 0.24

�a±
2 →π±γ = g2

a2πγ p5/(20πm4
a2

) 311 keV ga2πγ = 0.71

��→π N = g2
π N� p3(mN +

√
p2 + m2

N )/(12πm3
�) 116 MeV gπ N� = 19.16

where the AG (G is the t-channel G-parity) receive contributions 
from ρ and b, i.e. A+ = Aρ + Ab and a2 and π , A− = Aa2 + Aπ , 
respectively.

The pion exchange is known to be strongly affected by absorp-
tion [24], which can be effectively accounted for by a modification 
of the Regge pole amplitude, known as the “Williams model”, a.k.a.
“Poor Man’s Absorption” (PMA) [37]. In PMA, the 

√−t factors in 
the residues that are required by factorization, but not by angular-
momentum conservation, are evaluated at the pion pole. Although 
different in the underlying physics assumptions, the PMA is equiv-
alent to a model that adds additional Born terms to the t-channel 
pion exchange [38,39]. We analyze the γ p → π−�++ and γ p →
π+�0 differential cross sections and photon-beam asymmetries. In 
terms of the helicity amplitudes these are given by

dσ

dt
= K

4

∑
μ�,μN ,μγ

|Aμ�,μNμγ |2, (7)

�
dσ

dt
= K

4

∑
μ�,μN

2 Re Aμ�,μNμγ =+1 A∗
μ�,μNμγ =−1, (8)

dσ⊥/‖
dt

= K

4

∑
μ�,μN

|Aμ�,μNμγ =+1 ± Aμ�,μNμγ =−1|2, (9)

with K = (64π sp2
s12)

−1 and dσ⊥/‖/dt the differential cross sec-
tion for photon polarizations perpendicular/parallel to the reac-
tion plane. The unpolarized differential cross section is denoted by 
dσ/dt and � is the photon beam asymmetry.

We first extract the effective trajectory αeff(t) by studying s de-
pendence at fixed t of the available unpolarized cross sections for 
π−�++ photoproduction. We use an asymptotic approximation for 
the s dependence

dσ

dt
� f (t)s2αeff(t)−2 . (10)

The results for the fitted αeff are shown in Fig. 1 as a function 
of t . As expected, we find that pion exchange (αeff � 0) dominates 
at small −t , while natural exchange contributions become impor-
tant at −t ≥ 0.5 GeV2 resulting in αeff(t ≥ 0.5 GeV2) � 0.5. Overall, 
however, αeff(t) is not as steep as compared to the expectation 
from a pure Regge pole, indicating the presence Reggeon–Pomeron 
rescattering or daughter poles, which in general flattens the t de-
pendence. Guided by this observation, we consider two scenarios: 
(i) the ρ and a2 exchanges are described as pure Regge poles, 
and (ii) we include final state interaction corrections. In the lat-
ter, we replace the pole trajectory by a cut trajectory αN(t) →
αC (t) = αN

0 +αP
0 −1 +t(αN

1 αP
1 )/(αN

1 +αP
1 ). For the Pomeron we use 

αP(t) = 1.08 +0.25t [40]. In addition, the explicit calculation of the 
absorption correction gives an additional factor of (ln s/s0)

−1 [24], 
which we include. Even though the cut trajectory and effective tra-
jectory do not fully match (see Fig. 1), the remaining factors in the 
Regge amplitude (i.e. the half-angle factor and the extra ln s/s0 de-
pendence) ultimately results in a good agreement with the data 

Fig. 1. The t dependence of some selected trajectories. The effective trajectory of 
the cross section αeff(t) (red) is extracted with the aid of a fit to the data with the 
function in Eq. (10). The green and purple solid curves illustrate the Regge trajecto-
ries used in this work (see text), together with observed particles. The orange line 
depicts the ρ ⊗ P or a2 ⊗ P cut trajectory. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)

(see Fig. 2). While in the Reggeon–Pomeron cut model for the 
ρ and a2, the connection between the Regge and single-particle 
residues is lost, we still use the same parametrization since it 
provides enough freedom in the fit. We verified that alternative pa-
rameterizations for the t dependence of the residues of the natural 
exchanges do not change the conclusions of the following analysis, 
nor do they significantly alter the predictions for JLab energies.

The Regge propagator in Eq. (2) contains ghost poles which 
must be canceled by zeros in the residues. Exchange degeneracy 
(EXD) forces these zeros to appear in the residue of the EXD part-
ner as well, implying zeros in the amplitude. The latter are referred 
to as nonsense wrong-signature zeros (NWSZ). Since EXD does not 
in general hold for the overall residue in photoproduction reac-
tions, for each individual Reggeon we only remove those ghost 
poles that are closest to the physical region under consideration, 
without including NWSZ. In particular, we remove the ghost poles2

at spins α = −2 for π , α = −1 for b, α = −1 for ρ and α = 0, −2
for the a2. At this point, it is worth mentioning that NWSZ are not 
favored by the data. Absence of such zeros was noted in the anal-
ysis of Yu et al. [14], where to fill in the dips, the authors replace 
the signature factors of the ρ and a2 with a different phase. While 
the physics behind such a phase is not well justified in principle,3

the effect of this substitution is to remove the NWSZ in both con-
tributions.

The unnatural and natural contributions have an overall expo-
nential factor which accounts for the phenomenological falloff at 
large values of −t . Explicitly,

β̂R=π
μγ μNμ�

(t) = cπ β̂e=π
μγ μNμ�

(t)ebU t(α(t) + 2)/2 , (11a)

β̂R=b
μγ μNμ�

(t) = cπ β̂e=b
μγ μNμ�

(t)ebU t(α(t) + 1) , (11b)

β̂
R=ρ
μγ μNμ�

(t) = β̂
e=ρ
μγ μNμ�

(t)ebN t(α(t) + 1)/2 , (11c)

β̂R=a2
μγ μNμ�

(t) = β̂e=a2
μγ μNμ�

(t)ebN tα(t)(α(t) + 2)/3 . (11d)

The β̂ on the left and right hand side of the above equations are 
the Regge and single-particle residues, respectively. We introduced 

2 In removing these ghost poles we respect the normalization of the residues on 
the lightest mass pole of the EXD trajectories.

3 EXD is an equality between two Reggeons. The constant and rotating phases are 
in principle obtained when two Regge contributions with equal residues are added 
or subtracted.
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Fig. 2. The comparison of pole (dashed) and cut (solid) models with the available (unpolarized) differential cross section and beam asymmetry data from Refs. [28,27,41]. In 
the bottom right panel, we show the predictions for E lab = 9 GeV which is relevant for the GlueX experiment. The data and model for γ p → π+�0 have been rescaled by a 
factor of 3 to compensate the overall isospin coefficient in Eq. (5).

an additional factor cπ in order to allow small deviations from the 
estimated pion couplings. We require β̂a2,p�++

(t) = √
s0β̂

ρ,p�++
(t)

and β̂b,p�++
(t) = √

s0β̂
π,p�++

(t) up to the ghost killing factors. 
For the photon vertex we use the radiative decay couplings from 
Table 2.

3. Results

For the two isospin channels π+�0 and π−�++ data are 
available for the differential cross sections, the polarization cross 
sections and the beam asymmetries at a single energy E lab =
16 GeV. High-energy data within 5 ≤ E lab < 16 GeV are available 
for π−�++ only [27,28]. For definite parity exchanges, the po-
larization cross sections are useful, since they are sensitive to a 
given naturality in the t-channel. Specifically, dσ⊥ (dσ‖) are de-
termined by natural (unnatural) contributions [19], respectively. 
Thus, knowledge of dσ‖ allows us to study π exchange in isolation. 
It should be noted, however, that absorption effectively changes 
the naturality of the π exchange and PMA specifically results, in 
the forward region, in an equal contribution to both naturalities. 
Hence, dσ⊥ also contains contributions from absorbed pion ex-
changes.

From the analysis of radiative decays and Table 1, we find 
β

a2,γ π
+1 /β

ρ,γπ
+1 = 1.82 and βπ,γπ

+1 /β
b,γ π
+1 = 4.38. Hence, the ρ and 

b contributions are suppressed with respect to their opposite sig-
nature partners. In Refs. [25,14], the authors used a value of 3 for 
both ratios. The obtained cπ value is consistent with unity and is 
mainly fixed by the dσ‖ data, which is dominated by π exchange. 
Observing a significant difference in dσ⊥ between the two isospin 
channels in the region around 

√−t = 0.4 GeV, one concludes that 
the ρ and a2 contributions must have a rather strong t depen-
dence. Indeed, one can exclude the presence of strong variations 
in t in the pion residue due to the rather featureless t depen-

dence of dσ‖ . Since the ρN� couplings are not well constrained, 
we obtain them from a fit. The PMA model reproduces well the 
forward behavior, thereby correctly matching the natural and un-
natural contributions. Indeed, all natural contributions stemming 
from ρ and a2 exchanges are suppressed in the forward direction 
by the 

√−t factors. By neglecting the b exchange contribution, the 
difference between the isospin channels is attributed to the inter-
ference of the ρ with the a2 and π terms. If the ρ exchange has 
a NWSZ at t = −0.55 GeV2, A+ ≈ 0 and the two isospin channels 
would coincide in this region. This is not observed in the data. 
Hence, the residues of ρ cannot contain NWSZ within the pure 
Regge pole model. The NWSZ in the π+ p → π0�++ cross section 
must therefore be accounted for by the ρππ residue. A similar 
lack of NWSZ in the ρ exchange in photoproduction reactions was 
found in Ref. [20], where a detailed mapping of the t dependence 
of the residues was carried out through the use of finite-energy 
sum rules.

The fits are constrained with all of the available E lab = 16 GeV
data, leaving the E lab = 5, 8, 11 GeV cross section data as a pre-
diction and model validation. The results of the fits are shown in 
Fig. 2. The fitted parameters are given in Table 3. Even though both 
the pure pole and pole-plus-cut model describe the data rather 
well, we observe quite a sensitivity in the normalization of the 
ρN� couplings. Thus an independent estimate of these parame-
ters would be very important. In our fits this is driven by the large 
difference in the observed beam asymmetry for the two isospin 
channels. The model in Ref. [14] was not given as much freedom 
in a fit to the data as in the current analysis, but rather the cou-
plings were constrained by symmetry arguments. However, from a 
comparison of the presented model with the one in Ref. [14], it 
becomes clear that pure pole-like contributions with natural size 
couplings are not able to reproduce the aforementioned behavior. 
The new experiments at JLab will be able to address this complex 
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Table 3
Fitted parameters for the two models. In the pole model, 
all exchanges are pure Regge poles. In the cut model, 
ρ and a2 contributions are Reggeon–Pomeron cuts.

Pole model Cut model

cπ 1.06 1.04
bU (GeV−2) 0.06 0.14
bN (GeV−2) −0.42 −2.12

g(1)
ρN� −48.2 −370.8

g(2)
ρN� −52.4 −242.4

g(3)
ρN� 40.2 −139.0

feature. The main deficiency of the poles-only fit is that it overes-
timates the s dependence of the π−�++ cross section at large −t . 
A natural-parity cut contribution coincides with the observed en-
ergy dependence, except for the E lab = 5 GeV data. At such low 
energies, daughter and additional cut contributions are expected.

We can now predict the beam asymmetry at JLab energies of 
E lab = 9 GeV as shown in Fig. 2. The predicted observable ap-
pears rather similar to the SLAC data at E lab = 16 GeV [41]. The 
underlying dynamics can be interpreted in the following way. At 
high −t , � ≈ +1 indicates dominance of natural exchanges. As 
−t becomes smaller, pion exchanges dominate the forward region, 
which is reflected by � → −1. For t′ → 0, one expects � = −1 for 
purely factorizable exchanges, since the pion remains the dominant 
contribution up to extremely forward angles. However, the effect 
of � → 0 indicates the presence of additional non-pole terms of 
equal parity in the t-channel, as successfully included by the PMA 
model.
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Chapter 4

Partial-wave analyses and

phenomenology for resonance

extraction

4.1 Introduction

In Chapter 3, the amplitudes of reactions of the type 1 + 2 → 3 + 4 was the subject

of investigation. It was shown that important constraints on the amplitudes can be

determined by establishing connections between different energy regimes. By introducing

Regge theory in Section 3.3, we were able to fix the s-dependence of the amplitude

above the resonance region. As said, low-energy models commonly apply a truncated

partial-wave expansion to isolate the relevant physics information from data. Partial-

wave analyses are the focus of this chapter. First, we determine the minimum kinematic

factors that are required by analyticity constraints. This is done for various partial-wave

decomposition tools, such as helicity partial-wave decomposition and the covariant tensor

formalism. Next, we discuss some modeling tools to extract resonance information from

data.

4.2 Kinematic singularities

We discussed the relevance of detecting kinematic singularities in the context of dispersion

relations in Section 3.1. Since pseudoscalar meson photoproduction γ + N → M + B

has been studied extensively in the literature, the decomposition of the amplitudes into
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covariant amplitudes and multipoles is readily available. In general, however, these

constructions require a dedicated derivation, for which we detail the intricacies in this

section.

The kinematic singularities of the amplitude Mfi in Eq. (1.28) are determined by the

spins of the particles involved, and are generated by singular behavior of the Lorentz

transformations that generate the spin states. Consider the reaction 1 + 2 → 3 + 4,

where particles 1–4 are massive (mi > 0). Below, we discuss the expected singularities

in amplitudes and partial waves, coming from analyticity constraints.

4.2.1 Half-angle factors

The full helicity amplitude AHs(s, t) depends on two independent kinematic variables

s and t. In Section 1.2.1 it was shown that the origin of the t-singularities can be

traced by considering the partial-wave decomposition of AHs(s, t) in Eq. (1.29). Since

the partial-wave amplitudes AJHs(s) are independent of t, the singularities originate from

the d-functions and are fully contained in the half-angle factors ξµµ′(zs) in Eq. (1.32).

These singularities are related to angular-momentum conservation at zs = ±1. Hence,

one can factorize out the t-singularities by defining the t-singularity free d-functions as

in Eq. (1.31).

4.2.2 s = 0 singularities

Any relativistic field theory must obey the symmetries of the Poincaré group [83]. There-

fore, to describe the single-particle states, one must find an irreducible representation of

the Poincaré group. Hereby, one determines the sub-group for a given four-momentum

pµ of the particle. The little group incorporates the transformations that leave the mo-

mentum pµ untouched. This results in the definition of single-particle states |p, s,mz〉,
where mz is the spin projection along the z-axis in the rest frame of the particle. For

a physical massive particle, pµ is a timelike vector, and the little group is the SO(3)

subgroup1 of the Lorentz group in the space orthogonal to pµ [42].

To describe the process 1 + 2→ J → 3 + 4 in the helicity basis, one builds two-particle

helicity states with definite spin J and spin projection M along the z-axis, starting from

the single-particle helicity states. As for the single-particle state, one decomposes the

two-particle state into a part related to the total four-momentum in the COM Pµ =

(
√
s, 0, 0, 0) and the state connected with the 1 + 2 relative momentum pµ and helicities

1As customary, SO(3) indicates the group of 3 × 3 matrices M with unit determinant, such that
MTM = 1. Analogously, SO(3,1) is the group of 4 × 4 matrices M with unit determinant, such that
MT gM = g, with g = diag(1,−1,−1,−1) the Minkowski metric.
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|pJM ;µ1µ2〉

|P〉 ⊗ |pJM ;µ1µ2〉 , (4.1)

and equivalently for the 3 and 4 pair.

The partial-wave decomposition of the helicity amplitudes (1.29) comes down to de-

composing the two-particle states in terms of representations of the little group, i.e. of

the three-dimentional rotation group SO(3), or more strictly the covering SU(2) group.

The Wigner-D functions form an irreducible matrix representation of the latter. For

s = P2 → 0, one has Pµ → (0, 0, 0, 0), such that the little group expands to SO(3,1).

Note that these kinematics are related to the physical region through analytic continu-

ation. Therefore, singularities in the helicity amplitude can be expected at s = 0. In

general, the dynamics cancel these singularities in the SO(3) partial-wave decomposi-

tion (1.29). Still, one can derive the minimum factors of s to obey analyticity. Also, it is

straightforward to derive the minimum factors of s that are required in order to obtain

factorizable amplitudes for an s-channel process, as shown in Ref. [44].

Note that in Section 3.3, we started from the partial-wave expansion in the t-channel

in Eq. (1.33), such that t plays the role of s in the discussion above. Regge theory at

t = 0 now boils down to analytically continuing the amplitude in the quantum number

related to SO(3,1), rather than the spin J . The generalization of the Regge pole of

the SO(3,1) decomposition is referred to as a Toller pole [84]. A Toller pole gives rise

to an infinite number of Reggeons, called daughter trajectories, which are all relevant

and interdependent at t = 0. In such a theory, t = 0 no longer introduces kinematic

singularities, due to conspiracies between the Reggeons. This is an example of how

dynamics can cancel the above-mentioned singularities, that appear kinematic in nature

at first.

4.2.3 Threshold factors

The s-channel COM angle zs in Eq. (1.23) is ill-defined near threshold, since zs ∝ 1/p.

Therefore, the helicity amplitudes AHs(s, t) are expected to contain kinematic sin-

gularities for p → 0, i.e. at threshold2 (s+ = (m1 + m2)2) and pseudothreshold

(s− = (m1 −m2)2). In the case of spinless external particles (J = L), the d-functions

reduce to Legendre polynomials PL. The most singular behavior of the Legendre poly-

nomials near s± is PL(zs) ∼ zLs ∼ p−L. Since the spinless amplitude must be kinematic

2The arguments in this section hold equally well for q → 0. We refer to both as thresholds.
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singularity free at s±, it follows that

AJ=L ∼ pL . (4.2)

The factor in PL(zs) that remains after factorizing out the leading behavior in Eq. (4.2)

is a polynomial in p2, which is regular in s near s±. When the external particles have

spin, the situation is more complicated. In the latter case, there can be a mismatch

(J 6= L) between total angular momentum J and the orbital angular momentum L. The

former determines the power of zs through the d-functions, while the latter introduces

the barrier factors. In general, the barrier factors are of the form

B(s) ≡ pL1qL2 , (4.3)

where L1 (L2) is the lowest orbital angular momentum of the initial (final) state pair, for

the given J and the involved helicities and parities. Assume we have already removed the

half-angle factors ξµµ′(zs) from the amplitude, such that the partial-wave decomposition

of the t-singularity free helicity amplitude ÂHs(s, t) reads

ÂHs(s, t) =

+∞∑

J=M

(2J + 1)AJHs(s)d̂
J
µµ′(zs) , (4.4)

with M = max{|µ| , |µ′|}. In order to derive the required powers in p, for example, note

that the leading power of d̂Jµµ′(zs) in zs is zJ−Ms α1/qJ−M . The remaining part of d̂J ,

i.e. (pq)J−M d̂J , is, however, not in general a polynomial in p2 and q2. Since the d̂J is

not of definite parity, odd powers of p and q may remain, and therefore (pq)J−M d̂J now

still contains kinematic branch points. To be able to remove these singularities from the

amplitude, we need to define definite parity amplitudes. Since the (pseudo)threshold

factors of the partial-wave amplitudes can only be determined for a definite parity, it is

clear that the definite parity partial-wave amplitudes can be made singularity free. The

effect of the parity operator P on a two-particle state is to flip the external helicities,

P |Jµ;µ1µ2〉 = P1P2(−1)J−s1−s2 |Jµ;−µ1 − µ2〉 , (4.5)

where the P1 (P2) and s1 (s2) are the intrinsic parity and spin of particles 1 (2). It is

straightforward to construct definite-parity partial-wave amplitudes via

AJηHs(s) = AJHs(s) + ηP1P2(−1)s1+s2−vAJH̄s(s) , (4.6)



Chapter 4. Partial-wave analyses and phenomenology for resonance extraction 93

where η is the parity of the two-particle state, and H̄s = {µ4, µ3,−µ2,−µ1} and v = 0

(v = 1/2) for integer (half-integer) J . Near p = 0, the amplitudes have the behavior

AJηHs ∼ pJ−M (S+
12)Y

+
12(S−12)Y

−
12 , where we defined

S±ij =
√
s− (mi ±mj)2 , (4.7)

and the Y ±12 represent the L − J mismatch factors at (pseudo)threshold. For a given

process, the mismatch factors can be derived intuitively by using quantum mechanical

arguments at threshold. For example, consider an intermediate pseudotensor JP = 2−

which decays into two vector particles with helicities |µ1 − µ2| = 0. The spins of the

final-state particles can couple to a total intrinsic spin S = 0, 1, 2. The lowest L = 0

corresponds to the S = 2 case. However, this state is of the wrong parity, so L = 1 is

the lowest allowed orbital momentum, such that Y +
12 = L − J = −1. These arguments

cannot be applied directly at pseudothreshold. However, the problem can be reformulated

by considering the pseudothreshold as the kinematics where both particles are at rest:

E1 = −m1 and E2 = m2 (assume m1 < m2, i.e.
√
s− = m2 −m1). The same procedure

can be followed as before, by relating the threshold state to the pseudo-treshold state.

This transition is related by and unphysical complex boost, which results in an additional

factor eiπλ1 . Using this new helicity state for particle 1, one can derive the mismatch

factor for the new set of amplitudes in the same way as illustrated before. The main

difference is that the parity relations of the new set of amplitudes contain an additional

factor (−1)2s1 . One can interpret this factor by changing the intrinsic parity of particle

1 from P1 to P1(−1)2s1 . This affects the quantum mechanical arguments above when

the lighter particle, i.e. particle 1, is a fermion. Therefore, Y −12 6= Y +
12 when fermions are

involved.

The above-mentioned scheme illustrates how to construct singularity free partial-wave

amplitudes. To produce helicity amplitudes that are free from s-singularities (t-

singularities have been removed by dividing out the half-angle factors), one must realize

that the partial-wave amplitudes of both parities may contribute, though they may have

different mismatch factors. Consider the behavior at normal threshold s+. The two par-

ity states have at least one factor of S+
12 difference. Hence, one must guarantee that the

angular functions are also one order different in order to be able to isolate the S+
12 from

ÂHs(s, t). Therefore, one constructs the so-called parity-conserving helicity amplitudes

(PCHA) that are free of kinematic singularities [42],

ÂηHs = AHsξ
−1
µµ′(zs) + ηP1P2(−1)µ

′−M+σ1+σ2−vAH̄sξ
−1
−µµ′(zs) . (4.8)
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These can be expanded into the definite-parity partial-wave amplitudes by introducing

the definite-parity d-functions

d̂Jηµµ′(zs) = d̂Jµµ′(zs) + η(−1)µ
′−M d̂J−µµ′(zs). (4.9)

One can verify that the function dJ+
µµ′(zs) is a definite-parity polynomial of order J −M ,

i.e. dJ+
µµ′(−zs) = (−)J−MdJ+

µµ′(zs). Similarly, dJ−µµ′(zs) is a definite parity polynomial of

order J −M − 1, and therefore subleading in the zs →∞ limit. One now obtains

AηHs(s, t) =
∑

J=M

(2J + 1)

[
AJηHs(s)d̂

J+
µµ′(zs) +AJ−ηHs

(s)d̂J−µµ′(zs)

]
. (4.10)

The PCHA do not in general contain contributions from a single parity η. The name

historically originates from Regge theory, where the limit s → ∞ is considered. In this

limit, contributions with parity −η are suppressed in ÂηHs . It is not generally possible to

construct a set of helicity amplitudes which are both singularity free and have definite

parity. The combination in Eq. (4.8) allows one to factor out the singularities in s.

We showed how to construct a set of amplitudes that are completely free of kinematic

singularities in all the Mandelstam variables3. In other words, we traced back the minimal

set of kinematic factors that are necessary to obey analyticity. The remaining singularities

are purely dynamical in nature, and hence, this is where the modeling starts.

4.3 Common amplitude parametrizations

In practical analyses of experimental data, the amplitudes are usually parametrized by

a sum of Breit-Wigner (BW) contributions (1.44). The amplitudes are commonly para-

matrized as a sum of isobar amplitudes, where each of these contain BW contribu-

tions. These isobar amplitudes have well-defined spin, and contain only the right-hand

cut (RHC) in a chosen Mandelstam variable (which stem from an energy-dependent

width in the case of a BW). Cross channel isobars introduce left-hand cuts (LHC) in the

partial-wave amplitudes. Such a model is valid for narrow and isolated resonances, sepa-

rated from other singularities. However, it can be easily demonstrated that overlapping

BW contributions violate unitarity. , The left-hand cut is often neglected, or modeled

by means of Blatt-Weisskopf factors, which modify the high-energy behavior along the

RHC [85, 86].

Alternatively, in the so-called N/D approach4, one decomposes the partial-wave ampli-

3Except for the case of boson-fermion scattering, where a factor
√
s cannot be factored out.

4N stands for “numerator function” and D for “denominator function” [87].
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tude ÂJHs(s) in terms of a function containing the LHC (N), which is related to the

exchange interactions, and a function containing the RHC (D), which contains the s-

channel resonance information,

ÂJ(s) = N(s)D(s)−1 . (4.11)

We dropped the J and helicity dependence. This linearizes the unitarity relation. Along

the RHC,

Im D(s) = −ρ′2(s)N(s) , (4.12)

and along the LHC,

Im N(s) = D(s)Im ÂJ(s) . (4.13)

We introduced the adjusted phase-space factor ρ′2, which absorbs the relevant barrier

factors: ρ′2(s) ≡ ρ2(s)B(s). A general dispersive solution exists for Eq. (4.12),

D(s) = D0(s)− 1

π

∫ +∞

st

ρ′2(s′)N(s′)
s′ − s ds′ , (4.14)

which ensures s-channel unitarity of the model if D0(s) is a real function of s. The

integrand ρ′2(s)N(s) must vanish as 1/sn for |s| → ∞ (where n > 0), to guarantee con-

vergence of the dispersive integral. To guarantee this behavior, additional subtractions

might be required in Eq. (4.14), as shown for example in Ref. [88]. If the numerator

function N(s) is known, one can analytically continue the denominator function D(s) in

Eq. (4.14) to the unphysical Riemann sheets. The continuation of D(s) to the second

Riemann sheet occurs through Eq. (1.42) and reads

DII(s) = D(s) + 2iρ′2(s)N(s) . (4.15)

The D0(s) in Eq. (4.12) can now be parametrized in order to generate poles. Therefore,

it is common to use the Castillejo-Dalitz-Dyson (CDD) parametrization

D0(s) = c0 − c1s−
∑

r

c2,r
c3,r − s

, (4.16)

where c0, c1, c2,r and c3,r are positive real parameters. In the latter parametrization it is

straightforward to assert that there are no poles on the physical Riemann sheet for the

single channel case.
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In an alternative parametrization, one starts from a form for the partial-wave amplitude

which satisfies unitarity by construction. The K-matrix is defined such that

(ÂJ(s))−1 = K−1(s) + I2(s) , (4.17)

which satisfies Eq. (1.41) by construction. The I2(s) is the dispersive form of −iρ2(s)

(Chew-Mandelstam), similar to the dispersive form of D(s) [89]

I2(s) = Ic −
s

π

∫ +∞

st

ρ′2(s′)
s′(s′ − s)ds′ , (4.18)

where Ic is a subtraction constant. In order for the Chew-Mandelstam integral to con-

verge, appropriate subtractions might be required. The imaginary part of I2(s) ensures

unitarity above threshold Im I2(s) = −ρ′2(s). The real part ensures that ÂJ(s) has

no pseudo-threshold branch point. The K-matrix and N/D are trivially related by

K−1 = (D − I2N)N−1.

The K-matrix is commonly parametrized as

K(s) =
∑

r

g2
r

m2
r − s

+
∑

b=0

γbs
b , (4.19)

where the first (second) term represent resonant (background) terms, with parameters

gr and mr (γb). Notice that the left-hand cut has been neglected in this representation.

Alternatively, one can take N = 1 in the N/D approach and put K−1(s) = D0(s), and

apply the parametrization in Eq. (4.16).

4.4 Publications

4.4.1 What is the right formalism to search for resonances?

(Ref. [6])

Various methods are available for decomposing the amplitude into partial-wave com-

ponents. It is often unclear whether these methods introduce model dependence and

whether they obey the S-matrix principles. These methods aim to provide the kine-

matic part of the amplitudes only, which contains the kinematic singularities required by

analyticity constraints. The most commonly used methods are:

• The helicity method [44, 90–92] consists of connecting helicity amplitudes to their

expression into covariant amplitudes, as in Eq. (3.8) for photoproduction. Hereby,

one combines the partial-wave decomposition of the helicity amplitudes with the
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knowledge that the scalar amplitudes which occur in the covariant decomposition

(e.g. the An(s, t) in Eq. (3.8)) are kinematic singularity and zero free. The helicity

amplitudes and their partial-wave decomposition are trivially extendable to more

complex reactions, including particles with higher spins. Figuring out the singu-

larity structures of the helicity amplitudes from merely the explicit knowledge of

the generating Lorentz transformations is far from trivial, and can be tedious. An

extensive discussion and the full characterization of the singularities can be found

in Refs. [42, 44, 72, 93–95]. The covariant basis separates trivially kinematic from

dynamic effects, but does not generalize easily towards more involved reactions

with higher spins. Also, these amplitudes do not have a straightforward partial-

wave decomposition. The combinations of both allows one to identify both the

singularities in the helicity partial-wave amplitudes and the conspiracy relations

they must fulfill. Counting the number of independent couplings for a resonance

is straightforward, as it corresponds to the number of independent helicity partial-

waves. This methods becomes rather intractable when fermions are involved, since

the number of conspiracy relations grows with the number of helicity amplitudes.

• The LS decomposition [42] (or equivalently Zemach [96] formalism) in the helicity

basis. The LS basis exposes the threshold behavior in a canonical way, since the LS

states are eigenstates of the parity operator. On the other hand, a detailed analysis

of the s = 0 and pseudo-threshold singularities is not available in the literature,

and hence requires a dedicated analysis. A straightforward method is to combine

the LS decomposition with the partial-wave methods, as the LS basis exposes the

threshold conspiracy relations of the latter.

• The covariant projection method (CPM) [97–100] aims to rewrite the LS decompo-

sition into an explicitly covariant form. Hereby, a set of operators is constructed

which resemble an orbital-angular momentum and total intrinsic spin operator. In

the non-relativistic limit, i.e. near threshold, the construction reduces to the LS

decomposition, up to energy dependent factors.

In Ref. [6], we consider the above-mentioned approaches for constructing amplitudes for

2 → 2 scattering and 1 → 3 decay processes. Analyticity is the guiding principle to

examine these approaches. Using the decay B → ψπK as a prototypical example, we

separate the kinematic factors from the dynamical functions. We match the helicity

amplitudes with the most general covariant expression. In this process, we identify

kinematic constraints on the helicity amplitudes, called conspiracies. The results are

compared with the LS decomposition. In contrast to LS parameterization, the kinematic

factors (s+m2
1 −m2

2)/(2m1
√
s) automatically appears in the tensor formalism when the
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method is applied to the decay process. More interestingly, the customary recipes in the

CPM approach explicitly violate crossing symmetry. In other words, the approach suffers

from a scheme dependence. In particular, we show that the tensor approach discussed

in Refs. [97–100], when applied to the decay kinematics directly, introduces a peculiar

energy dependence which has no clear physical motivation. As an example, in Fig. 3 of

Ref. [6], we compare the line shapes of two vector resonances in the πK invariant mass

distribution of the B → ψπK decay. Due to the different minimal kinematic factors

imposed by the above-mentioned approaches, the line shape can deviate quite strongly.

This suggests that resonance parameters that are extracted from data depend strongly

on the opted formalism to construct the amplitudes.

4.4.2 New analysis of ηπ tensor resonances measured at the

COMPASS experiment (Ref. [7])

The COMPASS experiment provides a neat and clean example of present-day meson

spectroscopy. Since mesonic targets are not available, the meson resonances are formed in

a diffractive process, by impinging a plab = 191 GeV π-beam on a hydrogen target [101].

As discussed in Chapter 1, the L = 1 wave of the η(′)π system is rather interesting,

since it corresponds to systems with non-qq̄ quantum numbers JPC = 1−+ and shows

hints for resonant structures. Indeed, a forward-backward asymmetry can be observed

at low energies in η′π scattering in Fig. 4.1, which is indicative for an odd-wave (P -wave)

structure. As said, the bump in the P -wave might find its origin in a background effect.

While the enhanced structure shows up clearly in the η′π system, it is less clear in the

ηπ data (see Fig. 4.1). In order to confidently extract the exotic content from these data,

one must first make sure to understand the conventional waves, and the contribution

due to the background. In Ref. [7], we analyzed the JPC = 2++ partial wave of the

ηπ system using the N/D approach with the CDD parametrization for the denominator.

Therefore, we analyze the dense band structures in the ηπ data in Fig. 4.1. The kinematic

singularities of the LS amplitudes are removed from the partial waves. By modeling the

LHC and allowing for two resonant poles, we are able to extract the pole positions of

the a2(1320) and a2(1700). A rigorous coupled-channel analysis of multiple partial-waves

of the COMPASS data, including the P -wave, is ongoing. An analytic continuation of

the denominator function D(s) in Eq. (4.15) of the D-wave is shown in Fig. 4.2. It is

clear that the first Riemann sheet is free of singularities, as required by analyticity. The

second sheet, however, contains more than the two expected poles related to physical

QCD states. Due to the intuitive N/D parametrization, the origin of these singularities

can be traced. When we reduce the strength of the exchange forces (N), all but two of
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306 COMPASS Collaboration / Physics Letters B 740 (2015) 303–311

Fig. 1. Invariant mass spectra (not acceptance corrected) for (a) ηπ− and (b) η�π− . Acceptances (continuous lines) refer to the kinematic ranges of the present analysis.

Fig. 2. Data (not acceptance corrected) as a function of the invariant ηπ− (a) and η�π− (b) masses and of the cosine of the decay angle in the respective Gottfried–Jackson 
frames where cosϑGJ = 1 corresponds η(�) emission in the beam direction. Two-dimensional acceptances can be found in Ref. [20].

indicates coherent contributions from larger angular momenta. 
Forward/backward asymmetries (only weakly affected by accep-
tance) occur for all masses in both channels, which indicates 
interference of odd and even partial waves. In the η�π− data, the 
a2(1320) is close to the threshold energy of this channel (1.1 GeV), 
and the signal is not dominant, see also Fig. 1 (b). A forward/back-
ward asymmetric interference pattern, indicating coherent D- and 
P -wave contributions with mass-dependent relative phase, gov-
erns the η�π− mass range up to 2 GeV/c2. In the a4(2040) region, 
well-localised interference is recognised. As for ηπ− , narrow for-
ward/backward peaking occurs at higher mass, but in this case the 
forward/backward asymmetry is visibly larger over the whole mass 
range of η�π− .

The data were subjected to a partial-wave analysis (PWA) using 
a program developed at Illinois and VES [21–23]. Independent fits 
were carried out in 40 MeV/c2 wide bins of the four-body mass 
from threshold up to 3 GeV/c2 (so-called mass-independent PWA). 
Momentum transfers were limited to the range given above.

An η(�)π− partial-wave is characterised by the angular mo-
mentum L, the absolute value of the magnetic quantum number 
M = |m| and the reflectivity � = ±1, which is the eigenvalue of re-
flection about the production plane. Positive (negative) � is chosen 
to correspond to natural (unnatural) spin-parity of the exchanged 
Reggeon with J Ptr = 1− or 2+ or 3− . . . (0− or 1+ or 2− . . . ) trans-
fer to the beam particle [18,24]. These two classes are incoherent.

In each mass bin, the differential cross section as a function of 
four-body kinematic variables τ is taken to be proportional to a 
model intensity I(τ ) which is expressed in terms of partial-wave 
amplitudes ψ�

LM(τ ),

I(τ ) =
�

�

����
�

L,M

A�
LMψ�

LM(τ )

����
2

+ non-η(�) background. (1)

The magnitudes and phases of the complex numbers A�
LM consti-

tute the free parameters of the fit. The expected number of events 
in a bin is

N̄ ∝
�

I(τ )a(τ )dτ , (2)

where dτ is the four-body phase space element and a(τ ) desig-
nates the efficiency of detector and selection. Following the ex-
tended likelihood approach [25,24], fits are carried out maximis-
ing

lnL ∼ −N̄ +
n�

k=1

ln I(τk), (3)

where the sum runs over all observed events in the mass bin. 
In this way, the acceptance-corrected model intensity is fit to the 
data.

The partial-wave amplitudes are composed of two parts: a fac-
tor fη ( fη� ) that describes both the Dalitz plot distribution of the 
successive η (η�) decay [26] and the experimental peak shape, 
and a two-body partial-wave factor that depends on the primary 
η(�)π− decay angles. In this way, the four-body analysis is re-
duced to quasi-two-body. The partial-wave factor for the two spin-
less mesons is expressed by spherical harmonics. Thus, the full 
η(π−π+π0)π− partial-wave amplitudes read

ψ�
LM(τ ) = fη(pπ− , pπ+ , pπ0) × Y M

L (ϑGJ,0)

×
�
sinMϕGJ for � = +1

cosMϕGJ for � = −1
(4)

and analogously for η�(π−π+η)π− . There are no M = 0, and 
therefore no L = 0 waves for � = +1. The fits require a weak 

Figure 4.1: Data (not acceptance corrected) as a function of the invariant (a) ηπ and (b) η′π masses
and of the cosine of the decay angle in the respective Gottfried–Jackson frames where cos θGJ = +1
corresponds to η(′)π emission in the beam direction. Figure from Ref. [101].

the poles move below threshold to s = sR. Those poles are therefore an artifact of the

model for the left-hand cut. The a2 resonance poles move to the real axis above threshold

and decouple, yet, their masses barely change when the effect of N is reduced.
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Figure 4.2: Behavior of the denominator function D(s) in Eq. (4) of Ref. [7] on the first (Im s > 0) and
second (Im s < 0) Riemann sheet for a varying coupling g in the numerator function N in Eq. (6) in
Ref. [7]. The pole at large negative Im s moves around strongly when the coupling is altered.
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Abstract Hadron decay chains constitute one of the main
sources of information on the QCD spectrum. We discuss
the differences between several partial wave analysis for-
malisms used in the literature to build the amplitudes. We
match the helicity amplitudes to the covariant tensor basis.
Hereby, we pay attention to the analytical properties of
the amplitudes and separate singularities of kinematical and
dynamical nature. We study the analytical properties of the
spin-orbit (LS) formalism, and some of the covariant tensor
approaches. In particular, we explicitly build the amplitudes
for the B → ψπK and B → D̄ππ decays, and show that
the energy dependence of the covariant approach is model
dependent. We also show that the usual recursive construc-
tion of covariant tensors explicitly violates crossing sym-
metry, which would lead to different resonance parameters
extracted from scattering and decay processes.

1 Introduction

The high quality data on hadron production and decays that
are or will be available from BaBar, BelleII, BESIII, CMS,
CLAS12, COMPASS, GlueX, LHCb, and other experiments,
necessitate rigorous amplitude analysis. This is particularly
true for the extraction of resonance parameters that are based
on analytical partial waves. Moreover, analytical reaction
amplitudes are needed in conjunction with lattice data to

a e-mail: mikhail.mikhasenko@hiskp.uni-bonn.de
b e-mail: pillaus@jlab.org

study the hadron spectrum from first-principles lattice QCD
calculations [1–5].

In this paper, we focus on three-body decays, aka 1-to-3
processes. In recent years such reactions have led to ample
data that resulted in the observation of new exotic phenom-
ena, e.g. the so-called XYZ states in heavy meson decays [6–
8], and that are also used in studies of excited mesons and
baryons. The issues we address and the methodology we
present are, however, of relevance to other analyses as well,
for example to baryon resonance studies in photoproduction
[9,10], or meson spectroscopy from pion or photon beam
fragmentation [11–13].

In the modern literature, there seems to be a lot of
confusion regarding properties of the reaction amplitudes
employed in analyses of such processes. This is often stated
in the context of a potentially nonrelativistic character of
certain approaches [9,14,15]. As we explain below, how-
ever, rather than arising from relativistic kinematics, the dif-
ferences between the various formalisms have a dynami-
cal origin. Reaction amplitudes are given by the scattering
matrix elements between initial and final states that repre-
sent asymptotically free particles. Such states belong to a
unitary, noncovariant representation of the Lorentz group.
Since the scattering operator is a Lorentz scalar, reaction
amplitudes share the transformation properties of the free
particle states. A typical three particle decay process is dom-
inated by two-body resonances, and can be well approxi-
mated by a finite number of partial waves. The latter can be
given by the helicity partial waves or the Russell–Saunders,
aka LS amplitudes [16]. For the LS amplitudes, one couples
particle states in the canonical representation. The relation
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between the helicity and LS basis is a straightforward orthog-
onal transformation. Because of the noncovariant transfor-
mation properties of the reaction amplitude, partial waves
transform in a nontrivial way as well, e.g. helicity amplitudes
mix under Lorentz boosts through Wigner rotations. Never-
theless, all of the amplitudes referred to above (the helicity
amplitudes, the helicity partial waves, the LS partial wave
amplitudes) are relativistic, i.e. have well defined behavior
under Lorentz transformations.

Since the helicity amplitudes involve asymptotically free
particle states, they must be proportional to free particle
wave functions, e.g. Dirac spinors or polarization tensors.
These wave functions have mixed transformation properties,
i.e. have both covariant (Lorentz or Dirac), and noncovari-
ant (helicity) indices. The Lorentz and Dirac indices need
to be contracted with covariant tensors built from particle
four-vectors and Dirac gamma matrices to yield the nonco-
variant helicity amplitudes. Helicity amplitudes can therefore
be expressed as linear combinations of products of covariant
tensors and wave functions with coefficients that are scalar
functions of the Mandelstam invariants. It can be shown that
these scalar functions have only dynamical singularities as
demanded by unitarity [17], and for this reason are useful
when analyzing singularities of the partial waves. Further-
more, these scalar functions are invariant under crossing
which makes them convenient to relate amplitudes in the
decay and scattering kinematics.

There exist an approach for constructing the scalar func-
tions from an assumed model for the partial waves, hereafter
referred to as the covariant projection method (CPM) [14,18–
20], that starts from a LS partial wave model (or equiv-
alently the Cartesian, aka Zemach amplitudes [21]) but
writes them in a covariant fashion. The method has a draw-
back, which is related to the behavior under crossing (see
Sect. 3.1). The alternative, which we refer to as the canon-
ical approach [16,22–25], is to use the well known rela-
tion between the helicity amplitudes and the helicity par-
tial waves [16] to determine the scalar functions in terms of
the partial wave models. The differences between these two
approaches to relate partial waves and scalar functions result
in factors which are confusingly referred in the literature as
“relativistic corrections”. These are actually Lorentz invari-
ant functions and therefore can be absorbed into the scalar

functions. In both the CPM and canonical approaches, the
relativistic kinematics is properly taken into account. Thus,
the differences in these approaches are dynamical in nature.

In what follows, we present a detailed comparison of these
two approaches, paying specific attention to the analytical
properties, which are among the few constraints that can be
imposed in a model independent way. Instead of present-
ing results for a general case, we find it more pedagogical to
compare these constructions in a few concrete examples. The
examples we discuss are of special interest to various ongo-
ing analyses, and are complex enough to illustrate the gen-
eral principles. The first example is the parity violating (PV)
three-body decay B0 → ψπ−K+, with ψ = J/ψ,ψ(2S).
The analyses by Belle and LHCb show nontrivial structures
appearing in the ψ(2S) π [25–28], and in the J/ψ π chan-
nel [29]. These are of particular interest, because a resonance
in these channels would require an exotic interpretation [6–
8]. The rest of the paper is organized as follows. In Sect. 2
we discuss the canonical approach on the example of the
B → ψπK decay. By relating the helicity partial waves
to the scalar amplitudes via the partial wave expansion, we
derive constraints and isolate the kinematical singularities.
We also discuss implication of these constraints for the LS
partial wave amplitudes. The details of the amplitude param-
eterizations are given in the Appendices and are presented in
a way that can be implemented in the standard data analysis
tools [30,31]. In Sect. 3 we examine the CPM approach and
compare this model with the findings from Sect. 2. We men-
tion the crossing symmetry properties of CPM using, as an
example, B0 → D̄0π+π−, which was recently analyzed by
LHCb within this formalism [32]. Summary and conclusions
are given in Sect. 4.

2 Analyticity constraints for B → ψπK

In Fig. 1 we show a diagram representing the kinematics of
the decay B → ψ(→ μ+μ−)πK . The spinless particles
B, π , K are stable against the strong interaction. The ψ is
narrow enough to completely factorize its decay dynamics.
Thus, we construct the amplitude considering ψ to be sta-
ble. More details, including the dilepton decay of the ψ , are
given in Appendices A and B. We use pi , i = 2 . . . 4 to label

Fig. 1 Reaction diagrams for a
the B → ψ(→ μ−μ+)πK
decay process, and for b the
ψB → πK s-channel scattering
process. The t-channel process
ψπ → B̄K is indicated by the
vertical line

(a) (b)
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the momenta of B, π , and K respectively. The momentum
of the ψ will be denoted by p̄1, for a reason which we will
explain below. The helicity amplitude for the decay process
B → ψπK is denoted by Aλ(s, t), λ being the helicity of
ψ , i.e.〈ψπK , out|B, in〉 = (2π)4δ4(p2 − p̄1 − p3 − p4)Aλ.
The amplitude depends on the standard Mandelstam vari-
ables s = (p3 + p4)

2, t = ( p̄1 + p3)
2, and u = ( p̄1 + p4)

2

with s + t + u = ∑
i m

2
i .

The B meson decays weakly, so Aλ is given by the sum
of a PV and parity conserving (PC) amplitude. The difficulty
treating the decay channel directly is that the mass of the
decaying particle should be considered on the same footing
as the other dynamical variables (s, t , u). This is demanded
by unitarity, which implies that above a threshold, the ampli-
tude is a singular function of the corresponding dynamical
variable. It is therefore simpler to study singularities in a
scattering channel and cross to the other channels by analyt-
ical continuation in the momentum of the ψ , i.e. by setting
p̄1 = −p1 [33]. In general, under crossing, helicity ampli-
tudes are mixed by Wigner rotations. In our case, however,
since crossing can be realized through a (unphysical) boost in
the direction of motion of the ψ , there is no change in helicity.

We begin with the discussion of the PV amplitudes in
the s-channel. The s-channel resonances correspond to the
K ∗’s and dominate the reaction. As discussed in the previous
section, the analysis of the experimental data indicates a pos-
sible signal of resonances in the exotic ψπ spectrum, which
in our notation correspond to the t-channel. Once we have
constructed the s-channel amplitudes, the t-channel ones can
be treated similarly (cf. Appendix B).

In the center of mass of the s-channel scattering process,
the ψ momentum defines the z-axis, the momenta p3 and p4

lie in the xz-plane. We call p (q) to the magnitude of the
incoming (outgoing) three momentum. The scattering angle
θs is a polar angle of the pion (see Fig. 2). The quantities
depend on the Mandelstam invariants through

zs ≡cos θs = s(t−u)+(m2
1−m2

2)(m
2
3 − m2

4)

λ
1/2
12 λ

1/2
34

≡ n(s, t)

λ
1/2
12 λ

1/2
34

,

(1a)

p = λ
1/2
12

2
√
s
, q = λ

1/2
34

2
√
s
, (1b)

Fig. 2 Scattering kinematics in the s-channel rest frame. In the decay
kinematics, the momentum and the spin of the ψ is reversed, so to keep
the same helicity

with λik = (
s − (mi + mk)

2
) (
s − (mi − mk)

2
)
. The func-

tion n(s, t) is a polynomial in s, t . To incorporate resonances
in the πK system with a certain spin j , we expand the ampli-
tude in partial waves,

Aλ(s, t, u) = 1

4π

∞∑

j=|λ|
(2 j + 1)A j

λ(s) d
j
λ0(zs), (2)

where A j
λ(s) are the helicity partial wave amplitudes in the s-

channel. In Eq. (2) the entire t dependence enters though thed
functions. The d functions have singularities in zs which lead
to kinematical singularities in t of the helicity amplitudes Aλ.
The dynamical singularities in t , related to, for example, the
possible resonances in the ψπ channel, can only be repro-
duced if the the sum contains the infinite number of partial
waves. In practice the t- or u-channel resonances (singular-
ities) are accounted for explicitly through t- or u-channel
partial waves, and to avoid double counting each series is
truncated at a finite number of terms. This defines the so-
called isobar model in which

Aλ(s, t, u) = A(s)
λ (s, t, u)+A(t)

λ (s, t, u)+A(u)
λ (s, t, u), (3)

with,

A(s)
λ (s, t, u) = 1

4π

Jmax∑

j=|λ|
(2 j + 1)A(s) j

λ (s) d j
λ0(zs), (4)

where Jmax is finite. However, we remark that the analysis of
kinematical singularities has general validity, and might be
applied to the original untruncated series.

The expressions for the (t) and (u) isobars are similar to
Eq. (4). Note, that due to the superscript (s) the amplitudes
A(s) j

λ (s) are not identical to the helicity partial waves, A j
λ(s)

of Eq. (2). This is because the other two terms on the right
hand side of Eq. (3) also contribute to the s-channel partial
wave expansion. We refer to the former as the isobar partial
waves or simply, isobars. The difference between the partial
waves, which are defined in a model independent way, and
isobars, which appear in the specific model as in Eq. (3),
has important consequences when establishing the relation
between phases of the isobar amplitudes and those of the
partial waves [34–40]. This issue, however, is not directly
related to the topic of this paper and we do not discuss it any
further.

We return to the partial wave expansion, and proceed
with the analysis of kinematical singularities. An extensive
discussion and the full characterization of these singulari-
ties can be found in [16,41–45]. We recall that d j

λ0(zs) =
d̂ j
λ0(zs)ξλ0(zs), where ξλ0(zs) =

(√
1 − z2

s

)|λ| = sin|λ| θs
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is the so-called half angle factor that contains all the kine-
matical singularities in t . The reduced rotational function
d̂ j
λ0(zs) is a polynomial in s and t of order j − |λ| divided

by the factor λ
( j−|λ|)/2
12 λ

( j−|λ|)/2
34 . The helicity partial waves

A j
λ(s) have singularities in s. These have both dynamical and

kinematical origin. The former arise, for example, from s-
channel resonances. The kinematical singularities, just like
the t-dependent kinematical singularities, arise because of
external particle spin. We explicitly isolate the kinematic fac-
tors in s, and denote the kinematical singularity-free helicity
partial wave amplitudes by Â j

λ(s).
1 First, the term (pq) j−|λ|

is factorized out from the helicity amplitude A j
λ(s). This fac-

tor is there to cancel the threshold and pseudothreshold sin-
gularities in s that appear in d̂ j

λ0(zs). Second, we follow [16]
and introduce the additional kinematic factor Kλ0 (‘±’ is
short for λ = ±1). These factors are required to account for
a mismatch between the j and L dependence in the angular
momentum barrier factors in presence of particles with spin.
Finally, the kinematical singularity-free helicity partial wave
amplitudes Â j

λ(s) are defined by

A j
0(s) = K00 (pq) j Â j

0(s) for j ≥ 1, (5a)

A j
±(s) = K±0 (pq) j−1 Â j

±(s) for j ≥ 1, (5b)

A0
0(s) = 1

K00
Â0

0(s) for j = 0, (5c)

with K00 and K±0 given by

K00 = m1

p
√
s

= 2m1

λ
1/2
12

, (5d)

K±0 = q = λ
1/2
34

2
√
s
. (5e)

Specifically, it is expected that A j
λ(s) ∼ pL1qL2 at thresh-

old, where L1 and L2 are the lowest possible orbital angular
momenta in the given helicity and parity combination. This
explains why j = 0 requires a special treatment [45], since
for j ≥ 1 we have L1 = j − 1, but for j = 0 the low-
est is L1 = j + 1. In addition, the K -factors have powers
of

√
s as required to ensure factorization of the vertices of

Regge poles. Similarly, as explained before, m1 is dynamical
and thus the kinematical singularity-free amplitudes are not
expected to contain singularities in m2

1, and as will be seen
below, the m1 dependence of the K -factor takes care of that.
The Â j

λ(s) are left as dynamic functions, which are unknown
in general and cannot be calculated from first principles. Usu-
ally they are parameterized in terms of a sum of Breit-Wigner
amplitudes with Blatt–Weisskopf barrier factors.

1 For fermion-boson scattering, the Â j
λ(s) can still have a branch point

at s = 0, as discussed in [44].

We now seek a representation of Aλ(s, t) in terms of the
scalar functions, as discussed in Sect. 1. For the PV amplitude
this is given by

Aλ(s, t) = εμ(λ, p1)

[

(p3 − p4)
μ − m2

3 − m2
4

s
(p3 + p4)

μ

]

×C(s, t) + εμ(λ, p1)(p3 + p4)
μB(s, t). (6)

Although the second term in brackets may look like an
extra 1/s pole, it cancels when multiplied by (p3 + p4)

μ.
This choice simplifies the final expressions, but we remark
that any other choice of independent tensor structures
would lead to the same results. In the s-channel center
of mass frame the ψ polarization vectors are given by
εμ(±, p1) = (0,∓1,−i, 0)/

√
2 for the transverse polariza-

tions and εμ(0, p1) = (|p1|/m1, 0, 0, E1/m1) for the lon-
gitudinal polarization. The energies Ei are calculated from
the momenta and are fully determined by s. The functions
B(s, t) and C(s, t) are the kinematical singularity free scalar
amplitudes discussed in the Sect. 1.

We can match Eqs. (2) and (6), and express the scalar
functions as a sum over kinematical singularity free helicity
partial waves. The ratio Aλ(s, t)/ (Kλ0 ξλ0(zs)), computed
using Eq. (6), is compared to the same ratios computed using
the helicity partial waves from Eq. (2). This yields

− C(s, t)
n(s, t)(s + m2

1 − m2
2)

4m2
1s

+ B(s, t)
λ12

4m2
1

= A0(s)

K00 ξ00(zs)
= 1

4π

⎛

⎝
∑

j>0

(2 j + 1)(pq) j Â j
0(s)d̂

j
00(zs)

+ λ12

4m2
1

Â0
0(s)

)

, (7)

± √
2C(s, t) = A±(s)

K±0 ξ10(zs)

= ± 1

4π

∑

j>0

(2 j + 1)(pq) j−1 Â j
±(s) d̂ j

10(zs), (8)

from λ = ± and λ = 0, respectively, which can be combined
to obtain

4πB(s, t) = Â0
0(s) + 4m2

1

λ12

∑

j>0

(2 j + 1)(pq) j

[

Â j
0(s)d̂

j
00(zs) + s + m2

1 − m2
2√

2m2
1

Â j
+(s) zs d̂

j
10(zs)

]

.

(9)

Neither B(s, t) nor C(s, t) can have kinematical singu-
larities in s or t . In Eqs. (7)–(9), d̂ j

10(zs) is regular in t , and
the s singularities at (pseudo)thresholds are canceled by the
factor (pq) j−1. The latter factor contains a high-order pole
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at s = 0. Such pole is a feature of the dynamical model,
and specifically arises because at s = 0 the little group is
not SO(3) anymore. The latter motivates the partial wave
expansion, thus it is not surprising that the truncation of the
partial wave series results in such singularities [16,46].2 This
construction hence does not constrain the poles at s = 0.

For the same reason the sum in Eq. (9) has no kinematical
singularities in s and t , however the 1/λ12 factor in front of
the sum generates two poles at s± = (m1 ±m2)

2, unless the
expression in brackets vanishes at those points. This means
that the Â j

λ(s) with different λ cannot be independent func-
tions at the (pseudo)threshold. Explicitly, in the limit s → s±
at fixed t one has zs → ∞ and using [43],

d̂ j
λ0(zs)

zs→∞−−−−→ (−1)
λ+|λ|

2
(2J )! [J (2J − 1)]1/2

2J J [(1 + λ)!(1 − λ)!]1/2

× z J−|λ|
s

〈 j − 1, 0; 1, λ| j, λ〉 for |λ| ≤ 1, (10)

one finds that the expression within the brackets in Eq. (9)
behaves as

Â j
0(s)

(zs) j

〈 j − 1, 0; 1, 0| j, 0〉 − s + m2
1 − m2

2√
2 m2

1

Â j
+(s)

× (zs) j√
2 〈 j − 1, 0; 1, 1| j, 1〉 . (11)

This combination has to vanish to cancel the 1/λ12, thus
one finds (for j > 0)

Â j
+(s) = 〈 j − 1, 0; 1, 1| j, 1〉 g j (s) + λ12 f j (s), (12a)

Â j
0(s) = 〈 j − 1, 0; 1, 0| j, 0〉 s + m2

1 − m2
2

2m2
1

× g′
j (s) + λ12 f ′

j (s), (12b)

where g j (s), f j (s), g′
j (s), and f ′

j (s) are regular functions at
s = s±, and g j (s±) = g′

j (s±). Note that, while the func-
tional form considered in Eq. (12) complies with the gen-
eral requirements we are imposing, it actually implements
more freedom than required by the former. For instance, one
could take f j (s) = 0 without any loss of generality. The
particular choice taken in Eq. (12), however, turns out to be
useful for the comparisons with other parameterizations (LS
and CPM) which we will discuss in Sect. 3. Together with
Eq. (12), the expressions in Eqs. (6), (8) and (9) provide the
most general parameterization of the amplitude that incorpo-
rates the minimal kinematic dependence that generates the
correct kinematical singularities as required by analyticity.

2 For example, in Regge theory these poles are canceled by the daughter
Regge trajectories [16,47].

Upon restoration of the kinematic factors, the original
helicity partial wave amplitudes read ( j > 0)

A j
+(s) = p j−1q j

[

〈 j − 1, 0; 1, 1| j, 1〉 g j (s) + λ12 f j (s)

]

,

(13a)

A j
0(s) = p j−1q j

[

〈 j − 1, 0; 1, 0| j, 0〉 s + m2
1 − m2

2

2m1
√
s

g′
j (s)

+ m1√
s
λ12 f ′

j (s)

]

, (13b)

and A0
0(s) = λ

1/2
12 /(2m1) Â0

0(s), where Â0
0(s) is regular at

(pseudo)threshold. A particular choice of the functions g j (s),
g′
j (s), f j (s) and f ′

j (s) constitutes a given hadronic model.
A specific example is given in Appendix B.

2.1 Implications for the LS partial wave amplitudes

The advantage of the LS basis is that the identification of
the correct threshold factors is straightforward. For a given
system of two particles with spins j1, j2 and corresponding
helicities λ1, λ2, the relation between a two-particle state in
the helicity and LS basis is

| j	; LS〉 =
√

2L + 1

2 j + 1

∑

λ1λ2

〈L , 0; S, λ1 − λ2 | j	〉

× 〈 j1, λ1; j2,−λ2 |S, λ1 − λ2〉 | j	; λ1λ2〉 , (14)

where 	 is the projection of the total angular momentum
j . For the B → ψπK amplitude, it implies the following
relation between the LS amplitudes G and the helicity ampli-
tudes,

G j
L(s) =

√
2L + 1

2 j + 1

∑

λ

〈L , 0; 1, λ | jλ〉 A j
λ(s). (15)

The amplitudes with L = j ± 1 and L = j differ by
parity. Equation (15) can be inverted to relate the helicity
partial wave amplitudes with the LS amplitudes G j

l (s),

A j
λ(s) = p j−1q j

(√
2 j − 1

2 j + 1
〈 j − 1, 0; 1, λ| j, λ〉Ĝ j

j−1(s)

+
√

2 j + 3

2 j + 1
〈 j + 1, 0; 1, λ| j, λ〉p2Ĝ j

j+1(s)

)

.

(16)

In Eq. (16) we denoted the LS partial wave amplitudes
with the threshold factors explicitly factored out by Ĝ j

l (s),

i.e. G j
j±1(s) = p j±1 q j Ĝ j

j±1(s). We now compare the gen-
eral expression for the helicity partial waves with the spin-
orbit LS partial waves. We find that Eq. (16) matches the
general form in Eq. (12) when
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g j (s) =
√

2 j − 1

2 j + 1
Ĝ j

j−1(s), (17a)

f j (s) = 1

4s

√
2 j + 3

2 j + 1
〈 j + 1, 0; 1, 1| j, 1〉 Ĝ j

j+1(s), (17b)

g′
j (s) = 2m1

√
s

s + m2
1 − m2

2

√
2 j − 1

2 j + 1
Ĝ j

j−1(s), (17c)

f ′
j (s) = 1

4m1
√
s

√
2 j + 3

2 j + 1
〈 j + 1, 0; 1, 0| j, 0〉 Ĝ j

j+1(s).

(17d)

The common lore is that the LS formalism is intrinsically
nonrelativistic. However, the matching in Eq. (17) proves that
the formalism is fully relativistic, but care should be taken
when choosing a parameterization of the LS amplitude so that
the expressions in Eq. (17) are free from kinematical singu-
larities. For example, if one takes the functions Ĝ j

j−1(s) and

Ĝ j
j+1(s) to be proportional to Breit–Wigner functions with

constant couplings, the amplitudes g′
j (s) and f ′

j (s) would

end up having a pole at s = m2
2 − m2

1, and/or a branch point
at s = 0 unexpected for boson-boson scattering. On the other
hand, as discussed in Sect. 2, the pole at s = 0 is part of the
dynamical model. It is clear that using Breit–Wigner param-
eterizations, or any other model for helicity amplitudes, i.e.
the left-hand sides of Eq. (17), instead of the LS amplitudes
helps prevent unwanted singularities.

3 Comparison with the covariant projection method

We consider now the CPM approach of [14,18–20]. As
said, the method is based on the construction of explicitly
covariant expressions. To describe the decay a → bc, we
first consider the polarization tensor of each particle with
index i and spin ji , εiμ1...μ ji

(pi ). Using the decay momentum
pbc = (pb − pc)/2 and the total momentum Pbc = pb + pc,
we build a tensor Xμ1...μL (pbc, Pbc) to represent the orbital
angular momentum of the bc system. In order to find total
angular momentum tensor, we first combine the polarizations
of b and c into a “total spin” tensor Sμ1...μS (εb, εc) (orthogo-
nal to the momentum pb + pc). Then, we combine the tensor
Sμ1...μS (εb, εc) with the orbital tensor Xμ1...μL and finally
contract the result with the polarization of a, thus mimick-
ing the LS construction. The tensors S and X have definite
spin and parity, i.e. are in an irreducible representation of the
rotation group in the particle rest frame. Thus they must be
symmetric, traceless, and orthogonal to the total momentum
in the particles system, pb + pc. If one of the daughters is
unstable, we can implement its decay in a similar way. The
procedure is recursive, and relatively simple for low spins.

Together with the explicit covariance, it makes the formalism
very attractive.

We use the CPM to build the amplitude for B → ψπK .
The construction of an amplitude for an arbitrary spin of the
intermediate state is cumbersome, and we limit ourselves to
the special case of an intermediate K ∗ with j = 1. We start
with the tensor amplitude for the scattering process ψB →
K ∗ → πK . The orbital angular momentum of the decay
K ∗ → πK in P-wave is given by Xρ(q, P). The tensor
is constructed from a four-vector of the relative momentum
qμ = (pμ

3 − pμ
4 )/2 and the total momentum of the system

Pμ = pμ
3 + pμ

4 = pμ
1 + pμ

2 . For the PV amplitudes, the
initial process ψB → K ∗ is described by two waves. The
corresponding orbital tensors are the unit rank-0 tensor for
the S-wave and rank-2 tensor Xρμ(p, P), with pρ = (pρ

1 −
pρ

2 )/2, for the D-wave. Hence

Aλ(s, t) = εμ(λ, p1)

(

−gμν + PμPν

s

)

Xν(q, P)gS(s)

+ερ(λ, p1)Xρμ(p, P)

×
(

−gμν + PμPν

s

)

Xν(q, P)gD(s), (18)

where P is the K ∗ momentum. The final P-wave orbital
tensor is Xν(q, P) = q⊥

ν = qν − Pν P · q/s. The D-wave
orbital tensor Xρμ(p, P) = 3pρ

⊥ pμ
⊥/2 − gρμ

⊥ p2⊥/2, with
pμ
⊥ = pμ − Pμ P · p/s, and gρμ

⊥ = gρμ − Pρ Pμ/s. Explic-
itly,

A+(s, θs) = −q
sin θs√

2

[

gS(s) + p2

2
gD(s)

]

,

A0(s, θs) = q
E1

m1
cos θs

[
gS(s) − p2gD(s)

]
, (19)

and matching with Eq. (12) gives

g1(s) = g′
1(s) = 4π

3
gS(s), (20a)

f1(s) = 2π

3s
gD(s), (20b)

f ′
1(s) = −4π

3s

s + m2
1 − m2

2

m2
1

gD(s). (20c)

The threshold conditions g1(s±) = g′
1(s±) are satisfied,

and the functions f1(s) and f ′
1(s) are regular at the thresholds.

Finally, we show the relation between the CPM and the LS
amplitudes. The comparison with Eq. (16) leads to

3

4π
G1

0(s) = gS(s) q

√
1

3

(
E1

m1
+ 2

)

− gD(s) q p2

√
1

3

(
E1

m1
− 1

)

, (21a)
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3

4π
G1

2(s) = gD(s) q p2

√
1

6

(

2
E1

m1
+ 1

)

− gS(s) q

√
2

3

(
E1

m1
− 1

)

. (21b)

Although the gS(s) and gD(s) of the CPM formalism,
see Eq. (18), are typically interpreted as the S and D par-
tial wave amplitudes, we see that this is the case only at
(pseudo)threshold s = s±, where the factor E1/m1 − 1 van-
ishes. In Sect. 3.2 we discuss a specific example to show the
numerical difference between the various approaches.

3.1 Crossing symmetry; and the decay B → D̄ππ

An issue with the CPM formalism is the explicit violation
of crossing symmetry. The recursive procedure explained
in [14,18–20] produces different scalar amplitudes if applied
in the scattering or in the decay kinematics. For the decay
kinematics, the CPM amplitude is constructed according to
a chain B → ψK ∗(→ Kπ). The tensor Xν(q, P) describes
the P-wave decay K ∗ → Kπ as before. S- and D-waves
are still possible for the decay B → ψK ∗. The same sym-
bolic expression in Eq. (18) holds for the decay kinematics,
but Xμν is now constructed from the relative momentum
p̂ = (P − p̄1)/2 between K ∗ and ψ in the B rest frame (we
restored the p̄1 for the momentum of the ψ in the decay kine-
matics), and orthogonalized with respect to the B momentum
p2,

Aλ(s, t) = ε∗
μ(λ, p̄1)

(

−gμν + PμPν

s

)

Xν(q, P)gS(s)

+ερ∗(λ, p̄1)Xρμ( p̂, p2)

(

−gμν + PμPν

s

)

× Xν(q, P)gD(s), (22)

where Xρμ depends on p̂μ
⊥ = p̂μ − pμ

2 p2 · p̂/m2
2, and

ĝρμ
⊥ = gρμ − pρ

2 p
μ
2 /m2

2. As mentioned before, crossing
symmetry requires the helicity amplitude Aλ(s, t) to be the
same up to a phase for the decay and the scattering process.
The expressions for the helicity amplitudes read

A+(s, θs) = −q
sin θs√

2

(

gS(s) + p2gD(s)
s

2m2
2

)

, (23a)

A0(s, θs) = q cos θs
(
E1

m1
gS(s) − γ (s) p2 gD(s)

s

m2
2

s − m2
1 − m2

2

2m1m2

)

,

(23b)

where γ (s) = (s−m2
1 +m2

2)/(2m2
√
s) is the boost factor of

K ∗ in the B rest frame discussed in [14,19]. The matching to
the general form in Eq. (12) is analogous. Although Eqs. (19)
and (23) agree at threshold, the dynamical models differ in

general, and the additional factors appearing in Eq. (23) are
part of the model.

The issue with the crossing symmetry is particularly inter-
esting, and we want to illustrate it further on a simpler exam-
ple. We consider the decay B → D̄ππ . This reaction has
been analyzed by LHCb using the CPM formalism [32].
Since none of the external particles have spin, the reaction is
described by a single scalar amplitude. Because of cross-
ing symmetry, the amplitude is the same scalar function
of the Mandelstam variables in both scattering and decay
kinematics. We consider the s-channel scattering kinematics
BD → π+π−. We use the indices 1, 2, 3 and 4 for the D, B,
π+ and π− momenta. Therefore, P = p1 + p2 is the center
of mass momentum, s = P2 is the invariant mass of the ππ

system, and p and q are the breakup momenta for the initial
and final states. For simplicity, we restrict this discussion to
the case of a spin-1 isobar, BD → ρ → π+π−. The CPM
amplitude is given by

A(s, t) = Xμ(p, P)

(

−gμν + PμPν

s

)

Xν(q, P) gP(s)

(24)

In the center of mass frame of the s-channel, Xμ(p, P) =
(0, 0, 0, p) and Xν(q, P) = (0, q sin θs, 0, q cos θs) are
purely spacelike vectors proportional to the breakup momenta.
Therefore, the amplitude in Eq. (24) matches the expecta-
tions. For the decay process, the orbital tensor Xμ(p, P)

is replaced by Xμ( p̂, p2) to be orthogonalized to the four-
momentum p2. As a result, a factor γ (s) = (s − m2

1 +
m2

2)/(2m2
√
s) appears, and the breakup momentum from

the B → D̄ρ orbital tensor is evaluated in the rest frame
of B. The amplitudes for the decay process crossed to the
scattering kinematics are

A[BD→ππ ] = pq cos θs gP(s),

A[B→D̄ππ ] = γ (s)

√
s

m2
pq cos θs gP(s). (25)

The two amplitudes differ by a factor γ (s)
√
s/m2 = (s −

m2
1 +m2

2)/(2m
2
2). While this factor is analytic in s and does

not spoil the counting of kinematical singularities discussed
in the previous section, its appearance breaks crossing sym-
metry and this shows the drawback of the CPM formalism.

The issues arise from the construction of an amplitude as
subsequent one-to-two decays. At first sight this appears as
a natural choice. However, a well defined amplitude should
have only asymptotic states on the external legs. This would
exclude any decay into a resonance. One needs to take a step
back to the definition of a resonance, i.e. a pole in the scatter-
ing amplitude. Therefore, the consistent procedure would be
to write the amplitude in the scattering kinematics and then
use crossing symmetry to analytically continue the amplitude
into the decay region.
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Fig. 3 Comparison of the lineshape of K ∗(892) and K ∗(1410) in the πK -invariant mass distribution, constructed with the different formalisms.
In the left panel we show the result with no barrier factors. In the right panel, we include the customary Blatt-Weisskopf factors

3.2 Kπ -mass distribution in different approaches

To explore the differences between the various approaches,
we consider the example of two intermediate vectors in the
πK channel: the K ∗(892), with mass and width MK ∗ =
892 MeV, K ∗ = 50 MeV, and the K ∗(1410), with MK ∗ =
1414 MeV, K ∗ = 232 MeV. The differential width is given
by the expression,

d

ds
=

∑

j

N j

(∣
∣
∣A

j
0(s)

∣
∣
∣
2 + 2

∣
∣
∣A

j
+(s)

∣
∣
∣
2
)

ρ(s), (26)

where ρ(s) = λ
1/2
12 λ

1/2
34 /s, and N j is a normalization con-

stant. In Fig. 3 we show the results for five different scenarios.
We consider the CPM formalisms discussed in Eqs. (19) and
(23) (for the scattering and decay kinematics, respectively),
setting gS(s) = 0 and gD(s) = TK ∗(s), with

TK ∗(s) ≡ 0.1

M2
K ∗(892) − s − iMK ∗(892)K ∗(892)

+ 1

M2
K ∗(1410) − s − iMK ∗(1410)K ∗(1410)

. (27)

For the LS formalism, we choose the couplings in Eq. (16)
to be Ĝ1

0(s) = 0, Ĝ1
2(s) = TK ∗(s). The LS amplitude in

the decay kinematics differs from the one in the scattering
kinematics only because of the breakup momentum of B →
ψK ∗, calculated in the B rest frame or in the K ∗ rest frame,
respectively. Finally, we draw a line for our proposal given
by Eq. (B3), the only nonzero term in the sum is F1

2 (s) =
TK ∗(s).

The partial wave amplitudes for two-to-two scattering
processes are proportional to pL1qL2 , where p (q) are the

initial (final) state break up momentum and the particles
in L1(L2)-waves. This behavior comes from the expansion
of the amplitude at threshold, and generates an unphysical
growth at higher energies. This behavior is customarily mod-
ified by model-dependent form factors.3 The most popular
approach is based on a nonrelativistic model introduced by
Blatt and Weisskopf [48,49]. For the plot on the right in Fig. 3
we multiply the amplitudes by the Blatt–Weisskopf barrier
factors

B1(q) =
√

1

1 + q2R2 , (28a)

B2(p) =
√

1

9 + 3p2R2 + p4R4 , (28b)

for the initial P- and final D-waves, respectively. The cou-
plings are set as gS(s) = Ĝ1

0(s) = F1
0 (s) = 0 and

gD(s) = Ĝ1
2(s) = F1

2 (s) = TK ∗(s)B1(q)B2(p) for the cor-
responding formalisms in Eqs. (18), (19) and (B3). The con-
stant R is chosen to be 5 GeV−1, which corresponds 1 fm,
i.e. the scale of the strong interaction.

We see in Fig. 3 that the Kπ invariant mass squared distri-
bution is distorted differently in all models. It is straightfor-
ward to track down where the differences come from. In the
JPAC amplitude of Eqs. (B3) and (B4), the threshold factor in
the F1

2 (s) function in Eq. (B3) is set to λ12, in contrast to the
CPM and LS formalisms where the factor p2 = λ12/(4s) is
used. This makes the differential width distribution different
by the factor 1/s2. Another difference originates from the
factor E1/m1 for the A0(s) amplitude which was required

3 i.e. having left-hand singularities only.
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by analyticity. We showed that it is not present in the LS
approach, as one can see in Eq. (16). In the physical domain
this factor behaves as 1/

√
s at the amplitude level, resulting

in 1/s difference in the the differential width.

4 Summary and conclusions

We considered different approaches for constructing ampli-
tudes for scattering and decay processes. Although the prob-
lem might be viewed as standard exercise, there seems to
be confusion among amplitude analysis practitioners, as to
which formalism best represents S-matrix constraints [18,
19]. Specifically, we have compared the canonical helicity
formalism [16,22–25] and the covariant projection method
[14,18–20]. We used analyticity as a guiding principle to
examine these approaches. Using as example the decay
B → ψπK , and the helicity formalism, we separated the
kinematical factors from the dynamical functions. We then
matched the helicity amplitudes with the most general covari-
ant expression. In this process we identified kinematical con-
straints on the helicity amplitudes. We have shown that the
naïve parameterization of the LS couplings fails to satisfy
all the constraints required by analyticity. We found that, in
contrast to LS parameterization, an extra factor (s + m2

1 −
m2

2)/(2m1
√
s) naturally appears in the tensor formalism

when written for the scattering kinematics. More interest-
ingly, the customary recipes in the CPM approach explicitly
violate crossing symmetry. In particular, we showed that the
tensor approach discussed in [14,18–20], when applied to
the decay kinematics directly, introduces a peculiar energy
dependence which has no clear physical motivation.

To address the issue of the relativistic corrections, we
recall the relation between the helicity and the LS ampli-
tudes. This relation is valid for any energy. The concept of
the spin-orbit decomposition is fully relativistic. However,
analyticity prevents the LS couplings to be parameterized as
simple constants. We remark that our observations and con-
clusions are strictly valid only when asymptotic states are
considered. We performed extensive studies for the four-legs
process which describes two-to-two scattering, or the one-
to-three decay, when the mother particle has an (infinitely)
narrow width. The extension to other reactions requires ded-
icated studies.

Regarding the question raised in the title, we conclude that
the helicity formalism is the right guide. Specifically, kine-
matical singularities have been classified for helicity partial
waves. However, crossing to the decay channel is more nat-
ural for covariant amplitudes, while the LS amplitudes have
the correct threshold behavior built in. Since a model for an
amplitude is always required, examining the behavior of all
of these amplitudes as we did here can maximize the consis-
tency of the model with S-matrix principles.
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Appendix A: Parity-conserving amplitudes in the s chan-
nel

We consider the most general scattering amplitude for
ψB → πK with parity conservation enforced. The only
tensor structure allowed is

Aλ(s, t, u) = −iεμνρσ p
μ
1 pν

2 p
ρ
3 ε(λ, p1)

σ D(s, t), (A1)

where the Levi–Civita tensor is defined by ε0123 = 1 and
D(s, t) is the singularity free scalar amplitude.

As follows from the derivation in [16], the kinematical
factor is K±0 = √

s pq = λ
1/2
12 λ

1/2
34 /(4

√
s), i.e. the minimal

L in the final and initial states matches j . Removing also the
half-angle factor ξ10(zs) = sin θs , we get

A±(s, θs)

K±0 ξ±0(zs)
= 1√

2
D(s, t), (A2)

where the partial wave helicity amplitudes can be written as

A±(s, θs) = 1

4π

∑

j>0

(2 j + 1) K±0 (pq) j−1 Â j
±(s)

× d̂ j
±0(zs) sin θs . (A3)

Finally, we can match the scalar amplitude D(s, t) with
the partial waves helicity amplitudes,

D(s, t) =
√

2

4π

∑

j>0

(2 j + 1)(pq) j−1 Â j
+(s)d̂ j

+0(zs). (A4)
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Appendix B: Theminimal singularity-free parameteriza-
tion of the helicity amplitudes

We consider a model for the reaction B → ψπK , using the
general parameterization of the helicity amplitudes obtained
in Sect. 2 and Appendix A. We use the isobar model of Eq. (3),
and neglect any u-channel (ψK ) resonant contribution. We
already provided the covariant form of the s-channel ampli-
tude A(s)

λ (s, t) in Eq. (6), where the scalar functions B and C
are related to the kinematical singularity free helicity partial
waves Â(s), j

λ . The general form is in Eq. (12). A particular

choice of the functions g(s)
j , g(s)′

j , f (s)
j and f (s)′

j determines
our model. To match the LS parameterization at threshold,
we set

g(s)
j =

√
2 j − 1

2 j + 1
F (s), j
j−1 ,

f (s)
j =

√
2 j + 3

2 j + 1
〈 j + 1, 0; 1, 0| j, 0〉F (s), j

j+1 , (B1)

g(s)′ =
√

2 j − 1

2 j + 1
F (s), j
j−1 ,

f (s)′
j =

√
2 j + 3

2 j + 1
〈 j + 1, 0; 1, 1| j, 1〉F (s), j

j−1 , (B2)

where F (s), j
l are independent dynamical functions,

Â(s), j
0 = s + m2

1 − m2
2

2m2
1

(√
2 j − 1

2 j + 1

× 〈 j − 1, 0; 1, 0| j, 0〉F (s), j
j−1 + λ12

√
2 j + 3

2 j + 1

×〈 j + 1, 0; 1, 0| j, 0〉F (s), j
j+1

)

, (B3)

Â(s), j
+ =

√
2 j − 1

2 j + 1
〈 j − 1, 0; 1, 1| j, 1〉F (s), j

j−1

+ λ12

√
2 j + 3

2 j + 1
〈 j + 1, 0; 1, 1| j, 1〉F (s), j

j+1 . (B4)

The amplitudes in the t-channel are analogous to the s-
channel ones upon replacement of momenta and masses, 2 ↔
3. The corresponding dynamical functions are F (t), j

l .
Combining the s-channel PV amplitude in Eq. (6), the s-

channel PC amplitude in Eq. (A1), and their t-channel coun-
terparts, the full amplitude reads

Aλ(s, t, u)

= εμ∗(λ, p̄1)A(s, t, u)μ

= εμ∗(λ, p̄1)

[(

(p3 − p4)μ − m2
3 − m2

4

s
(p3 + p4)μ

)

× C (s)(s, t) + (p3 + p4)μB
(s)(s, t)

+
(

(p2 − p4)μ − m2
2 − m2

4

t
(p2 + p4)μ

)

× C (t)(s, t) + (p2 + p4)μB
(t)(s, t)

− iεσνρμ p̄
σ
1 pν

2 p
ρ
3 D

(s)(s, t)

− iεσνρμ p̄
σ
1 pν

3 p
ρ
2 D

(t)(s, t)

]

, (B5)

with x = s, t , and

mx =
{
m2 for x = s,
m3 for x = t,

λ1x =
{
λ12 for x = s,
λ13 for x = t,

qx =
{

λ
1/2
34 /(2

√
s) for x = s,

λ
1/2
24 /(2

√
t) for x = t,

px = λ
1/2
1x

2
√
x
, (B6)

C (x)(s, t) = 1

4π
√

2

∑

j>0

√
2 j + 1(pxqx )

j−1

×
[

F (x), j
j−1

√
2 j − 1 〈 j − 1, 0; 1, 1| j, 1〉

+ F (x), j
j+1 λ1x

√
2 j + 3 〈 j + 1, 0; 1, 1| j, 1〉

]

× d̂ j
10(zx ), (B7)

B(x)(s, t) =
√

3

4π
F (x),0

1 + 1

4π

4m2
1

λ1x

×
∑

j>0

√
2 j + 1(pxqx )

j x + m2
1 − m2

x√
2m2

1

×
[

F (x), j
j−1

√
2 j − 1

(
1√
2

〈 j − 1, 0; 1, 0| j, 0〉

×d̂ j
00(zx ) + 〈 j − 1, 0; 1, 1| j, 1〉 d̂ j

10(zx )zx

)

+ F (x), j
j+1 λ1x

√
2 j + 3

×
(

1√
2

〈 j + 1, 0; 1, 0| j, 0〉 d̂ j
00(zx )

+〈 j + 1, 0; 1, 1| j, 1〉 d̂10(zx )zx

)]

, (B8)

D(x)(s, t) =
√

2

4π

∑

j>0

(2 j + 1)(pxqx )
j−1 F (x), j

j d̂ j
10(zx ).

(B9)

The decay ψ → μ+(q2)μ
−(q1) can be attached by contract-

ing the tensor amplitude Aμ from Eq. (B5) with the tensor
given by the fermion vector current.
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∑

spins

M = A(s, t, u)μū(q1)γ
μv(q2). (B10)

The square of the leptonic tensor summed over the unob-
served polarizations of the leptons yields

|M|2 = 4A(s, t, u)μA(s, t, u)∗ν

(

qμ
1 q

ν
2 +qν

1q
μ
2 − m2

1

2
gμν

)

.

(B11)

The amplitude is linear in the dynamical functions F (x), j
l ,

i.e.

Aμ =
∑

jlx

F (x), j
l (Zx j

l )μ, (B12)

where the index j is the spin in the x-channel. The sum over
j goes from 0 to ∞ in general, while in the considered isobar
model one includes only the terms with relevant resonances.
The orbital angular momentum l runs over j − 1, j, j + 1.
In the special case j = 0, the possible values of l are 0 and
1 only. The functions F (x), j

l contain the dynamical input.
They include the resonance amplitude (e.g. parameterized
by the Breit-Wigner formula) and left hand singularities (e.g.
Blatt-Weisskopf barrier factors). The (Zx j

l )μ are kinematic
functions responsible for the right angular dependence. The
square of the matrix element is a bilinear form in the dynam-
ical functions

|M|2 =
∑

j j ′ll ′xx ′
F (x), j
l

(
F (x ′), j ′
l ′

)∗
V x jx ′ j ′
ll ′ ,

V x jx ′ j ′
ll ′ = 4

[(
Zx j
l

)

μ

(

qμ
1 q

ν
2 +qν

1q
μ
2 − gμν

2
m2

1

) (
Zx ′ j ′
l ′

)∗
ν

]

.

(B13)

The expression for the kinematic function (Zx j
l )μ is given in

Eq. (B14). The first two terms in Eq. (B14) are used for the
PV decay, the last term for the PC one

(Zx j
l )μ = Cx

μζ
x j
l + Bx

μβ
x j
l + Dx

μδ
x j
l . (B14)

The functions Cx
μ, Bx

μ, and Dx
μ describe the tensor structures

in front of C (x), B(x), and D(x) in Eq. (B5). The functions
ζ
x j
l , β

x j
l and δ

x j
l take over the kinematic dependence of the

functions C (x), B(x) and D(x), i.e. they are factors in front of
F (x), j
l

Cs
μ = (p3 − p4)μ − m2

3 − m2
4

s
(p3 + p4)μ,

Bs
μ = (p3 + p4)μ, Ds

μ = −iεσνρμ p̄
σ
1 pν

2 p
ρ
3 , (B15)

Ct
μ = (p2 − p4)μ − m2

2 − m2
4

t
(p2 + p4)μ,

Bt
μ = (p2 + p4)μ, Dt

μ = −iεσνρμ p̄
σ
1 pν

3 p
ρ
2 , (B16)

with

ζ
x j
j−1 = (pxqx ) j−1

4π
√

2

× √
(2 j + 1)(2 j − 1) 〈 j − 1, 0; 1, 1| j, 1〉 d̂ j

10(zx ),
(B17)

ζ
x j
j = 0, (B18)

ζ
x j
j+1 = λ1x (pxqx ) j−1

4π
√

2

× √
(2 j + 1)(2 j + 3) 〈 j + 1, 0; 1, 1| j, 1〉 d̂ j

10(zx ),
(B19)

β
x j
j−1 = 4m2

1(pxqx )
j

4πλ1x

× x + m2
1 − m2

x√
2m2

1

√
(2 j + 1)(2 j − 1)

×
(

1√
2

〈 j − 1, 0; 1, 0| j, 0〉 d̂ j
00(zx )

+ 〈 j − 1, 0; 1, 1| j, 1〉 × d̂ j
10(zx )zx

)

, (B20)

β
x j
j = 0, (B21)

β
x j
j+1 = 4m2

1(pxqx )
j

4π

× x + m2
1 − m2

x√
2m2

1

√
(2 j + 1)(2 j + 3)

×
(

1√
2

〈 j + 1, 0; 1, 0| j, 0〉 d̂ j
00(zx )

+ 〈 j + 1, 0; 1, 1| j, 1〉 d̂10(zx )zx

)

, (B22)

δ
x j
j−1 = 0, (B23)

δ
x j
j =

√
2

4π
(2 j + 1)(pxqx )

j−1d̂ j
10(zx ), (B24)

δ
x j
j+1 = 0. (B25)

The special case j = 0 has ζ x0
l = βx0

0 = βx0−1 = δ
x j
l = 0

and βx0
1 = √

3/(4π).
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We present a new amplitude analysis of the ηπ D-wave in the reaction π−p → ηπ− p measured by 
COMPASS. Employing an analytical model based on the principles of the relativistic S-matrix, we find 
two resonances that can be identified with the a2(1320) and the excited a′

2(1700), and perform a 
comprehensive analysis of their pole positions. For the mass and width of the a2 we find M = (1307 ±
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1 ± 6) MeV and � = (112 ± 1 ± 8) MeV, and for the excited state a′
2 we obtain M = (1720 ± 10 ± 60) MeV 

and � = (280 ± 10 ± 70) MeV, respectively.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The spectrum of hadrons contains a number of poorly de-
termined or missing resonances, the better knowledge of which 
is of key importance for improving our understanding of Quan-
tum Chromodynamics (QCD), the fundamental theory of the strong 
interaction. Active research programs in this direction are being 
pursued at various experimental facilities, including the COMPASS 
and LHCb experiments at CERN [1–4], CLAS/CLAS12 and GlueX at 
JLab [5–7], BESIII at BEPCII [8], BaBar, and Belle [9]. In order to 
connect the experimental observables like angular and momentum 
distributions of final-state particles with the corresponding degrees 
of freedom of the strong interaction an amplitude analysis of the 
experimental data is required. Traditionally, the mass-dependence 
of partial-waves is described by a coherent sum of Breit–Wigner 
amplitudes and, if needed, a phenomenological background. While 
generally providing a good fit to the data, such a procedure, how-
ever, violates fundamental principles of S-matrix theory. In order 
to better constrain the form of the amplitude, more reliable reac-
tion models which fulfill the principles of unitarity and analytic-
ity (which originate from probability conservation and causality, 
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respectively) should be applied. When resonances dominate the 
spectrum, which is the case studied here, unitarity is especially 
important since it constrains resonance widths and allows us to 
determine the location of resonance poles in the complex energy 
plane of the multivalued partial wave amplitudes.

In 2014, COMPASS published high-statistics partial-wave analy-
ses of the π− p → η(′)π− p reaction, at pbeam = 191 GeV [2]. The 
waves with odd angular momentum between the two pseudoscalar 
particles in the final state have manifestly spin-exotic quantum 
numbers and were found to exhibit structures that may be com-
patible with a hybrid meson [10,11]. The even angular-momentum 
waves show strong signals of non-exotic resonances. In particular, 
the D-wave of ηπ , with IG( J P C ) = 1−(2++), is dominated by the 
peak of the a2(1320) and its Breit–Wigner parameters were ex-
tracted and presented in Ref. [2]. The D-wave also exhibits a hint 
of the first radial excitation, the a′

2(1700) [12].
In this letter we present a new analysis of the ηπ D-wave 

based on an analytical model constrained by unitarity, which 
extends beyond the simple Breit–Wigner parameterization. Our 
model builds on a more general framework for a systematic anal-
ysis of peripheral meson production, which is currently under 
development [13–15]. Using the 2014 COMPASS measurement as 
input, the model is fitted to the results of the mass-independent 
analysis that was performed in 40 MeV wide bins of the ηπ mass. 
The a2 and a′

2 resonance parameters are extracted in the single-
channel approximation and the coupled-channel effects are esti-
mated by including the ρπ final state. We determine the statistical 
uncertainties by means of the bootstrap method [16–20], and as-
sess the systematic uncertainties in the pole positions by varying 
model-dependent parameters in the reaction amplitude.

2. Reaction model

We consider the peripheral diffractive production process 
π p → ηπ p (Fig. 1(a)), which is dominated by Pomeron (P) ex-
change at high energies of the incoming beam particle. This allows 
us to assume factorization of the “top” vertex, so that the πP →
ηπ amplitude resembles an ordinary helicity amplitude [21]. It is 
a function of s and t1, the ηπ invariant mass squared and the 
invariant momentum transfer squared between the incoming pion 
and the η, respectively. It also depends on t , the momentum trans-
fer between the nucleon target and recoil. In the Gottfried–Jackson 
(GJ) frame [22], the Pomeron helicity in πP → ηπ equals the ηπ
total angular momentum projection M , and the helicity ampli-
tudes aM(s, t, t1) can be expanded in partial waves a J M(s, t) with 
total angular momentum J = L. The allowed quantum numbers 
of the ηπ partial waves are J P = 1− , 2+ , 3−, . . . . The exchanged 
Pomeron has natural parity. Parity conservation relates the am-
plitudes with opposite spin projections a J M = −a J−M [23]. That is, 
the M = 0 amplitude is forbidden and the two M = ±1 amplitudes 
are given, up to a sign, by a single scalar function.

The assumption about the Pomeron dominance can be quanti-
fied by the magnitude of unnatural partial waves. In the analysis 
of Ref. [2], the magnitude of the L = M = 0 wave, which also ab-
sorbs other possible reducible backgrounds, was estimated to be 
< 1%. We are unable to further address the nature of the exchange 
from the data of Ref. [2], since the analysis was performed at a sin-
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Fig. 1. (a) Reaction diagram of π− p → ηπ− p via Pomeron exchange. (b) Unitarity 
diagram: the πP → ηπ amplitude is expanded in partial waves in the s-channel of 
the ηπ system, a J M (s), with J = L and t → teff . Unitarity relates the imaginary part 
of the amplitude to final state interactions that include all kinematically allowed 
intermediate states n.

gle beam energy and integrated over the momentum transfer t .36

Analyzes such as Ref. [24] suggest that f exchange could also con-
tribute. Since in our analysis we do not discriminate between dif-
ferent natural-parity exchanges, we consider an effective Pomeron 
which may be a mixture of pure Pomeron and f . The patterns of 
azimuthal dependence in the central production of mesons [25–29]
indicate that at low momentum transfer, t ∼ 0, the Pomeron be-
haves as a vector [30,31], which is in agreement with the strong 
dominance of the |M| = 1 component in the COMPASS data.37

The COMPASS mass-independent analysis [2] is restricted to 
partial waves with L = 1 to 6 and |M| = 1 (except for L = 2 where 
also the |M| = 2 wave is taken into account). The lowest-mass ex-
changes in the crossed channels of πP → ηπ correspond to the a
(in the t1 channel) and the f (in the u1 channel) trajectories, 
thus higher partial waves are not expected to be significant in the 
ηπ mass region of interest, 

√
s < 2 GeV. Systematic uncertainties 

due to truncation of higher waves were found to be negligible in 
Ref. [34].

In order to compare with the partial-wave intensities measured 
in Ref. [2], which are integrated over t from tmin = −1.0 GeV2

to tmax = −0.1 GeV2, we use an effective value for the momen-
tum transfer teff = −0.1 GeV2 and a J M(s) ≡ a J M(s, teff). The effect 
of a possible teff dependence is taken into account in the esti-
mate of the systematic uncertainties. The natural-parity exchange 
partial-wave amplitudes a J M(s) can be identified with the ampli-
tudes Aε=1

LM (s) as defined in Eq. (1) of Ref. [2], where ε = +1 is the 
reflectivity eigenvalue that selects the natural-parity exchange.

In the following we consider the single, J = 2, |M| = 1 natural-
parity partial wave, which we denote by a(s), and fit its mod-
ulus squared to the measured (acceptance-corrected) number of 
events [2]:

36 For example, Ref. [24] suggested a dominance of f2 exchanges for a2(1320) pro-
duction. To probe this, one should analyze the t and total energy dependences. We 
note here that COMPASS has published data in the 3π channel, which are binned 
both in 3π invariant mass and momentum transfer t [3], which may give further 
insight into the production process.
37 At low t , the Pomeron trajectory passes through J = 1, while at larger, posi-

tive t , the trajectory is expected to pass though J = 2 where it would relate to the 
tensor glueball [32,33].

dσ

d
√

s
∝ I(s) =

tmax∫

tmin

dt p |a(s, t)|2 ≡ N p |a(s)|2 . (1)

Here, I(s) is the intensity distribution of the D wave, p =
λ1/2(s, m2

η, m2
π )/(2

√
s) the ηπ breakup momentum, and q =

λ1/2(s, m2
π , teff)/(2

√
s), which will be used later, is the π beam 

momentum in the ηπ rest frame with λ(x, y, z) = x2 + y2 + z2 −
2xy −2xz −2yz being the Källén triangle function. Since the physi-
cal normalization of the cross section is not determined in Ref. [2], 
the constant N on the right hand side of Eq. (1) is a free parame-
ter.

In principle, one should consider the coupled-channel problem 
involving all the kinematically allowed intermediate states (see 
Fig. 1(b)). For the 2++ states, the PDG reports the 3π (ρπ , f2π ) 
and ηπ final states as dominant decay channels [12]. Far from 
thresholds, a narrow peak in the data is generated by a pole in 
the closest unphysical sheet, regardless of the number of open 
channels. The residues (related to the branching ratios) depend 
on the individual couplings of each channel to the resonance, and 
therefore their extraction requires the inclusion of all the relevant 
channels. However, the pole position is expected to be essentially 
insensitive to the inclusion of multiple channels. This is easily un-
derstood in the Breit–Wigner approximation, where the total width 
extracted for a given state is independent of the branchings to in-
dividual channels. Thus, when investigating the pole position, we 
restrict the analysis to the elastic approximation, where only ηπ
can appear in the intermediate state. We will elaborate on the ef-
fects of introducing the ρπ channel, which is known to be the 
dominant one of the decay of a2(1320) [12], as part of the sys-
tematic checks.

In the resonance region, unitarity gives constraints for both the 
ηπ interaction and production. Denoting the ηπ → ηπ scattering 
D-wave by f (s), unitarity and analyticity determine the imaginary 
part of both amplitudes above the ηπ threshold sth = (mη +mπ )2:

Im â(s) = ρ(s) f̂ ∗(s) â(s), (2)

Im f̂ (s) = ρ(s) | f̂ (s)|2, (3)

with ρ(s) = 2p5/ 
√

s being the two-body phase space factor that 
absorbs the barrier factors of the D-wave. From the analysis of 
kinematical singularities [35–37] it follows that the amplitude a(s)
appearing in Eq. (1) has kinematical singularities proportional to 
K (s) = p2q, and f (s) has singularities proportional to p4. The re-
duced partial waves in Eqs. (2) and (3) are free from kinematical 
singularities, and defined by e.g. â(s) = a(s)/K (s), f̂ (s) = f (s)/p4. 
Note that Eq. (2) is the elastic approximation of Fig. 1(b).

We write f̂ in the standard N-over-D form, f̂ (s) = N(s)/D(s), 
with N(s) absorbing singularities from exchange interactions, i.e.
“forces” acting between ηπ also known as left-hand cuts, and D(s)
containing the right-hand cuts that are associated with direct-
channel thresholds. Unitarity leads to a relation between D and N , 
Im D(s) = −ρ(s)N(s), with the general once-subtracted integral so-
lution

D(s) = D0(s) − s

π

∞∫

sth

ds′ ρ(s′)N(s′)
s′(s′ − s)

. (4)

Here, the function D0(s) is real for s > sth and can be parameter-
ized as

D0(s) = c0 − c1s − c2

c3 − s
. (5)

Note that the subtraction constant has been absorbed into c0 of 
D0(s). The rational function in Eq. (5) is a sum over two so-called 
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Castillejo–Dalitz–Dyson (CDD) poles [38], with the first pole lo-
cated at s = ∞ (CDD∞) and the second one at s = c3. The CDD 
poles produce real zeros of the amplitude f̂ and they also lead to 
poles of f̂ in the complex plane (second sheet). Since these poles 
are introduced via parameters like c1, c2, rather than being gen-
erated through N (cf. Eq. (4)), they are commonly attributed to 
genuine QCD states, i.e. states that do not originate from effective, 
long-range interactions such as pion exchange [39]. In order to fix 
the arbitrary normalization of N(s) and D(s), we set c0 to O(1), 
since it is expected to be of the order of the a2 mass squared ex-
pressed in units of GeV2. One also expects c1 to be approximately 
equal to the slope of the leading Regge trajectory [40]. The quark 
model [41] and lattice QCD [42] predict two states in the energy 
region of interest, so we use only two CDD poles. It follows from 
Eq. (4) that the singularities of N(s) (which originate from the fi-
nite range of the interaction) will also appear on the second sheet 
in D(s), together with the resonance poles generated by the CDD 
terms. We use a simple model for N(s), where the left-hand cut is 
approximated by a higher-order pole,

ρ(s)N(s) = g
λ5/2(s,m2

η,m2
π )

(s + sR)n
. (6)

Here, g and sR effectively parameterize the strength and inverse 
range of the exchange forces in the D-wave, respectively. The 
power n = 7 is our model for the left-hand singularities in N(s). 
This includes the effects of the finite range of interaction, i.e. the 
regularization of the threshold singularities due to K (s) = p2q. The 
parameterization of N(s) removes the kinematical 1/s singularity 
in ρ(s). Therefore, dynamical singularities on the second sheet are 
either associated with the particles represented by the CDD poles, 
or the exchange forces parameterized by the higher order pole 
in N(s).

The general parameterization for â(s), which is constrained by 
unitarity in Eq. (2), is obtained following similar arguments and is 
given by a ratio of two functions

â(s) = n(s)

D(s)
, (7)

where D(s) is given by Eq. (4) and brings in the effects of ηπ

final-state interactions, while n(s) describes the exchange interac-
tions in the production process πP → ηπ and contains the asso-
ciated left-hand singularities. In both the production process and 
the elastic scattering no important contributions from light-meson 
exchanges are expected since the lightest resonances in the t1 and 
u1 channels are the a2 and f2 mesons, respectively. Therefore, the 
numerator function in Eq. (7) is expected to be a smooth function 
of s in the complex plane near the physical region, with one ex-
ception: the CDD pole at s = c3 produces a zero in â(s). Since a 
zero in the elastic scattering amplitude does not in general imply 
a zero in the production amplitude, we write n(s) as

n(s) = 1

c3 − s

np∑
j

a j T j(ω(s)), (8)

where the function to the right of the pole is expected to be 
analytical in s near the physical region. We parameterize it us-
ing the Chebyshev polynomials T j , with ω(s) = s/(s + 
) ap-
proximating the left-hand singularities in the production process, 
πP → ηπ . The real coefficients a j are determined from the fit to 
the data. In the analysis, we fix 
 = 1 GeV2. We choose an ex-
pansion in Chebyshev polynomials as opposed to a simple power 

series in ω to reduce the correlations between the a j param-
eters. Since we examine the partial-wave intensities integrated 
over the momentum transfer t , we assume that the expansion 
coefficients are independent of t . The only t-dependence comes 
from the residual kinematical dependence on the breakup momen-
tum q.

A comment on the relation between the N-over-D method and 
the K -matrix parameterization is worth making. If one assumes 
that there are no left-hand singularities, i.e. let N(s) be a con-
stant, then Eq. (4) is identical to that of the standard K -matrix 
formalism [43]. Hence we can relate both approaches through 
K −1(s) = D0(s). It is also worth noting that the parameterization 
in Eq. (5) automatically satisfies causality, i.e. there are no poles on 
the physical energy-sheet.

3. Methodology

We fit our model to the intensity distribution for π− p → ηπ− p
in the D-wave (56 data points) [2], as defined in Eq. (1), by min-
imizing χ2. We fix the overall scale, N = 106 (see Eq. (1)), and 
fit the coefficients a j (see Eq. (8)), which are then expected to be 
O (1), and also the parameters in the D(s) function. In the first 
step we obtain the best fit for a given total number of parameters, 
and in the second step we estimate the statistical uncertainties us-
ing the bootstrap technique [16–20]. That is to say, we generate 
105 pseudodata sets, each data point being resampled according 
to a Gaussian distribution having as mean and standard deviation 
the original value and error, and we repeat the fit for each set. 
In this way, we obtain 105 different values for the fit parameters, 
and we take the means and standard deviations as expected values 
and statistical uncertainties, respectively. The use of the bootstrap 
method allows us to determine the correlations between the pole 
positions and the production parameters, provided as supplemen-
tal material. As expected, the production parameters are highly 
correlated among each other, but their correlations with the pole 
positions are rather low. This justifies the choice of Chebyshev 
polynomials; similar studies with a standard polynomial expansion 
showed larger correlations between production and resonance pa-
rameters.

In order to assess the systematic uncertainties we study the 
dependence of the pole parameters on variations of the model. 
Specifically, we change i) the number of CDD poles from 1 to 3, 
ii) the total number of terms np in the expansion of the numera-
tor function n(s) in Eq. (8), iii) the value of sR in the left-hand-cut 
model, iv) the value of teff of the total momentum transfered, and 
v) the addition of the ρπ channel to study coupled-channel ef-
fects.

In order to determine sR , we scan the model with various val-
ues of sR , ranging from 0.1 to 10.0 GeV2, and find that values 
near sR = 1.5 GeV2 give a minimum in χ2. This choice is also 
justified by phenomenological studies where the finite range of 
strong interactions is of the order of 1 GeV. The fit with CDD∞
only, shown in Fig. 2(a), for sR = 1.5 GeV2 and np = 6 (with a 
total of 9 parameters), captures neither the dip at 1.5 GeV nor 
the bump at 1.7 GeV. In contrast, the fit with two CDD poles 
(11 parameters), shown in Fig. 2(b), captures both features, giving 
a χ2/d.o.f. = 86.17/(56 − 11) = 1.91. The χ2/d.o.f. is somewhat 
large, due to the small statistical uncertainties of the data. How-
ever, the residuals do not show any systematic deviation, which 
supports the quality of the fit (see residuals normalized bin-by-
bin to the corresponding uncertainty in Fig. 2). The parameters 
corresponding to the best fit with two CDD poles are given in 
Table 1. The addition of another CDD pole does not improve the 
fit, as a fit to the intensity only is incapable of indicating any 
further resonances. Specifically the residue of the additional pole 
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Fig. 2. Intensity distribution and fits to the J P C = 2++ wave for different number of CDD poles, (a) using only CDD∞ and (b) using CDD∞ and the CDD pole at s = c3. Red 
lines are fit results with I(s) given by Eq. (1). Data is taken from Ref. [2]. The inset shows the a′

2 region. The error bands correspond to the 3σ (99.7%) confidence level. The 
lower plot shows the residuals normalized bin-by-bin to the corresponding uncertainty. The dashed lines indicate the 3σ deviations. (For interpretation of the colors in the 
figure(s), the reader is referred to the web version of this article.)

Table 1
Best fit denominator and production parameters for the fit with two CDD poles, 
sR = 1.5 GeV2, N = 106, c0 = (1.23)2, and the number of expansion parameters 
np = 6, leading to χ2/d.o.f. = 1.91. Denominator uncertainties are determined from 
a bootstrap analysis using 105 random fits. We report no uncertainties on the pro-
duction parameters as they are highly correlated.

Denominator parameters Production parameters 
[GeV−2]

c0 1.5129 (fixed) GeV2 a0 0.471
c1 0.532 ± 0.006 GeV−2 a1 0.134
c2 0.253 ± 0.007 GeV2 a2 −1.484
c3 2.38 ± 0.02 GeV2 a3 0.879
g 113 ± 1 GeV4 a4 2.616

a5 −3.652
a6 1.821

turns out to be compatible with zero, leaving the other fit pa-
rameters unchanged. We associate no systematic uncertainty to 
that.

As discussed earlier, an acceptable numerator function n(s)
should be “smooth” in the resonance region, i.e. without significant 
peaks or dips on the scale of the resonance widths. The parame-
ters ci and g of the denominator function are related to resonance 
parameters, while sR controls the distant second-sheet singulari-
ties due to exchange forces. The expansion in n(s), shown in Fig. 3
for sR = 1.5 GeV2 and two CDD poles, has a singularity occurring 
at s = −1.0 GeV2 because of the definition of ω(s) and our choice 
of 
.38 For variations in n(s) between np = 3 and np = 7, we find 
that the pole positions are relatively stable, which we discuss later 
in our systematic estimates. 

The dependence on teff is expected to affect mostly the over-
all normalization. Indeed, the variation from teff = −1.0 GeV2 to 
−0.1 GeV2 gives less than 2% difference for the a′

2(1700) parame-
ters, and < 1� for the a2(1320), and can be neglected compared 
to the other uncertainties.

38 Note that the production term is not well constrained below s ∼ 1 GeV2, as the 
phase-space and barrier factors highly suppress the near-threshold behavior. The 
singularity at s = −1 GeV2, however, persists for each np solution.

Fig. 3. Amplitude numerator function |∑np

j a j T j(ω(s))| for different values of np . 
The absolute value is taken as there is a phase ambiguity because we fit only the 
intensity ∼ |a(s)|2. Note that each curve is an independent fit for a specific number 
of terms np . The curves for np = 4, 5, and 6 all coincide in the resonance region, as 
shown in the inset.

4. Results

This analysis allows us to extract the ηπ → ηπ elastic ampli-
tude in the D-wave. By construction, the amplitude has a zero at 
s = c3. Fig. 4 shows the real and imaginary parts of f̂ (s), with 
the 3σ error bands estimated by the bootstrap analysis. Resonance 
poles are extracted by analytically continuing the denominator of 
the ηπ elastic amplitude to the second Riemann sheet (II) across 
the unitarity cut using D II(s) = D(s) + 2iρ(s)N(s). By construction, 
no first-sheet poles are present. We find three second-sheet poles 
in the energy range of (mπ + mη) ≤ √

s ≤ 3 GeV, two of which 
can be identified as resonances, as shown in Fig. 5 for np = 6 and 
sR = {1.0, 1.5, 2.0, 2.5} GeV2.

The mass and width are defined as m = Re
√

sp and � =
−2 Im√

sp , respectively, where sp is the pole position in the s
plane. Two of the poles found can be identified as the a2(1320)

and a′
2(1700) resonances, respectively [12]. The lighter of the two 
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Fig. 4. The reduced ηπ → ηπ partial amplitude in the D-wave, f̂ (s) = N(s)/D(s). 
Shown are the real (red) and imaginary (blue) parts as a function of the ηπ invari-
ant mass with 3σ error band (which is visible in the [1.5, 2.0] GeV region only). 
The node in the imaginary part at 1.7 GeV is due to the high correlation between 
the real and imaginary parts.

corresponds to the a2(1320). For sR = 1.5 GeV2, the pole has 
mass and width m = (1307 ± 1) MeV and � = (112 ± 1) MeV, 
respectively. The nominal value is the best-fit pole position, and 
the uncertainty is the statistical deviation determined in the boot-
strap analysis. Values of sR between 1.0 and 2.5 GeV2 lead to pole 
deviations of at most � m = 2 MeV and � � = 3 MeV. The heav-
ier pole corresponds to the excited a′

2(1700). For sR = 1.5 GeV2, 
the resonance has mass and width m = (1720 ± 10) MeV and 
� = (280 ± 10) MeV, respectively. The maximal deviations for the 
different sR values are � m = 40 MeV and � � = 60 MeV. The 
a2(1320) and a′

2(1700) poles (see Fig. 5) are found to be sta-
ble under variations of sR , which modulates the left-hand cut. As 
expected, there is a third pole that depends strongly on sR and 
reflects the singularity in N(s) modeled as a pole. Its mass ranges 
from 1.4 to 3.3 GeV, and its width varies between 1.3 and 1.8 GeV 
as sR changes from 1 GeV2 to 2.5 GeV2. In the limit g → 0, this 
pole moves to −sR as expected, while the other two migrate to 
the real axis above threshold [44].

Changing the number of expansion terms between np = 3 and 
np = 7 does not in any significant way affect the a2(1320) or 
a′

2(1700) pole positions. The maximal deviations are � m(a2) =
5 MeV, � �(a2) = 7 MeV and � m(a′

2) = 40 MeV, � �(a′
2) =

30 MeV between three and seven terms in the n(s) expansion.
In order to demonstrate that coupled-channel effects do not in-

fluence the pole positions, we consider an extension of the model 
to include a second channel also measured by COMPASS, ρπ [3], 
and simultaneously fit the ηπ [2] and the ρπ [3] final states. The 
branching ratio of the a2(1320) is saturated at the level of ∼85% 

by the ηπ and 3π channels [12], with the ρπ S-wave having the 
dominant contribution. For simplicity we consider the ρ to be a 
stable particle with mass 775 MeV, the finite width of the ρ be-
ing relevant only for 

√
s < 1 GeV. The amplitude is then â j(s) =∑

k [D(s)]−1
jk (s) nk(s). The denominator is now a 2 × 2 matrix, 

whose diagonal elements are of the form given by Eq. (4), with 
the appropriate phase space for each channel. The off-diagonal 
term is parameterized as a single real constant. The production 
elements nk(s) are as in Eq. (8), with independent coefficients for 
each channel. We also performed a K -matrix coupled-channel fit 
and obtained results very similar to our main model using CDD 
poles, as can be seen in Fig. 6. The coupled-channel effects pro-
duce a competition between the parameters in the numerators to 
fit the bump at 1.6 GeV in ηπ and the dip at 1.8 GeV in ρπ at the 
same time. The ρπ fit prefers not to have any excited a′

2(1700), 
which conversely is evident in the ηπ data. Therefore, the uncer-
tainty in the a′

2(1700) pole position increases, as it is practically 
unconstrained by the ρπ data. Note, however, that in Ref. [3] the 
dip at 

√
s ∼ 1.8 GeV in the ρπ data is t-dependent, while we use 

the t-integrated intensity, so it may be expected that the effects of 
the a′

2 are suppressed in our combined fit.
We find the following deviations in the pole positions rela-

tive to the single-channel fit: �m(a2) = 2 MeV, ��(a2) = 3 MeV, 
�m(a′

2) = 20 MeV and ��(a′
2) = 10 MeV. These deviations are 

rather small and we quote them within our systematic uncertain-
ties.

5. Summary and outlook

We describe the 2++ wave of π p → ηπ p reaction in a single-
channel analysis emphasizing unitarity and analyticity of the am-
plitude. These fundamental S-matrix principles significantly con-
strain the possible form of the amplitude making the analysis more 
stable than standard ones that use sums of Breit–Wigner reso-
nances with phenomenological background terms.

The robustness of the model allows us to reliably reproduce 
the data, and to extract pole positions by analytical continuation 
to the complex s-plane. We use the single-energy partial waves in 
Ref. [2] to extract the pole positions. We find two poles that can 
be identified as the a2(1320) and the a′

2(1700) resonances, with 
pole parameters

m(a2) = (1307 ± 1 ± 6) MeV, m(a′
2) = (1720 ± 10 ± 60) MeV,

�(a2) = (112 ± 1 ± 8) MeV, �(a′
2) = (280 ± 10 ± 70) MeV,

where the first uncertainty is statistical (from the bootstrap anal-
ysis) and the second one systematic. The systematic uncertainty is 
obtained adding in quadrature the different systematic effects re-
lated to the fit model, i.e. the dependence on the number of terms 

Fig. 5. Location of second-sheet pole positions with two CDD poles, np = 6, and with sR varied from 1.0 GeV2 to 2.5 GeV2. Poles are shown with 2σ (95.5%) confidence level 
contours from uncertainties computed using 105 bootstrap fits.
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Fig. 6. Coupled-channel D-wave fit, (a) using a model based on CDD poles, (b) using the standard K -matrix parameterization. Both parameterizations give pole positions 
consistent with the single-channel analysis. The ηπ data is taken from Ref. [2] and the ρπ data from Ref. [3].

in the expansion of the numerator function n(s), on sR , on teff
(negligible), and on the coupled-channel effects. The a2 results are 
consistent with the previous a2(1320) results found in Ref. [2].

The third pole found tends to −sR in the limit of vanishing 
coupling, indicating that this pole arises from the treatment of the 
exchange forces, and not from the CDD poles that account for the 
resonances.

In the future this analysis will be extended to also include the 
η′π channel [45], where a large exotic P -wave is observed [2].

Additional material is available online as supplemental material 
and through an interactive website [46,47].
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Conclusions and Outlook

Whilst Quantum Chromodynamics (QCD) is well accepted as the theory of strong

interactions, a big challenge is to understand how QCD forms the observed spectrum

of hadrons, starting from its fundamental building blocks. By studying the excitation

spectrum of hadrons, one can gain insight into the underlying microscopic dynamics.

One searches for the rules that govern hadron construction by investigating scattering

and decay processes. The major part of the observed hadron spectrum can be explained

through a three-quark (baryons) or quark–anti-quark (mesons) construction. From

QCD, one does not expect the spectrum to be restricted to only these ‘conventional’

states. In principle, one expects richer structures, such as hadrons containing additional

quarks, or hadrons with a more relevant gluonic content. We have mainly observed the

conventional states in experiments, while the presence of most exotic states remains

ambiguous since they tend to be more difficult to produce. Many unexpected states

recently showed up in the heavy meson sector that are unexplained by the available

hadron construction models. These mesons often have quantum numbers which go

beyond the quark model picture. In the light-meson spectrum on the other hand, many

more mesons beyond the conventional ones have been predicted from QCD on the

lattice, but have not been observed experimentally. The question therefore rises what

rules might hinder the appearance of such exotic states. Since QCD remains unsolved,

answering this question is a difficult task.

The excited states are resonances in scattering reactions. The hybrid nucleon res-

onances, which contain a relevant gluonic content, are expected to be present at

large masses above 2 GeV. To study exotic baryons, one must fully understand the

spectrum of conventional states, since the exotic candidates have the same quantum

numbers. In this sense, studying exotic mesons has the advantage that in some

cases, their quantum numbers differ from the quark–anti-quark states. However,

to carry out spectroscopy studies in the mesonic sector, one is limited by the fact
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that mesonic targets are unavailable. Therefore, one must rather produce excited

mesons via secondary processes. For example, at GlueX in Jefferson Lab, the mesons

are produced by a grazing interaction between the photon beam and the hydrogen target.

In order to obtain resonance content from data, one must model the amplitude of

the scattering reaction. The non-perturbative character of QCD makes it currently

impossible to compute the amplitude of a strong interaction scattering process directly

from first principles. Therefore, one must resort to a phenomenological approach

which respects the S-matrix principles of unitarity, analyticity, crossing and Lorentz

symmetries. Additionally, the specific global symmetries of QCD must be imposed.

The compilation of the particle data group illustrates the abundance of hadrons that

have been found. Still, the existence of many of these hadrons remains ambiguous, such

as the high mass nucleon resonances. For most processes, only differential cross section

measurements are available, while polarization data is often lacking or limited. Since the

cross section is the sum of squares of the amplitudes of the possible polarization states,

extracting the amplitudes from such data is ambiguous. A way to convincingly illustrate

the existence of a baryon state is by measuring various polarization observables, allowing

one to infer the underlying reaction amplitudes and their relative phases directly from

data. In Chapter 2, we discussed the current status of complete experiments in single

meson photoproduction. A complete experiment is a set of observables which allows one

to infer the reaction amplitudes directly from data in a model-independent way, up to a

global phase. Such data sets are currently lacking, but will become available in the near

future. A good candidate for a first complete set is the reaction γ + p→ K+ + Λ, since

one can reconstruct spin information about the Λ from its observed decay products.

Additionally, one can polarize the photon beam and the hydrogen target. However, it

was shown that theoretically complete sets are practically incomplete, when realistic

error bars are taken into account. With the use of Bayesian techniques and bootstrap

methods, one can infer the distribution of amplitudes that are compatible with the

world data. The width of these distributions is compared to the remaining distance

between the state-of-the-art models. In order to improve our knowledge about the

underlying dynamics in a given kinematic regime with new data, the width of the

updated amplitude distribution must be smaller than the model distances. We defined

a practically complete experiment as a set of observables which results in a unimodal

posterior distribution in the inferred amplitudes . Hence, to obtain a practically

complete set, additional observables must be measured on top of a mathematically

complete set. When realistic error bars are taken into account, one must typically add
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four additional well-chosen observables to the data set. Using the analysis tools that

were developed in Chapter 2, one can now quantify the impact of novel polarization

experiments on the model discrepancies.

In order to reduce the space of ambiguous solutions for the amplitudes, one can formulate

constraints by exploiting the general S-matrix principles. Especially analyticity forms a

strong constraint, which relates the various energy regimes of a scattering process. By

forming bridges between the low- and high-energy regimes, analyticity allows one to

propagate information from one energy domain to the other. In Chapter 3, we discussed

approaches to constrain the production mechanism of high-energy processes through

the use of Finite-Energy Sum Rules. These methods will eventually be relevant for

the exotic spectroscopy programs. The analysis demonstrated that unnatural parity

exchanges play only a minor role in neutral single meson (π0, η) photoproduction.

Additionally, the behavior of the ρ exchange contribution was shown to have a peculiar

behavior. It does not vanish at the wrong-signature zero point, which suggests a

large natural parity contribution to the amplitude. This was indeed later confirmed

by the GlueX experiment [82]. For η, π0, η′ photoproduction, we argued that the

upcoming high-precision data from GlueX and CLAS12 can be used to constrain the

low-energy partial-wave analyses for baryon spectroscopy. Also, we illustrated that

the relative behavior of the polarization observables sheds light on the couplings of

η(′) to hidden strangeness exchanges. We predicted similar values for the respective

beam asymmetry, due to the dominance of natural exchanges and the symmetries of

the quark model. Understanding the production mechanism of the mesons at these

experimental facilities is mandatory for a robust analysis of the produced mesonic system.

After modeling the production process of the background reactions, an amplitude analy-

sis of the mesonic system can be carried out. Various methods are available to decompose

the scattering amplitudes into partial waves. These frameworks aim to derive the mini-

mal factors that are required by kinematics and analyticity. These methods often do not

coincide and therefore may introduce a model or scheme dependence in the analysis. In

Chapter 4, we discussed how kinematic effects can influence the resonance parameters

when they are not properly taken into account. Using the example of B → ψπK, we

quantified the effect of the kinematic factors. In particular, a detailed comparison of

the so-called LS, CPM and canonical helicity formalism was presented. We showed that

the projected Dalitz decay plots are quite different for amplitudes in the different for-

malisms. The LS formalism was shown to lack certain kinematic factors. Also, the CPM

formalism violates crossing symmetry, meaning that the resonance parameters derived
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from a decay and a scattering process are different in this framework. Also, the method

introduces additional s-dependence, meaning that the kinematic factors are not minimal.

The η(′)π system is one of the golden channels to hunt for exotic mesons. The P -wave

contribution corresponds to quantum numbers which do not fit into the qq̄ classification

scheme. QCD suggests the presence of exotic resonances, dubbed π1, in this channel.

We analyzed the conventional D-wave contribution and extracted the pole positions of

the a2(1320) and a2(1700) resonances. In order to do so, we developed a unitary and

analytic model which is fitted to the data on the real energy axis. To extract the pole

positions, the fitted amplitude is continued to the second Riemann sheet of the complex

energy plane of the S-matrix, where the resonance poles can be found. A next step in the

analysis is the extraction of possible π1 resonances from the η(′)π P -wave. For a reliable

treatment, a coupled channel analysis is mandatory. This analysis is currently ongoing.

The tools developed in this work are needed to improve the quality of the phenomenolog-

ical analyses of experimental data. This is mandatory to obtain a better understanding

of all hadron interactions. The unprecedented accuracy of current and future experimen-

tal facilities requires a parallel improvement in theoretical models, in order to extract

accurate (resonance) information from the data. Breit-Wigner fits to experimental data

have often been sufficient to determine the resonance content. Such an approach does not

respect unitarity, and hence becomes insufficient when high-precision data is available.

Unitary models, such as the one developed in this work, include the strong final-state

rescattering effects.

One can apply these tools to hunt for exotic hadrons. In particular, GlueX and CLAS12

are currently gathering their first set of high-precision data on various channels that

have the potential of containing exotics, such as η(′)π production. The difficulty for

these experiments lies in the intermediate beam energy, which hinders a pure high-

energy approximation, and the larger set of allowed quantum numbers in the production

process due to the photon beam. These issues complicate the partial-wave analysis of

the produced mesonic system. Using the knowledge of the production processes and the

low-energy models, we are now ready to analyze these data when they become available.

Also, using the dispersive FESR approach, the P wave contribution to η(′)π can be

constrained, thereby defining bounds on the contribution of possible π1 exotic mesons.

These approaches are universal and can be applied to many other channels. For example,

the FESR approach can be extended to constrain the contribution of hybrid baryons

in strangeness electroproduction reactions. By mapping the exotic components of the
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baryon and meson spectrum, and comparing to lattice QCD predictions, one can obtain

a better understanding in the rules governing hadron construction.





Samenvatting

Hoewel Quantum Chromodynamica (QCD) algemeen geaccepteerd wordt als de theorie

die sterke interacties correct beschrijft, blijft het een grote uitdaging te begrijpen hoe

QCD het geobserveerde spectrum van hadronen vormt, startende van de fundamentele

bouwstenen. Door het excitatiespectrum van hadronen te bestuderen, kan men inzicht

krijgen in de onderliggende dynamica. Men zoekt een set van regels die beschrijven hoe

hadronen samengesteld worden, door verstrooiing en verval processen te onderzoeken.

Een groot deel van het geobserveerde hadron spectrum kan verklaard worden door

hadronen te interpreteren als combinaties van drie quarks (baryonen) of een quark en

anti-quark (mesonen). Uitgaande van QCD verwacht men echter niet dat het spectrum

beperkt hoeft te zijn tot enkel deze combinaties, die we ‘conventionele’ toestanden

noemen. In principe verwacht men een rijkere structuur, zoals hadronen die bijkomende

quarks bevatten, of hadronen met een relevante gluonische component. Tot nog toe

werden voornamelijk conventionele hadronen experimenteel waargenomen. De mogelijke

aanwezigheid van ‘exotische’ toestanden blijft nog steeds ambigu, aangezien deze hadro-

nen moeilijker te produceren lijken. Recent werden echter vele onverwachte hadronen

waargenomen in de zware mesonen sector, die niet te begrijpen zijn vanuit de beschikbare

quark modellen. Deze mesonen hebben vaak kwantumgetallen die niet te verklaren

zijn met het quark model. In de lichte-quark sector worden nog vele extra mesonen

voorspeld als men QCD numeriek oplost op een rooster, hoewel men deze mesonen niet

experimenteel observeert. De vraag die we ons daarom stellen is welke regels in QCD de

observatie van deze mesonen verhinderen. Aangezien men nog geen analytische oplossing

voor QCD beschikbaar heeft, blijft het beantwoorden van deze vraag een uitdagende taak.

De geëxciteerde toestanden zijn resonanties in verstrooiingsreacties. Men verwacht

dat zogenaamde ‘hybride resonanties’, die een relevante gluonische component be-

vatten, aanwezig zijn in het spectrum, met een massa boven 2 GeV. Om exotische

baryonen te onderzoeken moet men een grondige kennis hebben van de conventionele
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toestanden, aangezien de exotische kandidaten dezelfde kwantum getallen hebben.

In dit opzicht biedt het onderzoek naar exotische mesonen een voordeel, aangezien

sommige exotische toestanden duidelijk verschillende kwantum getallen hebben, die

afwijken van het quark–anti-quark model. Echter, om spectroscopie studies uit te

voeren in de mesonische sector is men gelimiteerd door het feit dat mesonische ver-

strooiingsdoelwitten onbeschikbaar zijn. Om die reden moet men geëxciteerde mesonen

produceren via secundaire processen. Bijvoorbeeld, in GlueX in Jefferson Lab worden de

mesonen geproduceerd via de interactie tussen een fotonenstraal en een waterstofdoelwit.

Om informatie over resonanties te extraheren uit data, moet men de amplitude van

de verstrooiingsreactie modelleren. Het niet-perturbatieve karakter van QCD maakt

het momenteel onmogelijk om de amplitude van een sterke interactie proces analytisch

te berekenen, beginnende van de fundamentele basisprincipes. Om die reden moet

men gebruik maken van fenomenologische methodes die de fundamentele S-matrix

principes respecteren. Deze principes zijn: unitariteit, analyticiteit, crossing en Lorentz

symmetrie. Bovendien moeten de specifieke globale symmetrieën van QCD gerespecteerd

worden.

De compilatie van de ‘particle data group’ illustreren de overvloed aan hadronen die

men toe nu toe heeft waargenomen. Nog steeds blijft het bestaan van vele hadronen

ambigu, bijvoorbeeld de nucleon resonanties met hoge massa. Voor de meeste processen

is enkel data beschikbaar over de differentiële werkzame doorsnede, terwijl informatie

over polarisatie vaak gelimiteerd is, of zelfs volledig ontbreekt. Aangezien de werkzame

doorsnede de som van de kwadraten van de amplitudes van de mogelijke polarisatie

toestanden is, is het extraheren van de reactie-amplitudes meestal niet ondubbelzin-

nig. Een van de manieren waarmee men het bestaan van een baryonische toestand

overtuigend kan aantonen is door het meten van verschillende polarisatie observabelen.

Dit zou ons moeten toelaten om de onderliggende reactie amplitudes en hun relatieve

fases te bepalen. In Hoofdstuk 2 bestudeerden we de huidige toestand van complete

experimenten van een enkel meson, die geproduceerd worden met behulp van een

fotonenstraal. Een compleet experiment is een set van observabelen die men toelaat de

reactie amplitudes rechtstreeks te bepalen vanuit de data op een model-onafhankelijke

manier (tot op een globale fase). Zo een dataset bestaat momenteel nog niet, maar zal

beschikbaar worden in de nabije toekomst. Een sterke kandidaat voor een complete

set is de reactie γ + p → K+ + Λ, aangezien men de spin kan reconstrueren, uitgaande

van de geobserveerde vervalproducten. Daarenboven kan men de fotonenstraal en het

waterstofdoelwit polariseren. We toonden echter aan dat complete sets die theoretisch
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compleet zijn, vaak niet compleet zijn in de praktijk als men realistische onzekerheden op

de metingen in rekening brengt. Met behulp van Bayesiaanse technieken een bootstrap

methodes kan men de distributie van amplitudes bepalen die compatibel zijn met de

data. De breedte van deze distributies kan vergeleken worden met de afstand tussen de

nieuwste en meest verfijnde modellen. Om onze kennis over de onderliggende dynamiek

in een welbepaald kinematisch regime te verbeteren door bijkomende data, moet de

breedte van de geüpdatete distributie in de amplitudes kleiner zijn dan de afstand

tussen de modellen. We definieerden een praktisch compleet experiment als een set van

observabelen dat resulteert in een unimodale posterieure distributie in de amplitudes.

Vanzelfsprekend bevat een praktisch complete set op zijn minst een theoretisch complete

set. Daarenboven moeten bijkomende observabelen beschikbaar zijn. Als realistische

onzekerheden in rekening worden gebracht moet men typisch vier bijkomende, goed

gekozen observabelen toevoegen aan de dataset. Door gebruik te maken van de methodes

die ontwikkeld werden in Hoofdstuk 2 kan men nu de impact van nieuwe polarisatie

experimenten op de model discrepanties kwantificeren.

Om de beschikbare parameterruimte van mogelijke amplitudes te reduceren, kan

men regels formuleren door uit te gaan van de algemene S-matrix principes. Vooral

analyticiteit is een sterk principe die de verschillende energieregionen van een proces

relateert. Door relaties te leggen tussen lage en hoge energie regimes laat analyticiteit

ons toe informatie te propageren van één energie regime naar een ander. In Hoofd-

stuk 3 bestudeerden we methodes om de mogelijke productiemechanismes van hoge

energie reacties in te perken, door gebruik te maken van Finite-Energy Sum Rules.

Deze methodes zullen uiteindelijk relevant zijn voor de exotische meson spectroscopie

programma’s. De analyse toonde aan dat het uitwisselen van zogenaamde onnatuurlijke

pariteit deeltjes een zeer minieme rol spelen in de fotoproductie van een neutraal meson

(π0, η). Bovendien toont het ρ meson een eigenaardig gedrag. Het geeft een eindige

bijdrage bij het wrong-signature zero punt, hetgeen een grote bijdrage met natuurlijke

pariteit induceert in de amplitude. Dit werd later inderdaad bevestigd door het GlueX

experiment [82]. Voor η, π0, η′ fotoproductie beargumenteerden we hoe de verwachte

hoge precisie data van GlueX en CLAS12 ook informatie zullen leveren voor de partiële

golven analyse bij lage energieën, die relevant zijn in baryon spectroscopie. Bovendien

toonden we aan dat het relatieve gedrag van de polarisatie observabelen een nieuw

licht zullen schijnen op de koppeling van η(′) aan verborgen strangeness uitwisselingen.

We voorspelden gelijkaardige waarden voor de respectievelijke straal asymmetrie, wat

gerelateerd is aan de dominante rol van natuurlijke pariteit deeltjes en de symmetrieën

van het quark model. Begrijpen hoe het productiemechanisme van mesonische systemen
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werkt, is noodzakelijk voor een robuuste analyse van het geproduceerde mesonische

systeem.

Nadat we het productie proces gemodelleerd hebben, kunnen we een amplitude analyse

uitvoeren van het geproduceerde mesonische systeem. In de literatuur zijn verschillende

methodes zijn beschikbaar die als doel hebben de verstrooiingsamplitude te ontbinden

in partiële golven. Deze methodologieën doelen erop de minimale kinematische factoren

te bepalen die nodig zijn voor een correct kinematisch gedrag en analyticiteit van

de verstrooiingsamplitude. We toonden echter aan dat deze methodes niet dezelfde

uitkomst opleveren en daardoor een schema-afhankelijkheid introduceren in de analyse.

In Hoofdstuk 4 toonden we aan hoe deze kinematische factoren de resonantie parameters

bëınvloeden als ze niet correct in rekening worden gebracht. Aan de hand van het

voorbeeld B → ψπK illustreerden we het effect van de kinematische factoren. Meer

bepaald bestudeerden we in detail de verschillen tussen de LS, CPM en het canonical

helicity formalisme. Er werd aangetoond dat de geprojecteerde Dalitz plots er verschil-

lend kunnen uitzien voor de verschillende formalismen. Voor het LS formalisme toonden

we aan dat bepaalde kinematische factoren ontbreken. Bovendien schendt het CPM

formalisme de crossing symmetrie, wat concreet betekent dat de resonantie parameters

die bepaald worden uit een verval en verstrooiingsexperiment zullen verschillen in

dit formalisme. Bovendien genereert de methode extra s-afhankelijkheid, zodat de

kinematische factoren niet minimaal zijn.

Het η(′)π systeem is een van de gouden kanalen om te zoeken naar exotische mesonen.

De P -golf contributie heeft kwantum getallen die niet passen in het quark–anti-quark

classificatie schema. QCD suggereert dat exotische mesonen, die we π1 noemen, kunnen

opduiken in dit kanaal. We analyseerden de conventionele D-golf contributie en extra-

heerden de pool positie van de a2(1320) en a2(1700) resonanties. Om dit waar te maken

ontwikkelden we een unitair en analytisch model dat gefit wordt aan de data op de reële

as. Om de pool posities te kunnen bepalen, maken we een analytische voortzetting van

de gefitte amplitude naar het tweede Riemann oppervlak, waar de polen schuilen. Een

volgende stap in de analyse is het bepalen van de mogelijke π1 resonanties in de η(′)π

P -golf. Om een betrouwbare analyse te kunnen uitvoeren, moeten we de gekoppelde

kanalen in rekening brengen. Deze studie is momenteel lopende.

De methodes die ontwikkeld werden in dit werk zijn noodzakelijk voor om de kwaliteit

van fenomenologische analyses van data te verbeteren. Dit is noodzakelijk om een beter
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begrip te krijgen van alle hadronische interacties. De ongeziene nauwkeurigheid van

hedendaagse en toekomstige experimenten vragen om een parallelle verbetering van de

theoretische modellen, zodat accurate (resonantie) informatie uit de data kan gehaald

worden. Breit-Wigner fits aan de experimentele data zijn vaak voldoende geweest om

de resonantie inhoud te bepalen. Zo een aanpak respecteert unitariteit niet, en wordt

daarom onvoldoende zodra heel precieze data beschikbaar wordt. Unitaire modellen,

zoals diegene die we ontwikkelden in dit werk, brengen de sterke finale-toestand interac-

ties in rekening.

Men kan deze methodes gebruiken in de jacht op exotische mesonen. Meer bepaald,

GlueX en CLAS12 verzamelen momenteel hun eerste set van data met hoge precisie

voor verscheidene kanalen die mogelijks exotica bevatten, zoals η(′)π. De moeilijkheid

voor deze experimenten liggen in de straal met intermediaire energie, hetgeen een pure

hoge-energie approximatie verhindert. Bovendien laat de fotonenstraal een groot aantal

kwantum getallen toe in het productie proces. Deze complicaties bemoeilijken de partiële

golven analyse van het geproduceerde mesonische systeem. Gebruik makende van onze

opgedane kennis over het productie proces en lage-energie modellen staan we nu vooraan

in lijn om de nieuwe data te analyseren zodra ze beschikbaar worden. Bovendien, met be-

hulp van de Finite-Energy Sum Rules techniek kunnen voorwaarden geformuleerd worden

waaraan de P -golf in η(′)π moet voldoen. Deze technieken kunnen nog voor vele andere

kanalen gebruikt worden, zoals bijvoorbeeld voor het bepalen van de aanwezigheid van

hyrbide baryonen in electroproductie van strangess. Door de geobserveerde patronen

te relateren aan modellen en QCD, kan men een beter begrip krijgen over de regels

onderliggend aan hadronproductie.
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9. The 11th International Workshop on the Physics of Excited Nucleons (NSTAR2017)

(Columbia, SC, U.S.A.), August 2017

Talk: “Finite-Energy Sum Rules in Eta Photoproduction off the Nucleon”

10. 2017 International Summer Workshop on Reaction Theory (Bloomington, Indiana),

July 2017

Lecture: “High energy fits and spin complications”

11. Theory seminars (JLab, VA, U.S.A.), May 2017

Seminar: “Using Finite-Energy Sum Rules to Connect High- and Low-Energy Am-

plitudes”

12. CLAS meeting (JLab, VA, U.S.A.), March 2017

Invited talk: “ Finite energy sum rules in pseudoscalar meson photoproduction”

13. International Workshop on Partial Wave Analyses and Advanced Tools for Hadron

Spectroscopy (PWA9/ATHOS4) (Bad Honnef, Germany), March 2017

Talk: “Finite-Energy Sum Rules in Eta Photoproduction off the Nucleon”

14. HASPECT meeting (Genova, Italy), December 2016

Invited talk: “Finite-energy sum rules in pseudoscalar-meson photoproduction”

15. Collaboration meeting PWA (Mainz, Germany), February 2016

Talk: “Finite-Energy Sum rules in γN → ηN”

16. Nucleon Resonances: From Photoproduction to High Photon Virtualities (Trento,

Italy), October 2015

Talk: “Hunting the Resonances in γ∗p → K+Λ Reactions: (Over)Complete Mea-

surements and Partial-Wave Analyses”

17. HASPECT meeting (Trento, Italy), July 2015

Invited talk: “Complete amplitude analysis in meson photoproduction: a case

study for γp→ K+Λ”

18. The 10th International Workshop on the Physics of Excited Nucleons (NSTAR2015)

(Osaka, Japan), May 2015

Talk: “Hunting the resonances in γp → K+Λ:(over)complete measurements and

partial-wave analyses”
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19. SFB School 2014 (Boppard, Germany), October 2014

Talk: “Complete experiments of pseudoscalar-meson photoproduction – Amplitude

extraction”





Nomenclature

BEH Brout-Englert-Higgs

CDD Castillejo-Dalitz-Dyson

CGLN Chew-Goldberger-Low-Nambu

COM Center Of Mass

FESR Finite-Energy Sum Rules

JLab Jefferson Laboratory

LHC Left-Hand Cut

LQCD Lattice QCD

NTA Normalized Transversity Amplitudes

PWA Partial-Wave Analysis

QCD Quantum Chromodynamics

QED Quantum Electrodynamics

RHC Right-Hand Cut

TA Transversity Amplitudes
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